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Preface 


The aim of this book is to give an understandable introduction to the the- 
ory of complex manifolds. With very few exceptions we give complete proofs. 
Many examples and figures along with quite a few exercises are included. 
Our intent is to familiarize the reader with the most important branches and 
methods in complex analysis of several variables and to do this as simply as 
possible. Therefore, the abstract concepts involved with sheaves, coherence, 
and higher-dimensional cohomology are avoided. Only elementary methods 
such as power series, holomorphic vector bundles, and one-dimensional co- 
cycles are used. Nevertheless, deep results can be proved, for example the 
Remmert-Stein theorem for analytic sets, finiteness theorems for spaces of 
cross sections in holomorphic vector bundles, and the solution of the Levi 
problem. 

The first chapter deals with holomorphic functions defined in open sub- 
sets of the space @". Many of the well-known properties of holomorphic 
functions of one variable, such as the Cauchy integral formula or the maxi- 
mum principle, can be applied directly to obtain corresponding properties of 
holomorphic functions of several variables. Furthermore, certain properties of 
differentiable functions of several variables, such as the implicit and inverse 
function theorems, extend easily to holomorphic functions. 

In Chapter II the following phenomenon is considered: For n > 2, there 
are pairs of open subsets H C P C C” such that every function holomorphic 
in H extends to a holomorphic function in P. Special emphasis is put on 
domains G c C” for which there is no such extension to a bigger domain. 
They are called domains of holomorphy and have a number of interesting 
convexity properties. These are described using plurisubharmonic functions. 
If G is not a domain of holomorphy, one asks for a maximal set E to which all 
holomorphic functions in G extend. Such an "envelope of holomorphy" exists 
in the category of Riemann domains, i.e., unbranched domains over C”. 

The common zero locus of a system of holomorphic functions is called 
an analytic set. In Chapter HI we use Weierstrass's division theorem for 
power series to investigate the local and global structure of analytic sets. 
Two of the main results are the decomposition of analytic sets into irreducible 
components and the extension theorem of Remmert and Stein. This is the 
only place in the book where singularities play an essential role. 

Chapter IV establishes the theory of complex manifolds and holomorphic 
fiber bundles. Numerous examples are given, in particular branched and un- 
branched coverings of C”, quotient manifolds such as tori and Hopf manifolds, 
projective spaces and Grassmannians, algebraic manifolds, modifications, and 
toric varieties. We do not present the abstract theory of complex spaces, but 
do provide an elementary introduction to complex algebraic geometry. For 
example, we prove the theorem of Chow and we cover the theory of divi- 


vi Preface 


sors and hyperplane sections as well as the process of blowing up points and 
submanifolds. 

The present book grew out of the old book of the authors with the ti- 
tle Several Complex Variables, Graduate Texts in Mathematics 38, Springer 
Heidelberg, 1976. Some of the results in Chapters I, H, WI, and V of the old 
book can be found in the first four chapters of the new one. However, these 
chapters have been substantially rewritten. Sections on pseudoconvexity and 
on the structure of analytic sets; the entire theory of bundles, divisors, and 
meromorphic functions; and a number of examples of complex manifolds have 
been added. 

Our exposition of Stein theory in Chapter V is completely new. Using only 
power series, some geometry, and the solution of Cousin problems, we prove 
finiteness and vanishing theorems for certain one-dimensional cohomology 
groups. Neither sheaf theory nor 0 methods are required. As an application 
Levi’s problem is solved. In particular, we show that every pseudoconvex 
domain in C” is a domain of holomorphy. 

Through Chapter V we develop everything in full detail. In the last two 
chapters we deviate a bit from this principle. Toward the end, a number of 
the results are only sketched. We do carefully define differential forms, higher- 
dimensional Dolbeault and de Rham cohomology, and Kahler metrics. Using 
results of the previous sections we show that every compact complex mani- 
fold with a positive line bundle has a natural projective algebraic structure. A 
consequence is the algebraicity of Hodge manifolds, from which the classical 
period relations are derived. We give a short introduction to elliptic opera- 
tors, Serre duality, and Hodge and Kodaira decomposition of the Dolbeault 
cohomology. In such a way we present much of the material from complex 
differential geometry. This is thought as a preparation for studying the work 
of Kobayashi and the papers of Ohsawa on pseudoconvex manifolds. 

In the last chapter real methods and recent developments in complex an- 
alysis that use the techniques of real analysis are considered. Kahler theory is 
carried over to strongly pseudoconvex subdomains of complex manifolds. We 
give an introduction to Sobolev space theory, report on results obtained by 
J.J. Kohn, Diederich, Forness, Catlin, and Fefferman (0-Neumann, subellip- 
tic estimates), and sketch an application of harmonic forms to pseudoconvex 
domains containing nontrivial compact analytic subsets. The Kobayashi met- 
ric and the Bergman metric are introduced, and theorems on the boundary 
behavior of biholomorphic maps are added. 

Prerequisites for reading this book are only a basic knowledge of calculus, 
analytic geometry, and the theory of functions of one complex variable, as 
well as a few elements from algebra and general topology. Some knowledge 
about Riemann surfaces would be useful, but is not really necessary. The 
book is written as an introduction and should be of interest to the specialist 
and the nonspecialist alike. 
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We are indebted to many colleagues for valuable suggestions, in particular 
to K. Diederich, who gave us his view of the state of the art in 0-Neumann 
theory. Special thanks go to A. Huckleberry, who read the manuscript with 
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Chapter I 


Holomorphic Functions 


1. Complex Geometry 


Real and Complex Structures. Let V be an n-dimensional com- 
plex vector space. Then V can also be regarded as a 2n-dimensional real 


vector space, and multiplication by i := V—1 gives a real endomorphism 
J: V > V with J? = —idy. If {a1,...,a,} is a complex basis of V, then 
{@1,...,Qn,101,...,ia} is a real basis of V. 

On the other hand, given a 2n-dimensional real vector space V, every real 
endomorphism J : V > V with J? = —idy induces a complex structure on V 
by 


(at ib)-v :=a-u tb. S(v). 


We denote this complex vector space also by V, or by (V,J), if we want to 
emphasize the complex structure. 


If a complex structure J is given on V, then —J is also a complex structure. 
It is called the conjugate complex structure, and the space (V,-J) is sometimes 
denoted by V. A vector v € V is also a vector in V. If z is a complex number, 
then the product .z-v, formed ir. V, g-ves the same vector as the product Z- v 
in V. 


Our most important example is the complex n-space 
C” := {zZ :=(21,...,2n) 12 € C fori =1,...,n}, 


with the standard basis 


We can interpret C” as the real 2n-space 
R’” ={(x,y) = (£1,. -Zn Y1,- Yn) 2 iYi E R for i =1,. any, 
together with the complex structure J : R?” — R?”, given by 
J(£1,.-.; Ens Y1,- -e3 Un) = (Y1, -3 Yn, T1,- -Enh 
These considerations lead naturally to the idea of “complexification.” 


1 A row vector is described by a bold symbol, for instance v, whereas the corre- 
sponding column vector is written as a transposed vector: v’. 


2 I. Holomorphic Functions 


Definition. Let E be an n-dimensional real vector space. The com- 
plexification of E is the real vector space Ee := E® E, together with the 
complex structure J : Ee > E,, given by 


J(u, w) := (~w, v). 
Furthermore, conjugation C in Ee is defined by 


Cv, w) :=(v, —w). 


Since Cod = —JoC, it is clear that C defines a complex isomorphism between 
E, and Ee. 


The complexification of R” is the complex n-space C” identified with R?” in 
the way shown above. In this case the conjugation C is given by 


C :(21,--+;2n) Œ (Z1, -13 Zn) 


and will also be denoted by z > Z. 


If V = E, is the complexification of a real vector space E, then the subspace 
Re(V) :={(v,0) :vEE}CV 


is called the real part of V. Since it is isomorphic to E in a natural way, we 
can write V = EG iF. F V is an arbitrary complex vector space, then V is 
the complexification of some real vector space as well, but this real part is 
not uniquely defined. It is given by the real span of any complex basis of V. 


Example 


Let E be an n-dimensional real vector space and E* := Homg(E,R) the 
real dual space of linear forms on E. Then the complexification (Z*). can be 
identified with the space Hom,y(£, C) of complex-valued linear forms on E. 


In the case E =R”, a linear form à € £* is always given by 
à:ve vaf, 


with some fixed vector a € R”. An element of the complexification (E*)e is 
then given by v => v: z* with z =a + ib € (R"). =C”. 


Now let T be an n-dimensional complex vector space and F(T) :=Homg(T, C) 
the space of complex-valued real linear forms on T. It contains the subspaces 
T’ := Homec (T, C) of complex linear forms and T’ := Home (T, C) of complex 
antilinear forms °. 


? A real linear map À : T > C is called complex antilinear if À(€ .v) =€ .A(v) for 
c € C. Therefore, T’ can be viewed as the set of complex antilinear forms on T. 


1. Complex Geometry 3 
Let {@1,...,a,} be a complex basis of T, and b; := ia;, for? = 1,...,n- 
Let {a1,...,Qn, (1, ---, Bn} be the basis of T* = Homg(T, R) that is dual to 
{@1,...,an,61,-..,b,}. Then we obtain elements 


Ài i= Ay +ib € F(T), i=1,...,n. 


Claim. Theforms à; are complex-linear. 


PROOF: Consider an element z = 2101+ .-+2nan € T with z = z;Hy; € C. 
Then 


n n 
A(z) = Ak ( X aia; + 5 vibi) 
i=1 i=1 
n n 
= $ airx(ai) + 52 virlo 
i=1 i=1 
= Tk +HiYk = Zk- 
Now the claim follows. n 
It is obvious that the à; arelinearly independent. Therefore, {,,. .. sAn} is 


a basis of T’, and {A;, < 3j A, Pis a basis of T”. 


Since it is also obvious that T'AT’ = {0}, we see that every element \ € F(T) 
has a unique representation 


A= Sea + Sodio with c,d; EC. 


i=1 t=1 


Briefly, B 
A =X +A”, with X ET’ andà” eT’. 
Here À is real; i.e., A € Homg(T, R) if and only if A” =N. 


Hermitian Forms and Inner Products 


Definition. Let T be an n-dimensional complex vector space. A Her- 
mittan form on T is a function H : T x T -> C with the following 
properties: 

1. v= H(v, w) is C-linear for every w € T. 

2. H(w,v) =H(v,w) for v,wET. 


It follows at once that w+> H(v,w) is C-antilinear for every v € T, and 
H(v,v) is real for every v € T. If H(v,v) > 0 for every v 4 0, H is called an 
inner product or scalar product. 


4 I. Holomorphic Functions 


There is a natural decomposition 
A(v,w)=S(v, w)+iAtv, w), 
with real-valued functions S and A. Since 
S(w,v) $iA(w,v) =H(w,v) =H (v, w)= Sv, w)-iAQv, w), 
it follows that S is symmetric and A antisymmetric. 


Example 


If k is a field, the set of all matrices with p rows and q columns whose elements 
lie in k will be denoted by M,,_(&) and the set of square matrices of order n 
by Mn(k). Here we are interested only in the cases k =R and k =C. 


A Hermitian form on C” is given by 


H : (z,w) 4 zHw', 


. te oo Trt 
where H € M, (C) is a Hermitian matrix, ie, H =H. 


The associated symmetric and antisymmetric real bilinear forms S and A are 
given by 

S(z,w) = Re (z HW‘) = 3 (cHw' + w Hz") 
and 1 

A(z, w) = Im (zHw') = 3 Hw'—-—wHz’'). 
If H is an inner product, then S is called the associated Euclidean inner 
product. 


The identity matrix E,, yields the standard Hermitian scalar product 
n 
(z|w) =z- Wt = X aT. 
v=1 


Its symmetric part (z| w),„:= Re((z|w)) is the standard Euclidean scalar 
product. In fact, if we write z =x tiy and w =u + iv, with x,y, u,v E€ R”, 
then 


(z | whan 
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If the standard Euclidean scalar product on R” is denoted by (- -| . he we 
obtain the equation 


(2|w).,= Elu tOn 


Balls and Polydisks 


Definition. The Euclidean norm of a vector z € C” is given by 


lal! = VY (a|z) = y (zlz)n> 


the Euclidean distance between two vectors z,w by 


dist(z,w) := ||z — w||. 


An equivalent norm is the sup-norm or modulus of a vector: 
|z| := max |z]. 
v=1,...,n 


This norm is not derived from an inner product, but it defines the same topo- 
logy on C” as the Euclidean norm. This topology coincides with the usual 
topology on R?”. We assume that the reader is familiar with it and mention 
only that it has the Hausdorff property. 


Definition. B,(zp) := {z € C” : dist(z,z ) <r} is called the (open) 
ball of radius r with center zo. 


A ball in C” is also a ball in R?”, and its topological boundary 
OB,-(Zo) = {z E C” dist (z, Zo) =r} 


is a (2n — 1)-dimensional sphere. 


Definition. Letr =(ri,...,?n) € R”, allr, > 0,20 = (2%®,...,2®) € 
C”. Then 
P"(Zo,r) := {z E€ C” :|z, —2 | <r, forv =1,...,0] 


is called the (open) polydisk (or polycylinder) with polyradius r and center 
zo. If r € Ry andr := T,...,7), we write P? (zo) instead of P” (zo, r). 
Then P} (zo) = {z € C” :|z -zo| < T}. 


If D denotes the open unit disk in Ç, then P” :=P} (0) = D x -.- x Dis 
—— 


n times 


called the unit polydisk around 0. 


6 I. Holomorphic Functions 


We are not interested in the topological boundary of a polydisk. The following 
part of the boundary is much more important: 


Definition. The distinguished boundary of the polydisk P"(zo,r) is 
the set 


T"(zo,r) ={z EC” : jz —2| =r, forv =1,...,n}. 


The distinguished boundary of a polydisk is the Cartesian product of n circles. 
It is well known that such a set is diffeomorphic to an n-dimensional torus. 
In the case n = 1 a polydisk reduces to a simple disk and its distinguished 
boundary is equal to its topological boundary. 


Connectedness. Both the Euclidean balls and the polydisks form a base 
of the topology of C”. By a region we mean an ordinary open set in C”. A 
region G is connected if each two points of G can be joined by a continuous 
path in G. A connected region is called a domain. 


If a real hyperplane in R” meets a domain, then it cuts the domain into 
two or more disjoint open pieces. For complex hyperplanes in the complex 
number space (which have real codimension 2) this is not the case: 


1.1 Proposition. Let GC C” be a domain and 
E := {z =(a,...,2) EC” : 2 =O} 
Then G’ :=G-—E ts again a domain. 


Proor: Of course, E is a closed set, without interior points, and G’ = G- E 
is open. Write points of C” in the form z = (21,2*), with z* € C"~!. Given 
two points v = (vı, v*) and w = (wi, w*) in G’, it must be shown that v 
and w can be joined in G’ by a continuous path. We do this in two steps. 


Step 1: Let G = P”(zo,€) be a small polydisk. Then G” is the product of 
a punctured disk and a polydisk in n — 1 variables. Define Z := (wi, v*). 
Clearly, Z € G’, and we can join vı and wı within the punctured disk, and 
v* and w* within the polydisk. Therefore, v and w can be joined within G”. 


Step 2: Now let G be an arbitrary domain. There is a path y : F — G joining 
v and w. Since y(J) is compact, it can be covered by finitely many polydisks 
U1,...,U; such that U, C G for A = 1,...,2 


It is easy to show that there is a ô > 0 such that for all t,t” € I with 
|e — t| <6, p(t’) and y(t”) lie in the same polydisk Ux. Then let a = to < 
tı <... <tn =b be a partition of 7 with |t; -t;-1| < ô for j =1,...,N. 
Let z; := p(t;) and A(z) € (1,...,/} be chosen such that Uag) contains Zj 
and z;_; (it can happen that A(j1) = ACj2) for jı # j2). By construction zj—1ı 
lies in Uyg) N Uxg—1), and thus Vagy N Uag-1) — E is always a nonempty 
open set. 
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We join v = Zo € Vaq) and some point 21 € Vaga) N Ux) — E by a path 
gı interior to Vaa) — E. By (1)this is possible. Next we join Zı and a point 
Z2 E€ Uyayn Uxa) — E by a path vp interior to Ux) — E, and so on. Finally, 
yn joins Zy—ı and w = zy within Uy) (ny —E. The composition of p1, ...,¢Nn 
connects v and w in C’. m 


Reinhardt Domains 
Definition. The point set 
Y i= {r = (r1, Tn) E R” : ry 20 forv =1,...,n} 


will be called absolute space, the map T :C” > ¥ with 7(zy,.--, 2n) := 
(lzi|,...,|2n]) the natural projection. 


The map 7 is continuous and surjective. For any r € Y, the preimage 
7 ~\(r) is the torus T"(0,r). For z € C”, we set P, := P"(0,r(z)) and 
T, :=T"(0,7(z)) =7~"(7(z)) (see Figure 1.1). 


Definition. A domain G C C” is called a Reinhardt domain if for 
every z € G the torus T, is also contained in G. 


|22 T*(0, (r1,72)) 


s 


T2 


P*(0, (r1, r2)) 


T1 


[zıl 
Figure 1.1. A polydisk in absolute space 


Reinhardt domains G are characterized by their images in absolute space: 
t~!7(G) =G. Therefore, they can be visualized as domains in ¥. For exam- 
ple, both balls and polydisks around the origin are Reinhardt domains. 
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Example 


Let zo € C”, with |z| > lforv =1,...,n. Then 7(e'? .zọ) =7(zo), but 
le? .zo —zo| = |e? — 1| .|zo] > |e? — 1], and for suitable 8 this expression 
may be greater than £. SoP”(zo,€) is not a Reinhardt domain. 


Definition. Let G c C” be a Reinhardt domain. 


1. Gis called proper if O€ G. 
2. G is called complete if Yz E€ GN(C*)” :P, CG (see Figure 1.2). 


Later on we shall see that for any proper Reinhardt domain G there is a 
smallest complete Reinhardt domain G containing G. 


|z0| (a) 


Figure 1.2. (a) Complete and (b) noncomplete Reinhardt domain 


Exercises 


1. Show that there is an open set B C C? that is not connected but whose 
image 7(B) is a domain in absolute space. 

2. Which of the following domains is Reinhardt, proper Reinhardt, complete 
Reinhardt? 

(a) Gy = {z € C? : 1> lal > zl}, 

(b) Gz :={2 € C? : ja] < Land |z2| < 1-|z|}, 

(c) G3 is a domain in C? with the property 
zEG => e*.zcGfotER. 

3. Let G C C” be an arbitrary set. Show that G is a Reinhardt domain 
<= JG CY open and connected such that G = r~! (G). 

4. A domain G c C” is called conwex, if for each pair of points z,w € G the 
line segment from z to w is also contained in G. Show that an arbitrary 
domain G is convex if and only if for every z € OG there is an affine 
linear function À :C” — R with A(z) = 0 and Alc <0. 
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2. Power Series 


Polynomials. In order to simplify notation, we introduce multi-indices. 


For v = (v1,. .., Vn) € Z” and z € C” define 
n 
|a| D and z” = 27} zte, 
i=l 


The notation v > 0 (respectively v > 0) means that v; > O for each i 
(respectively v > 0 and v; > 0 for at least one i). 


A function of the form 


z+ p(z) = ayz”, with a, € C for |v| < m, 


|y|<m 


is called a polynomial (of degree less than or equal to m). If there is a v 
with |v] = m anda, # 0, then p(z) is said to have degree m. For the 
zero polynomial no degree is defined. An expression of the form a,z” with 
a, # 0 is called a monomial of degree m := |v|. A polynomial p(z) is called 
homogeneous of degree m if it consists only of monomials of degree m. 


2.1 Proposition. A polynomial p(z) # O of degree m is homogeneous if 
and only if 


p(Az) =A” - p(z), forall Xe C. 


PROOF: Let p(z) =a,z” be a monomial of degree m. Then 
p(Az) =a (àz) =X” .a,z” =X™ - p(z). 
The same is true for finite sums of monomials. 


On the other hand, let p(z) = ic a,z" be an arbitrary polynomial with 
p(Az) = A” .p(z). Gathering monomials of degree i, we obtain a polyno- 
mial pi(z) = $ p=: wz” with p,(Az) = X .pi(z). Then for fixed z the two 
polynomials 


N 
A = p(Az) =$ pi(z). à and A A™ - p(z) 
i=0 


are equal. This is possible only if the coefficients are equal, i.e., pm(z) = p(z) 
and p;(z) =0 fori 4 m. So p =pm is homogeneous. m 


Convergence. If for every v € N? a complex number c, is given, one 
can consider the series 5°,.¢ and discuss the matter of convergence. The 
trouble is that there is no canonical order on NG. 
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Definition. The series Z „>g c is called convergent if there is a bi- 
jective map y :N + NG such that S772, |e,qy| < oo. Then the complex 
number 5>7~, Cyu) is called the limit of the series. 


It is clear that this notion of convergence is independent of the chosen map 
y, and that it means absolute convergence. 


2,2 Proposition, Yayo c, is convergent if and only if 


{ Solal: LONG finite } 


vel 
is a bounded set. 
The proof is trivial. 
2.3 Proposition. {f the series X uso converges to the complex number 
c, then for eaché > 0 there exists a finite set Io CNG such that: 


1. > Ie! < £, for any finite set K C Nọ with K Nb =2. 
vek 


Soe, — c| <E, for any finite set I with Io CI CNG 
vel 


2. 


PROOF: We choose a bijective map p :N > Nj. Then 2721 cy) =c, and 
the series is absolutely convergent. For a given £ > 0 there exists an to € N 
such that Dea lepal <E and | Di ey) —c| <E. 


Setting Ip := v({1,2,...,to}), it follows that 7.x lev] <€ for any finite set 
K with KO o =Ø, and | Dreh- c| <E. 


Then for any finite set J with Jo CI C Nọ, 


Se- (ge) g 


<| E e- e|+ 5 ley | < 2e. 


vel vEI— Ío velo vel—Io 
s 
Example 
Let q1,...,@n be real numbers with O < q; < 1for i =1,...,n, and q := 
(q1; - --3qn). Then for any v € NG, q” =q ...gk" is a positive real number. 


If I c Nọ is a finite set, then there is a number N such that I C 
{0,1,...,N}”, and therefore 
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Since the partial sums are bounded, the series is convergent. It is absolutely 
convergent in any order, and the limit is 


n 


We call this series the generalized geometric series. 


Now let M C C” be an arbitrary subset, and {f, : v € NO} a family of 
complex-valued functions on M. We denote by ||f,||a¢ the supremum of | f, | 
on M. 


Definition. The series >. fv is called normally convergent on M 
if the series of positive real numbers $°,,.,|| fulla is convergent. 


2.4 Proposition. Let the series $ „~o fy be normally convergent on M. 
Then it is convergent for any z © M, and for any bijective map œ :N > Ng 
the series 307°, fo is uniformly convergent on M. 


PROOF: Ifthe series is normally convergent, then }>,,.|f,(z)| is convergent 
for any z € M. But then 5°, ., fe (z) is also convergent, and there is a complex 
number f(z) such that an foiy(z) converges to f(z), for every bijective 
map gy :N > Ng. 


If an € >0 is given, there is an io such that S77", lfe llm <E. Then 


I koa | <Solfowllar <£, for m >k > io and z € M. 
t=k i=k 


Therefore. 


Erot — f(z) | = | y few) | <e, for k > io. 


i=k+1 


This proves the uniform convergence. 


Power Series. Let fa, :v € Nọ} be a family of complex numbers, and 
Zo € C” a point. Then the expression 


5 ap (Z — zo)” 
v>0 


is called a (formal) power series about Zg. It is a series of polynomials. If 
this series converges normally on a set M to a complex function f, then as a 
uniform limit of continuous functions f is continuous on M. 
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2.5 Abel's lemma. Let P’ CC P C C” be polydisks around the origin.? If 
the power series >o uZ” converges at some point of the distinguished 
boundary of P, then it converges normally on P’. 


PROOF: Let w € OoP be a point where $. „>o@vw” is convergent. Then 
there is a constant c such that jaw” | < cfo alre Ng- 


We choose real numbers q; with 0 < q; < 1 such that |z| < qiļw;| for any 
Z=(2,.++,2n) € P' andi = 1,...,7. It follows that 


la,z”| <q" .c, for q =(q1,--.,@2),2 € P’, and v ENG. 


Then ||a,z” |p’ < q" .c as well, and from the convergence of the generalized 
geometric series it follows that 5°.) @,2” is normally convergent on P’. m 


Definition. We say that a power series }>,,..a.(Z — Zo)” converges 
compactly in a domain G if it converges normally on every compact subset 
K cG. 


2.6 Corollary. Let P C C” he apolydisk around the origin and w be apoint 
of the distinguished boundary d P. If the power series 3 yso vZ” converges 
at w, then it converges compactly on P. 


PROOF: Let K C P be a compact set. Then there is a q with 0 <q < 1 
such that K C q- P CC P. Therefore, the series is normally convergent on 
K. n 


Let S(z) = J „>o az” be a formal power series about the origin, and 


B :={z«€C” : S(z) convergent}. 


2.7 Proposition. The interior BO is a complete Reinhardt domain, and 
S(z) converges compactly in B°. 


PROOF: Let w be a point of B°. There is a polydisk P"(w,¢) C B° and 
a point v € P”(w,£) N (C*)” such that w € P,(0). Then Ty C B”, and if 
w €(C*)", then also Pw(0) C B”. 


To see that B° is a complete Reinhardt domain, it remains to show that it 


is connected. But this is very simple. Every point of B° can be connected to 
a point in B° N (C*)”, and then within a suitable polydisk to the origin. 


3 The notation U CC V means that U lies relatively compact in V; i.e., U is a 
compact set which is contained in V. 
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From these considerations it followsthat B° is the union of relatively compact 
polydisks around the origin. Therefore, S(z) converges compactly on B”. a 


The set B° is called the domain of convergence of S(z). 


2.8 Proposition. Let G be the domain of convergence of the power series 
S(Z) =$ >o ave". Then 


.— YL v,-1 v, 

S, (z2) := > ap: Viz ++ 2, oozy 
v>0 
v;>0 


also converges compactly on G., 


PROOF: Let w be any point of (C*)"NG, and |a,w’| < c for every v € NF. 
If0<qg< landz =q.w, then 


Vi c 
Javna pau = EE laz” <Any ll 


Now, 


CO oO ee) 
v>0 vı =0 Vj =1 Vn =0 


vj>0 


is convergent. Therefore, S,, (z )is convergent, and it follows that S,, is nor- 
mally convergent on P,(0). Since every compact set K C G can be covered 
by finitely many polydisks of this kind, §,, is compactly convergent on P. m 


Definition. Let Bc C” be an open set. A function f : B > Cis called 
holomorphic if for every zo € B there is a neighborhood U = U (zo) C B 
and a power series S(z) := È >o a,(z — Zo)” that converges on U to 


F(z). 
The set of holomorphic functions on B is denoted by O(B). 


It is immediately clear that every holomorphic function is continuous. 


Exercises 


1. Let f,g be two nonzero polynomials. Prove that 


deg(f - g) =deg(f) + deg(g) . 


2. Let f = fi +- . fk be a homogeneous nonzero polynomial. Show that f; is 
homogeneous, for? = 1,...,k. 
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3. Find the domain of convergence for the following power series: 


f(z,w) = X zu", g(z,w) = Sow), h(z,w) = 5 ae 


xa 


4. Determine the limit and the domain of convergence of the series 


F(z,w) = D COGS DAE 


v>0 u20 


5. A polyradius r = (ri,...,7,) € ¥ is called a radius of convergence for 
the power series f(z) = 0,59 v2" if f(z) is convergent in P =P”(0,r), 
but not convergent in any polydisk P =P"(0,r’} with P CC P’. 


Prove the following generalization of the root test: 


r is a radius of convergence for f(z) if and only if limo /|a,|r’ = 1. 


3. Complex Differentiable Functions 
The Complex Gradient 


Definition. Let B C C” be an open set, Zo € B a point. A function 
f : B — C is called complex differentiable at zo if there exists a map 
A :B —> C” such that the following hold: 

1. A is continuous at Zo. 

2. f(z) =f(zo) + (Z — zo) .A(z)* forz E€ B. 


Complex differentiability is a local property: For f to be complex differen- 
tiable at zo it is sufficientthat there is a small neighborhood U =U (zo) C B 
such that the restriction f|y is complex differentiable at Zo. 


3.1 Proposition. Iff is complex differentiable at Zo, then the value of the 
function A at zo is uniquely determined. 


Proor: Assume that there are two maps A; and Ag satisfying the condi- 
tions of the definition. Then 


(z — 20) (A(z) — A2(2))* =0 for every z € B. 


In particular, there is an € > 0 such that the equation holds for z = Zo + te,, 
with t € C, |t| <€, andi =1,...,n. F Ay =(AYY,..., AO), then 


t. (AY? (z) - A(z) =0, for li| <e, %=%0 +te,, andi = 1,...,7. 


Because the A’? are continuous at Zo, it follows that Aı (Zo) = Ag(zo). F 
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Definition. Let f : B — C be complex differentiable at zo. If there 
exists a representation 


f(z) = f (zo) + (z — zo) A(z)’, 


with A continuous at Zo, then the uniquely determined numbers 


BL (zo) = fz, (Zo) := ev .A(zo)* 


are called the partial derivatives off at zo. The vector 


Vf (Zo) := (fa (Zo), .» ., fen (Z0)) = A(Zo) 


is called the complex gradient of f at zo. 


Remarks 


1. If f is complex differentiable at zo, then f is continuous there as well. 

2. A function f is called complex differentiable in an open set B if it is 
complex differentiable at each point of B. Then the partial derivatives of 
f define functions f,, on B. If each of these partial derivatives is again 
complex differentiableat zo, then f is called twice complex differentiable 
at zo, and one obtains second derivatives 


2f 
z ðz, (7) = fazu (20). 


By induction, partial derivatives of arbitrary order may be defined. 
3. Sums, products, and quotients (with nonvanishing denominators) of com- 
plex differentiable functions are again complex differentiable. 


Weakly Holomorphic Functions. Let B C C” be an open set, 
zo € Ba point, and f a complex-valued function on B. For w Æ O let 
Pw :C > C” be defined by 


Pw(C) := Zo +W. 


Then foYvw(¢) is defined for sufficiently small ¢. Iff is complex differentiable 
at Zo, then we have a representation f(z) = f (Zo) +(z — zo) -A(z)*, with A 


continuous at zo. It follows that 


f(pw(C)) — flew(0)) =w - A(pw(C))*, 


and f o Yw is complex differentiableat ¢ =0, with 


(F © wr) (0) = w- A(20)* = lim ZLFlow(6)) = Flew (0) 
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This is the complex directional derivative of f at zo in the direction w. We 
denote it by Dw f(z). In particular, fz, (zo) = De, f (Zo) for v = 1,...,n. 


An arbitrary function f is called partially diflerentiable at zo if all partial 
derivatives De, f (Zo) exist for y =1,...,n. 


A function f is called weakly holomorphic on B if it is continuous and partially 
differentiable on B. Then for z = (21,...,2n) E€ B and v = 1,...,n the 
functions 

CH f(z... 2-10, Zv+- Zn) 


are holomorphic functions of one variable. 


Iff is complex differentiable on B, then f is also weakly holomorphic on B. 
Later on we shall see that weakly holomorphic functions are always complex 
differentiable, in contrast to the behavior of real differentiable functions. 


Holomor phic Functions 


3.2 Proposition. Let P CC” be apolydisk around the origin, and S(z) = 
ys avZ” a power series that converges compactly on P to a function f- 
Then f is complex differentiable at O, with 


fa (0) =41,0,...05-.., fen (0) = 0,...,0,1- 


PROOF: We choose a small polydisk P, CC P around the origin such that 
S(z) is normally convergent on P, But then the series obtained by any 
rearrangement of the terms is also normally convergent, and it converges to 
the same limit. We write 


f(z) = Jaz 


yv>0 
= 40,0....,.0 +71. 5 ayz] «++ g¥n 
Vy>0 
V2,- Vn 20 
+z: v2—1 Un + + a giant 
2 Ay tt Zn raa Zn ` ven 
11 =0, ¥2>0 V1 =...=Un—1=0 
V3,- -nVn 20 Vn >0 


= f(O +z .Ai(z) +... +2n .An(z). 
Since the series A4 (z), . . . ,An (Z) converge normally on P; to continuous func- 


tions, f is complex differentiable at O, with fz, (0) = A (0). m 


3.3 Corollary. If B CC” is an open set, and f :B -+ C a holomorphic 
function, then f is complex diflerentiable on B. 
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PROOF: Let zo € B be an arbitrary point. There is a power series S(w) 
converging compactly near O to a holomorphic function g such that 


f (zo +w) = g(w) = g(0) tw, .Ai(w) +-..4+ Wn .An(w), 


with continuous functions A;,...,A,. It follows that f is complex differen- 
tiable at Zo- a 
Exercises 


1. Show that there is a function f :C” — C that is complex differentiable 


at every point Z =(21,...,2n) with z, = 0, but is nowhere holomorphic. 
2. Prove the following chain rule: If G C C?” is a domain, f :G > C a 
complex differentiable function, and y = (41, ..-3n) : A ~ G a map 


with holomorphic components y;, then f oy :A — C is a holomorphic 
function, with (f o 9)'(¢) = VF) p0. 


4. The Cauchy Integral 


The Integral Formula. Let r = (r1, -..,fn) be an element of R”, 
P =P”(0,r), T = T” (0,r),and f a continuous function on T. Then 


kp(z,¢) = O GEES 


© (=)D (G = 21) Ca = en) 


defines a continuous function ky :P x T > C. 


(=) [veo 


T 


[i| =r1 [En|=rn 


Definition. 


C's(2) 


is called the Cauchy integral off over T. 


Obviously, Cy is a continuous function on P. 


4.1 Theorem (Cauchy integral formula). Let P, T be as above, and 
U =U(P) be an open neighborhood of the closure of P. Iff is weakly holo- 


morphic on U, then Cryr(z) = f(z) for any zE P. 


PROOF: FfP=QD (0)x...xD,,,(0),we may assume that U =U, x-..xU,, 
with open neighborhoods U; = U; (Dr (0)) ,fori=1,...,n. 
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Since f is weakly holomorphic, we can fixz‘ = (z1, ..-,2n-1) € U1 X- .-XUn-1 
and apply the Cauchy integral formula in one variable to Cn > f(z’, Cn). For 
Zn € D,,,(0) it follows that 


1 f(z, Gn) 
ln) = — DEn dy. 
(Z, 2n) = 35 f C, zp oon 
Cn l=rn 
Similarly, for the penultimate variable z,-1; and Z” = (21, ...,Zn-2) € U1 x 


...X Uy_2 we obtain 


f(z", Cn-1: Zn) 
Felsina = gq J E e 


[n-1|=Tn—1 


1 2 f(z", Cn~1; Cn) d d 
- (a) S | oe geo 


IEn- {=Tn-1 |Zn|=Tn 


and after n steps, f(z) = Cy)r(z), for z € P. s 


4.2 Theorem (power series expansion). Let P = P” (0,r) C C” be 


a polydisk and T its distinguished boundary. Iff :T —> C is a continuous 
function, then there is a power series Y >o 4.2" that converges to Cy(z) in 


all of P. 


The coefficients a, of this series are given by 


Oy Up =( 1 ) Fleiss Gn) dei- -dn 


i +1 Unt 
2ri J GT -Ga 


PROOF: Setting 1 :=(1,..., DE NG, forz € P and¢ ET it follows that 
1 _ 1 1 
(¢ - z)! (C1 — 21) +++ (Cn — 2n) GG G-E) (1-2) 


TEORIO 


vı =0 Vn =0 


fr=("1,... Tn), then for fixed z € P and arbitrary ¢ € T we have 


|Z |= = Fil <1, for j = 1,...,n. 
Tj 


Since T is compact and f continuous on re there is a constant M with 
IFÖ] < M on T. Then Sy, 5o (F(¢)/¢""™ )2” is dominated on T by the 
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convergent series (AZ/r*) X „~o q”, where q = (q1,--- sn), and therefore it 
is normally convergent as a series of functions on T with limit f(¢)/(¢ —z)?. 
We can interchange summation and integration: 


v>0 


[1V f £@ 
w= (sa) [ore 


The series converges for each z E P. . 


with 


4.3 Osgood’stheorem. Let B C C be an open set. Thefollowing state- 
ments about afunctionf :B —> C are equivalent: 


1. f is holomorphic. 
2. f is complex differentiable. 
3. f is weakly holomorphic. 


PROOF: We already know that a holomorphic function f is complex differ- 
entiable, and it is trivial that then f is weakly holomorphic. 


On the other hand, let f : B — C be weakly holomorphic, and zo € B 
an arbitrary point. There is a small polydisk P around zo that is relatively 
compact in B. If T is its distinguished boundary, then f|p = Cpr, and the 
Cauchy integral is the limit of a power series. So f is holomorphic. s 


In addition, if f is weakly holomorphic on B, Zo € B a point, and P CC B 
a polydisk around zo, then there is a power series S(z) = >... %2 (Z — Zo)” 
that converges to f on all of P. ~ 


Holomorphy of the Derivatives 


4.4 Weierstrass’s convergence theorem. Let GCC” be a domain, and 
(fe) a sequence of holomorphic functions on G that converges uniformly to a 
function f. Thenf is holomorphic. 


PROOF: The limit function is continuous. Let zo € G be a point, P CC G 
a polydisk around zo, and T its distinguished boundary. Then 
flp = lim file = jim Chir: 


Since T is compact, we can interchange integral and limit. Thus, for any fixed 
ZEP, 
Jim Cpir(Z) =C iim far (2) = Cjr (z). 
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Since f is continuous on T, the Cauchy integral Cpr has a power series 
expansion in P. Therefore, f is holomorphic at zo. n 


4.5 Proposition. Let S(z2) =S>, 594.2" be a power series and G its do- 
main of convergence. Then the limitfunction f of S(z) is holomorphic onG, 
and the formal derivative 


;—1 
S (z) = 5 ayi vjz Bye 
v>0 
v>0 
converges to fz, . In particular, all partial derzvatzves of f are likewise holo- 
morphzc. 


PROOF: Since S(z) converges compactly on G, f is locally the uniform limit 
of a sequence of polynomials. Then it follows from Weierstrass’ theorem that 
f is holomorphic. But also S',,(z) converges compactly on G, and its limit 
function g must be holomorphic on G. 


Now let zg be an arbitrary point of G. Since G is a complete Reinhardt 
domain, there is a polydisk P around the origin with zọ € P CC G. We 
define 


f* (z) = f 9; (21, - wy Žj—1 Q; 24d) -a 2n) dC + f(a,. 30,- oon) 
0 


For the path of integration we take the connecting segment between 0 and 
2; in the z;-plane. Then f* is defined on P. 


Let S(z) = 377°, pi(z) be the expansion into a series of homogeneous polyno- 
mials. Then Sz, (z) = >>;29(p.)z, (Z), and this series converges uniformly on 
the compact path of integration we used above. Therefore, we can interchange 
summation and integration, and consequently, 


f(z) = D ( [ides eres dE palen 0h---s%n)) 
i=o MYO 
= X p(z) = f(z), 
i=0 
for z € P. Hence fz, (Zo) = fz,(Z0) = 9;(Z0). s 


4.6 Corollary. Let G C C” be a domain and f :B — C a holomorphic 
function. Then f is infinitely complex differentiable in G. 


Let v = (v1, --- Vn) be a multi-index. Then we use the following abbrevia- 
tions: 
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Liv! =r! Val. 
2. If f is sufficiently often complex differentiable at zo, then 


alri f (zo). 


DNL 20) = Boe Bak 


4.7 Identity theorem (for power series). 


Let f(z) = „>o 2” and g(z) = ~o buz” be two convergent power series 
in a neighborhood U =U(0) C C”. If there is a neigborhood V(O) C U with 
flv =glv. then a, =b, for all v. 


Proof; We know that f and g are holomorphic. Then D” f(O) = D” g(0) 
for all v, and successive differentiation gives 
DY’ f (Oj=v!.a, and D”g(0) =v! .b, 
7 
4.8 Corollary. Let G C C” be a domain, zo € G a point, and f :B => C 


a holomorphic function. If f (2) = iso ay(Z — Zo)” is the (uniquely deter- 
mined) power series expansion near zo € G, then 


1 
a = .D” f (zo), for each v € NG 


4.9 Corollary (Cauchy’s inequalities). Let GCC” be a domain, f : 
G — C holomorphic, zo E€ G a point, and P =P"(zo,r) CC G a polydisk 
with distinguished boundary T. Then 


p! 
|D” f(zo)| < — -supl f| 
r T 


Proor: Let f(z) = 7,5, av(z — zo)” be the power series expansion of f 
at Zo. Then D” f (zo) = v!a, and 


w= (z) [ear 


|D” (z0) vi f IROI Ge 


(27)” Jp rti 


_ u! J F20 triet, 2 + rpel)| 
r” 


and therefore 


lA 


dt, --- dt, 
[0,27]” 


IA 


v! 
— -su . 
E7 up| f| 


22 I. Holomorphic Functions 


The Identity Theorem.Let G C C” be always a domain. The con- 
nectedness of G will be decisive in the following. 


4.10 Identity theorem (for holomorphic functions). 


Let fi, f2 be two holomorphic functions on G. If there is a nonempty open 
subset U C G with filu = folu, then fi = fa. 


Proor: We consider f := fı — fe and the set 
N := {z E€ G : D" f(z) =0 for all v}. 


Then N 4 Ø, since U C N. Let Zo € G be an arbitrary point, and 


tŒ = E SD" fo)e- 20)” 


v>0 


the power series expansion of f in a neighborhood V = V(zo) C G. Ff zo 
belongs to N, then fly = 0, and also V C N. This shows that N is open. 
Because all derivatives D” f are continuous, \ is closed. Since G is a domain, 
we get N =G and fı = f2- 7 


Remark. In contrast to the theory of one complex variable, it is not suf- 
ficient that fı and fə coincide on a set M that has a cluster point in G. 
Consider for example, G = C? and M = {(21, 22) : z2 =0}. The holomor- 
phic functions f1(21, 22) :=7z2(21 — 22) and fe(21, z2) :=22(21 + 22) are equal 
on M, but f1(0,1) = —1 and f2(0,1) = 1. 


4.11 Theorem (maximum principle). 


Let f :G—>C be a holomorphic function. If there is a point zo € G such 
that |f| has a local maximum at Zo, then f is constant. 


PROOF: We consider the map yw :C > C” with gw(¢) = zo t¢w, for 
an arbitrary w # 0. Then f 0 yy is a holomorphic function of one complex 
variable, defined near ¢ = 0. Now, since |f o w| has a local maximum at 
the origin, this function must be constant in a neighborhood of the origin. 
But the direction w was chosen arbitrarily, so f also has to be constant in a 
peighborhood of 0 € C”. The identity theorem implies that f is constant on 

. m 


Exercises 


1. Prove Liouville’s theorem: Every bounded holomorphic function on C” 
is constant. 

2. Prove that if f € O(C”) and |f(z)| < C- liz” || for some C > 0 and some 
v € N}, then f is a polynomial of degree at most |v]. 
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3. Let Gc C” be a domain and f € O(G) not constant. Prove that then 
f(U)c C is open for any open subset U C G. 

4. Let GC C” be a domain. A set F of holomorphic functions on G is called 
locally bounded, if for every z € G there is a neighborhood U(z) C G such 
that {||f|lu : f € F} is bounded. Prove the following: 

(a) (Lemma of Ascoli) If A C G is a dense subset and (fn) is a locally 
bounded sequence of holomorphic functions in G which converges 
pointwise on A, then (fn) is compactly convergent on G. 

(b) (Theorem of Montel) Every locally bounded sequence of holomorphic 
functions in G has a compactly convergent subsequence. 

Hint: More or less, you can use the well-known proof from the 1- 

dimensional theory. 


5. The Hartogs Figure 


Expansion in Reinhardt Domains. Let r’,,r” be real numbers with 
0 <r’, <r} for l<v <n. We define 


Pos {ze Œ : |z| <r}, for all v}, 
Q = zE : 1, <|z,| <r, for all v} 


Clearly, P and Q are Reinhardt domains. Let f be a holomorphic function in 
Q. Then for all r € 7(Q), the Cauchy integral Cfr, is a holomorphic function 
in P and therefore a fortiori in P (see Figure 1.3). 


ri ri |z| 


Figure 1.3. Expansion in the polydisk 


5.1 Proposition. Thefunction fe :P — C given by f(z) := Cfr, (z) is 
independent of r. 


PROOF: We have 
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r@=(9 fo J ror 


G1 — 21 Cn — Zn 


\ijera Cnj=rn 


In each variable ¢ the integrand f(¢)/(¢,—2:) is holomorphic on the annulus 
{q iri < |G| < ri}. From the Cauchy integral formula for one variable it 


follows that 
fJ #@-u-f[ Low, 
Ivlare Gy ~ Zv Ivl=rs Sv T Žv 
ifr!) <r, <r <r. This yields the proposition. n 


5.2 Proposition. Let GC C” be a proper Reinhardt domain, f holomor- 
phic on G. Then for every z € Gn(C*)” the Cauchy integral Csr, coincides 
with f in a neighborhood of the origin. 


ProoF: Gm(C*)” is a Reinhardt domain. Therefore, Go :=7 (G N (C*)"”) 
is a domain in the absolute space. 

Let B :={r € Go : Cet, coincides with f in the vicinity of 0}. Then B # 
@, because there is a small r € Go such that P,(0) C G. 


B is open: If ro € B, we can find sets P,Q as we did at the beginning of this 
section such that ro € Q C Go. Then for r € Q, fr = Cfr, is a holomorphic 
function on P, and independent of r. But f,, coincides with f near the origin. 
Therefore, Q C B. 


Also, Go — B is open. The proof goes as above. Since Go is connected, that 
implies that B = Go. a 


5.3 Corollary. Let G be a proper Reinhardt domain, f holomorphic in G. 
Then there is a power series S(z) which converges in G to f. 


PROOF: Let Zo € G be arbitrarily chosen. Then there is a point w € GA 
(C*)” with zo € Pw. The holomorphic function g := Cyt, has a power 
series expansion 9(z) = } „>o 8vZ” in Pw. Since g coincides with f in a small 
neighborhood of the origin, the coefficients a, are those of the Taylor series 
of f about 0. Since Zo was arbitrary, it follows that the series converges in 
all of G. By the identity theorem its limit is equal to f. a 


Definition. If Gis a proper Reinhardt domain, then 


6:= U PR 


zEGn(c*)” 


is called the complete hull of G. 
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Remarks 


1. Every complete Reinhardt domain is proper, but the opposite is in general 
false. For n = 1, Reinhardt domains are open disks around 0, and there 
is no difference between proper and complete domains. 

2. The complete hull G of a proper Reinhardt domain G is again a domain 
containing G. And it is Reinhardt: For z € G there is some zı with 
zeP C 6. But then also T; C Pz, C G. The same argument shows 
that G is complete. 

3. Let G, be another complete Reinhardt domain with G C G,. For z € 
Gm (C*)", z also lies in G4, and by the completeness of G, it follows 
that P C G;. So Ge Gi, and we see that G is the smallest complete 
Reinhardt domain containing G. 


An immediate consequence is the following: 


5.4 Theorem. Let G be a proper Reinhardt domain and f be holomorphic 
in G. Then there is exactly one holomorphic function f in Ĝ with fle =f. 


Hartogs Figures. In the case n = 1 the situation above cannot appear. 


For n > 2 we can choose sets G and G in C” such that G 4 6. This reflects an 
essential difference between the theories of one and several complex variables. 


Now let n > 2, P" the unit polydisk, q1,...,¢, real numbers with 0 < q, < 1 
forv =1,..,n, and 


H =H(q) :={z E€ P” : |a| >q or |z,| <q, foru =2,...,n}. 


Then (P”, H) is called a Euclidean Hartogs figure (see Figure 1.4). H is a 
proper Reinhardt domain and P" its complete hull. 


(a) 


[z2] 


|z1| 


Figure 1.4. (a) 2-dimensional, and (b) 3-dimensional Hartogs figure 
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5.5 Hartogs’ theorem. Let (P“, H) le a Euclidean Hartogs figure. Then 
any holomorphic function f on H has a holomorphic extension f on P”. 


The theorem follows immediately from our considerations above. 
Exercises 
1. For 0 <q < 1let G1, G2 C C? be defined by 


Gy = {(z,w) :¢<|z| < Land |w| < 1}, 
Go {(z,w) :|z| < land |w| <q}. 


(a) Prove that every holomorphic function f on G; has a unique repre- 
sentation 
flew) = >. @n(w)2", with a, € O(D). 


n=—- CO 


(b) Prove that every holomorphic function g on G2 has a unique repre- 
sentation 


g(z,w)= > bn(w)z”, with bn € O(D,(0)). 
n=0 


(c) Use (a) and (b) to prove that every holomorphic function f on GiUG2 
has a unique holomorphic extension to the unit polydisk. 
2. Let G C C” be an arbitrary Reinhardt domain, f € O(G). Show that 
there exists a uniquely determined “Laurent series” X „egr az" converg- 
ing compactly in G to f. 


6. The Cauchy—Riemann Equations 


Real Differentiable Functions. Recall the following from real an- 
alysis: 


Let B C C” be an open set and zg a point of B. A function f :B > R is called 
differentiable (in the real sense) if there is a real linear form L :C” > R and 
a real-valued function r with: 
1. f(z) = f (Zo) + L(z — zo) +r (z - zo). 
r(w 


2. Hm, Tiwi =0. 


The real linear form D f(Zo) := L is called the (total) derivative of f at Zo. 
It can be given in the form 
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L:utivou Vf (z0)* +v .Vyf(zo)*, 


with Vf (Zo) = (fe, (Zo),. .-5 fr, (Zo)) and Vy f(Zo) = (fy, (Zo), .- . fun (Zo))- 
We call (Vx Jf (Zo), Vy f(zo)) the real gradient of f at zo. 


If f =g +ih :B > C is a complex-valued function, then f is called differen- 
tiable (in the real sense), if g and h are differentiable. The (real) derivative 
of f at zo is defined to be the complex-valued real linear form 


Df (Zo) :=Dg(z) + i Dh(zo). 


6.1 Proposition. A function f :B > C is (real) differentiable at zo if and 
only if there are maps A‘,A” : B — C” such that: 


1. A‘ and A” are continuous at zo. 
2. f(z) = f(zo) H(z — zo) .A’(z)* +(Z — Zo) .A”(z)* forz €B. 


The values A' (zo) and A" (zo) are uniquely determined. 


PROOF: (1)Let f be differentiable at zo. Then there is a complex linear 
form A’ and a complex antilinear form A” such that 


Df(z) = A $A". 


The decomposition is uniquely determined, and there are vectors A’(z9) and 
A” (zo) such that 


A'{w) =w .A’(zo)* and A”(w) =W- A" (zo)t. 
Now we define 
r(Zz— zo) 
Jz zo] @ 


A” (Zo) + ae (Z ~ Zo). 


A'(z) := A'(zo)+ 


Zo), 


A" (z) 


It is easy to see that 
(að and A” are continuous at Zo, 
(b¥(z) = f(Zo) + (Z — zo) . A'(z)t F(Z — Zo) -A”(z)t 
(2) Now let the decomposition be given, and define 
L(w) := w-A'(zo)! + Ww: A" (z0)', 
r(w) i= w.(A'(z) — A'(z0)) tw (A"(z) — A" (zo))*. 
Since ( 
r(w , ; 
EOI < a(z) - A'lo) IA”) — A" o)l; 
it follows that f is differentiable at zg with derivative L. 


ANOUN 
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Wirtinger’s Calculus 


Definition. Let f : B — C be real differentiable at zo. If we have a 
representation 


F(z) =f (zo) + (z — zo) . A'(z)* + (Z — Zo) . A" (z)*, 


with A’ and A” continuous at zo, then the uniquely determined numbers 
of (Zo) = fe, (Zo) = €p . A' (Zo) t 


and 


of 
oz, 


are called the Wirtinger derivatives of f at Zo. 


) = fz, (Zo) :=€v . A" (Zo) 


The complex linear (respectively antilinear) forms (Of)z, : C” —> C and 
(Of)z, :C” —> C are defined by 


(3F)z (W) : p z)wy and (Af)zo(w) : = Sof (Zo)Dv, 


and the differential of f at zo by (df)zo = (8 fzo +(Of)zo 


Obviously, D f (Zo) = (df),,. 


If we introduce the holomorphic (respectively antiholomorphic) gradient 
Vi = (faso fen) and Vi = (Jaee JEn) 
then (Of)zo(w) =w .V f (zo) and (OF)z (W) =W- V f(z0)'. 


6.2 Proposition. Let f be a (complex-valued) function that is real differ- 


entiable at Zo. Then 
(fr, (Zo) — ify, (Zo)), 
(fe, (Zo) + ify. (Zo): 


fa (%) = 
Jz, (Zo) 


Dim N] 


Proof: Let be L := Df(zo). Then 
fo, (Z0) = L(ev) = (3 f)zo (ev) + (Of )ao (ev) = fz, (Zo) + fz, (20) 


and 


fy. (Zo) = L(ie,) = (a f)z (iev) + (Of )z (iev) = i( fz, (Zo) = fz, (Zo). 
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Putting things together we obtain 


fc, (Zo) — ify, (Zo) = 2fz, (Zo) and — fix, (Zo) + ify, (Zo) = 2fz, (Zo). 


Remark. Use these formulas with care! The derivatives f,, and fy, in 
general are complex-valued. So the equations do not give the decomposition 
of f,, and fz, into real and imaginary parts, respectively! 


The Cauchy—Riemann Equations 


6.3 Theorem. Let f :B — C bea continuously real differentiablefunction. 
Then f is holomorphic if and only if fz,(z) = 0 on B, forv =1,...,n 


PROOF: (a) If f is holomorphic, then f is complex differentiable at every 
point zo € B. Comparing the two decompositions 


f(z) =f(20) + (Z — Zo) . A(z)‘ 


and 

F(z) = f(%o) +e — zo) .A'(z)* + —%) . A” (z)* 
we see that A’(zo) = A(zo} and A” (zo) = 0. The latter equation means that 
fz, (Zo) = 0 for v =1,...,n 


(b) If fz, (z) = 0, then f is holomorphic in each variable and is consequently 
holomorphic. m 


Remark. Now the following is clear: If f is holomorphic near zo, then 


(Öf) =0 and Df(z0)(w) = (df)zo(w) = (OF )zo( = Y fatto 


The equation (Of), =0 is the shortest version of the Cauchy- Riemann dif- 
ferential equations. In greater detail, these are the equations 


fz (z) = 0, forv =1,...,n 


Finally, if f = g + ih, then we can write the Cauchy—Riemann equations in 
their classical form: 


p =hy, and hr, =—Gy,, forv =1,...,n. 
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Exercises 


1. Derive the Cauchy—Riemann equations in their classical form. 
2, Let f :G—C be real differentiable. Prove the formulas 


(fev) = (fz and ford, = fiz for Y, =1,. +The 
3. Let G C C” be a domain and fi,. .., fr :G — C holomorphic functions. 
Show that if Dia Jif; is constant, then all f; are constant. 


Ah? _ | Oh 


02,02; ~ 02; 


2 
Hint: If # is holomorphic, then 


7. Holomorphic Maps 
The Jacobian.Let B c C” be an open set. A map 
f= (fis-3 fm) : B> C” 
is called holomorphic (respectively real differentiable) if all components fi 


are holomorphic (respectively real differentiable). 


7.1 Proposition. The map f : B — C™ is holomorphic if and only if 
for any zo € B there exists a map A : B > My »(C) with the following 
properties: 


1. A is continuous at Zo. 
2. f(z) =f(zo) + (Z — Zo) .A(z)*, forz € B. 


The value A(zo) is uniquely defined. 


Proor: The map f is holomorphic if there are decompositions 
fa (z) = fu(Zo) + (z — Zo) ` A, (2)‘, 


with A, continuous at Zo, for u=1,...,. 


Then A is given by A(z)* = (Ai(z)',...,Am(z)*). We leave the further 
details to the reader. " 


Definition. Iff :B — C™ is holomorphic, then Je(Zo) := A(Zo) is 
called the complex Jacobian (matrix) of f at Zo. The associated linear 
map f'(zo} :C” > C™ is called the (complex) derivative off at Zo. It is 
given by 

f’(zo)(w) =w J (Zo). 
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Explicitly, we have 

(fija) r)en (2) 
Je(z) = : 
(fm) (2) >.. (fm)zn (2) 
This matrix is also defined for differentiable maps. 


Definition. If f =g+tih:B—>C” is a differentiablemap, then the 
real Jacobian matrix Jr (Zo} E€ Mom,2n(IR) is the real matrix associated 
to the real linear map 


(Dg(zo), Dh(zo)) : C” = R” > R?™. 


The real Jacobian of f = g + ih is given by 


(Iie e Wen | (Iia © (Gt) 

O| Oma = Omen | (rda << Ondo, 
Re = | Ga (hale, | ah lal 
(hm) e (Rmx | m) «+ m) 


The EX-linear map Df (z) : C” > C” is defined by Df(z) := Dg(z) +i Dh(z). 
Setting (Of). := ((Oft)z,-..,(Ofm)z) and (Of)x = ((Ofi)e»...,(Ofm)z), we 
obtain 

Df(z) = (af), + (Of)z. 


7.2 Theorem. A differentiable map f =g tih :B > C™ is holomorphic 
if and only if Df{z) is C-linear for every z € B. 


If f is holomorphic and n =m, then det(Jg.¢(z)) = |det Je(z)|?. 
PROOF: The map f is holomorphic if and only if (df J = 0 for every z. Then 
Df(z) = (Of),z, which is complex linear. In this case we have the Cauchy- 
Riemann equations 

(Qua, = (ha)y, and (Aye, =—(Gp)av 


and therefore 
Sue = (fue. = (Guie, + i(Ry)e,, foru =1,...,mandv =1,.. on. 


A 


B 
If n =m, then Jae = (4 BY with B= -C and A = D, and Jj = 


A +iC. 
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By elementary transformations, 


A -C 
aet( ó A ) 


I 


act ( 45'° tiA) 


C A 
A+iC 0 
= det ( c acie) 
= |det(A +iC)[?. 


It follows that holomorphic maps are orientation preserving! 


Chain Rules. Let B c C” be an open set, f :B — C™ a differentiable 
map, and g a complex-valued differentiable function that is defined on the 
image of f. Then g of : B —> C is differentiable, and the following holds: 
7.3 Proposition (complex chain rule). 


mi 


(gofa = Y (gu, 0f) (faja + Gu, D Fu): 


u=1 
(gof)s, = Y gun 0f) (faz + (ue, P Caa, 


One can use the well-known proof for the chain rule in real analysis, consid- 
ering zy and Z, as independent variables. 


7.4 Corollary. Iff and g are holomorphic, then 


(gof)z,(z) = 0 (ie, gof is holomorphic), 


(Gofa (2) = >. gu, lE(2) (fu) (2) 


The second equation can be abbreviated as 


V(g o f)(z) = Vg(£(z)) ,Je(z) 


Tangent Vectors. In this paragraph we use the term differentiable for 
infinitely differentiable. 


Definition. A tangent vector at a point z € C” is a pair t = (z,w), 
where the direction w of t is an arbitrary vector of C”. Ifthe base point 
z is fixed, we simply write w instead of t or (z,w). 


The set Tz of all tangent vectors at z is called the tangent space (of C") 
at zZ. 
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The notation "tangent vector" is motivated by the following: 


Let B C C” be an open set and I C R an interval containing 0 as an interior 
point. If a =(a1,...,a,) :1 > B is a differentiable path, then @'(0) is the 
direction of the tangent to the curve a at the point a(0). Therefore, 


(0) :=(a(0), a’(0)) 


is called the tangent vector of a at z =a(0}. Each tangent vector (z,w) € T, 
can be written in the form (0), e.g., a(t) := z +tw. 


The tangent space Tz carries in a natural way the structure of a complex 
vector space: 


(z, Wi) + (z, w2) = (z, w1 +w2), 
àc (zw) = (z,À: w), forrX EC. 
Every tangent vector t = (z,w) operates linearly on the algebra &(B) of 
differentiable functions on B by 
tf] = Df(z)(w). 


This is the directional derivative, also denoted by Dw f(z). If t = (0), for 
some differentiable path a, then t[f] =( f o a)/(0), due to the chain rule. 


The operator t : E(B) — R satisfies the product rule: 


tl- g] = tLf]-9(z) + f(z) - tlg). 


In general, a linear operator satisfying the product rule is called a derivation. 
In Chapter IV we will show that the tangent space is isomorphic to the vector 
space of derivations. 


The Inverse Mapping. Let B1, B2 C C” be open sets, and f : Bi > Bə 
a holomorphic map. 


Definition. The map f is called biholomorphic (or an invertible holo- 
morphic map) iff is bijective and f7! holomorphic. 


7.5 Inverse mapping theorem. Consider a point zo € B, and its image 
Wo =F (29). Then the following are equivalent: 


I. There are open neighborhoods U = U (zo) C Bı and V = V(woa) C Bo 
such that f :U — V is biholomorphic. 
2. det Je(Zo) Æ 0. 
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Proor: F fly :U — V is biholomorphic, then (f|y)~1 o f = idy and 
l = det(En) = det(Jitju) (wo) . Je(Zo)) = det(Jielu)— (Wo)) _ det (Jp(Zo)), 
and therefore det(J¢(Zo)) Æ 0. 


F det(Je(zo)) # 0, then also det(Jr¢(Zo) = |det Je(zo)|? 4 0. It follows from 
real analysis that there are open neighborhoods U = U(zp) C Bi and V = 
V(wo) C Ba such that fly :U — V is bijective and g := (flu) 1 :V >U 
a continuously differentiable map (in the real sense). Then f o g = idy is a 
holomorphic map, and if we write f =\J1>..., fn) and 8 = (91, - .. 9n), then 


m 


0 = (fo og)u, = X ((fe 08) .(gr)u,, for v,u =1,...,n. 
X= 


In the language of matrices this means that 
Von 
O= Jf: : 
Von 
Since Jr is invertible, it follows that Vg, =0 for each à. Therefore, the map 
g is holomorphic. m 


7.6 Implicit function theorem. Let B C C” x C™ be an open set, f = 


(fis---3fm) : B —> C™ a holomorphic mapping, and (Zo, Wo) € B a point 
with f(Zo, Wo) =0 and 


Of. =l, m 
det (Si (20, wo) v=n+1,... n+m #0 


Then there is an open neighborhood U =U’ x U” C B and a holomorphic 
map g :U' 3 U" such that 


{(z,w) €U' x U” : £(z,w) =0} = {(z,g(z)) :z € U'} 


Proof: We write Je(Zo, wo) = (J'| J”), with J’ E€ Mmn(C) and J” € 
M,(C), and define F : B > C” x C™ by F(z, w) :=(z,f(z, w)). Then 


E (0) 
det Je (Zo, wo) -aa ( y yl ) #0. 


Therefore, there are open neighborhoods U = U(zo,wo) C B and V = 
V(zo,0) C C*™*™ such that Fly : U — V is biholomorphic. Obviously, 
F-1(u,v) = (u,h(u,v)). We may assume that U =U’ x U” c C” x C™ 
and V = U’ x W, with some open neighborhood W = W(0) c C™. Defining 
g :U' = U" by g(z) :=h(z, 0), it follows that 


7. Holomorphic Maps 35 


f(z,w) =O <= > F(z,w)=(z,0) 
< (2,w) =F '(z,0) 
<= w=h(z,0) = g(z). 


This completes the proof. a 


Remark. We can exchange the coordinates in the theorem. If rk Je(Zo, Wo) = 


m, then there are coordinates z;,,...,2;,, such that f~!(0) is the graph of a 
map g =8(%,,...,%4,,) near (Zo, Wo). 
Exercises 


1. Let G = P" C C? be the unit polydisk and f = (fi, fo) :G—2>Ga 
holomorphic map with f(0) = 0. 

(a) Showthat iff(z) =z+)°,.. Pn(z) with pairs p,(z} = (p (z), ps (z)) 
of homogeneous polynomials of degree n, then f(z) = z. Hint: Use 
Cauchy’s inequalities and consider the iterated maps f* =fo...of 
(k times). 

(b) Show that if f is biholomorphic, then fı, f2 are linear. 

. Let Gi,G2 C C” be two domains. A continuous map f : Gi > Gə is 
called proper if for every compact subset K C Go the preimage f—'(K) 
is a compact subset of G1. 

(a) Show that every biholomorphic map is proper. Give an example of a 
proper holomorphic map that is not biholomorphic. 

(b) Let G; and Gy be bounded. Show that a continuous map f :G, + Go 
is proper if and only if for every sequence (z,) in G, tending to 0G, 
the sequence (f(z,)) tends to 0G. 

(c) Let G’,G"” C C be bounded domains and f : G’ x G!” + Goa 
proper holomorphic map onto a bounded domain G} C C?. Show 
that z 4 f,,(z, w) cannot vanish identically on G”. Let zo € 8G" be an 
arbitrary point and (z,) a sequence in G’ tending to zp. Show that the 
sequence of holomorphic maps yp :G” > Go with yp(w) :=f (Zk, w) 
has a subsequence converging compactly on G” to a holomorphic 
map yo :G” > C? with yo(G") C OG. Show that there must exist 
at least one point zo € OG’ such that the corresponding map po is 
not constant. 

3. Use the results of the last exercise to prove that there is no proper map- 

ping from the unit polydisk to the unit ball in C?. 

4. Let Gi C C” and Gy C C™ be domains and f :G, —> Gz a biholomorphic 

map. Show that m =n. 

5. Let G C C” be a domain and D :&(G) — R a derivation, i.e., an R-linear 

map satisfying the product rule at Zo € G. Show that Df] depends only 
on flu, U an arbitrary small neighborhood of Zo. 


iw) 
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6. Let G C C” be a domain, f = (f1,.-.,f/m) : G —> C™ a holomorphic 
mapping, and M :={(z,w)€GxC™ : w =f(z)}. Prove the following: 


Ifg : G x C™ — C is a holomorphic function with g|m = 0, then for 
every point (Zo, wọ) € M there is a neighborhood U and an m-tuple 
(ais... £ holomorphic functions in U such that 


g(z,w) = Salz w) - (wy — ful2)) for (z, w) € U. 


8. Analytic Sets 


Analytic Subsets. Let B c C” be an arbitrary region. f U C B is 


an open subset, and ” 1 ...,fq are holomorphic functions on U, then their 
common zero set is denoted by 
N(fi,-.-sfq) ={2 EU : file) =... = falz) =O}. 


Definition. A subset A C B is called analytic if for every point Zo € B 
there exists an open neighborhood U = U(zo) C B and holomorphic 
functions 1; ...;fq on U such that UN A =N(fi,...,fy)- 


If Zo is a point of B — A , then we can choose an open neighborhood U = U (zo) 
and holomorphic functions J1:..., fg on U such that 


zo €U' :=U-N(fi,.--,fg) CUC B. 


Since the zero set N(fi,...,fq) is closed in U, it follows that B — A is open 
and A closed in B. Therefore, an analytic set in B could have been defined as 
a closed subset A C B such that for any zo € A there exists a neighborhood 
U and functions ft, .. fa € OW) with A nU =N(fi,...,f4)- 


Example 


In general, analytic sets cannot be given by global equations. We consider 
the domain G :=G1 U G2 with 


2 1 
G, = {@=(a,%)€C* : jal < z and \zo| < 1}, 
1 
Go ‘= {z= (21, 22) € C? : [zıl < land 2 < [Zo < 1} 


For the analytic set we take A :={(21, 22) € G2 : 21 = 22} (see Figure 1.5). 


The sets G1, G2 give an open covering of G with ANG; =O and AN G2 = 
{(z1,22) : 21 — 22 =O}. SoA is an analytic subset of G. 
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[1 


Figure 1.5. A not globally defined analytic set 


Iff is a holomorphic function in G that vanishes on A, then f can be analyt- 
ically continued to the unit polydisk P?, since (P?, G) is a Euclidean Hartogs 
figure (up to the order of the coordinates). Let f be the continuation. Since 
g(z) := F(z, z) vanishes for 5 < |z| < 1, it also vanishes for 0 < |z| < 3. 
This means that f vanishes on A = {(z;, zg) E G : z1 = 20}. Any zero set 
of finitely many holomorphic functions in G that vanish on A must contain 
A. So A itself cannot be given by global holomorphic functions. In the next 
chapter we define special domains in C” each of which possesses a holomor- 
phic function that cannot be analytically extended to a larger domain. Those 
domains are called domains of holomorphy. On such domains the global rep- 
resentation of analytic sets is possible. The proof of this fact is not contained 
in this book, because it requires sheaf theory. One has to show that the 
sheaf of germs of holomorphic functions that vanish on A is “coherent” (cf. 
[GrRe84], Section 4.2). Then every stalk of this sheaf is generated by global 
sections (Cartan’stheorem A, cf. Chapter V in this book, and [GrRe79], Sec- 
tion IV.5). From that it can be proved that A is the zero set of finitely many 
global holomorphic functions. 


Definition. A subset M of a domain G is called nowhere dense in G 
if the closure of M in G has no interior points. 


Since an analytic set A C G is always closed in G, it is nowhere dense if in 
every neighborhood of every point z € G there are points outside of A. 


8.1 Proposition. Assume that A is an analytic set in a domain G C C”. 
If A has an interior point, then A =G. If A is nowhere dense in G, then 
G -A is connected. 


PROOF: To start with we assume that G = B is a ball and that there are 
holomorphic functions f1,..., fq on B with A =N(fi,...5f¢). 


ons 
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I Bis an interior point of A, we consider an arbitrary complex line L 
1 . . . . 
through zo. By the identity theorem the functions f; all vanish on LN B and 


therefore in B. 


If A is nowhere dense in B and L an arbitrary complex line, then either 
LAB C Aor A has only isolated points on LA B. So any two points of L NB 
outside of A can be connected in LN (B — A). 


Now let G be an arbitrary domain. If Zo E G is an interior point of A, and 
wo € G an arbitrary point, then we can join these points by a continuous 
path a : [0,1] + G. The compact image of this path can be covered by finitely 
many balls B C G such that BM A is the zero set of holomorphic functions 
on B. Successively it follows that every ball is contained in A. SoA =G. 


If A is nowhere dense in G, then we consider zo, Wo € G — A and use the 
same continuous path. It is clear from above that any point z in the first ball 
B that is not an element of A can be joined in B — A to 2. Applying this 
successively we obtain a curve between zg and wọ in B — A. 7 


If n = 1,then a nowhere dense analytic set consists only of isolated points. 


Bounded Holomorphic Functions, Assume that G c C” is a do- 
main and A C Ga proper analytic subset. 


8.2 Riemann extension theorem. If f is a holomorphic function in 


G —A that is bounded in a neighborhood of every point of A, then f can be 
holomorphically extended to G. 


PROOF: Since A # G, A is nowhere dense in G. Let Zo € A be an arbitrary 
point. Then there is a complex line L through zo that in a neighborhood of 
Zo intersects A only in Zo. 


After a linear change of coordinates we may assume that zo = O and that 
L =Cey, is the z1-axis. We can find a polydisk 


P ={z=(4,2/)€CxC™™! = jaj < rlz] <r} ccG 


such that AN {z : Ja} = r1, |z| < T} is empty. For any ¢’ € C”7! with 
je'| <r, the set D = {z _: |z| < rı and z’ = c’}is a 1-dimensional disc such 
that DMA contains only isolated points, since otherwise D C A (see Figure 
1.6). By the classical Riemann extension theorem in one variable f can be 
extended to a function Fla, z’) that is holomorphic in zı. By the classical 
Cauchy integral formula we have 


~ 1 z 1 
f (21,2) = zi fa POE) aç, for |z1| < rı and |z’| < r. 


The integrand on the right side is holomorphic on P. Consequently, the left 
side is differentiable (in the real_sense), and since integration and differenti- 
ation by Z; can be exchanged, f is holomorphic on P. If we carry this out 
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Ti |z1| 
Figure 1.6. Riemann extension theorem 


at every point Zo € A, by the identity theorem we obtain the desired global 


extension of f to G. 
a 


Regular Points.Let G C C” be a domain, and z € Ga point. If f1,....f, 
are holomorphic functions in a neighborhood of z, then we define 


tke (fi, e’ fa) := rk fasta) (Z) 


Definition, An analytic set A C G is called regular of codimension 
q at z € A if there is a neighborhood U = U (z) C G and holomorphic 
functions fi, ..., fg on U such that: 

1. ANU =N(fi, fa). 

2. tke(fis-..,fa) =4. 
The number n — q is called the dimension of A at z. 


The set A is called singular at z if it is not regular at that point. The 


set of regular points of A is denoted by Reg(A) or A, the set of singular 
points by Sing(A). 


It is clear that A is open in A, and therefore Sing(A) C A closed. 


8.3 Theorem (local parametrization of regular points). LetA CG 
be analytic, Zo € A a point. A is regular of codimension q at Zo if and only 


if there are open neighborhoods U =U (aq) C G and W =W (0) C C” and a 
biholomorphic map F :U — W such that F (zo) =O and 


F(U N A) = {w = (w1... Wn) EW | Wn-qgt+1 = = Wp =O}. 


PROOF: Let A be regular at zo. There is an open neighborhood U = U (zo) 


such that ANU = N(fi,...,fg) and rk. (fis. -s fa) =q. By renumbering 
the coordinates we can achieve that 
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J p,,..,f4)(Z0) = ("1 J"), 


with J’ € Mj n—q(C), J” € Mq(C), and det J” # 0. Then define F :U => C” 
by 


F(z1,. 1+ 32n) = (azi, oaan- Zag fili a Zn), wo falis- . n) 


Consequently, the Jacobian has the form 
En- 0 
Je(zo) = ( P a J" ) ; 


and therefore det Je Æ 0. Shrinking U if necessary, we have our biholomorphic 
map F :U > W, with F(zo) = 0 and 


w =F(z) forsomez EUNA +4 Wna} =... =Wn =0. 


The other direction of the proof is trivial. m 


Up to this point it is not clear whether or not there exist regular points. In 
Chapter III we will show that the set of singular points of an analytic set 
A is a nowhere dense analytic subset of A. At the moment we want only to 
demonstrate that the zero set of a single holomorphic function contains at 
least one regular point (and then, of course, a nonempty open set of regular 
points). 


8.4Proposition. Let GCC” be a domain, and f a nonconstant holomor- 
phic function on G. Then the analytic set N(f ) contains a regular point. 


PROOF: The case n = 1is trivial. Therefore, we assume n > 1. 


If every point of A :=N (f) is singular, then Vf(z) = 0 on A. Since f is not 
constant, it is impossible that there is a point z such that D” f(z) = 0 for 
every multi-index v. Therefore, we can find a point Zo € A, an integer no, a 
multi-index vo, and some A € {1,...,n} such that 


1. |vol =o and (D” f)., (zo) # 0, 
2. D” f(z) =0 for every z € A and every y with |v| < no. 


The set M := {z € G : D” f(z) = 0} is analytic in G and regular of 
codimension 1 at zp. We may assume that Zọ = 0 and M = {z = (21,2’) € 
G : zı =O}, making G sufficiently small. 


We have A C M, and we want to show equality near Zo. It is clear that the 
function ¢ > f(¢,0’) has exactly one zero at ¢ = 0, and it follows easily 
from Rouché’s theorem that for z sufficiently close to © the functions ¢ => 
f(¢,z’) also have exactly one zero. This means that there is a neighborhood 
V =V(0) CU suchthat VAA =VNM. In particular, Zo is a regular point 
of A. 
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Definition. <A k-dimensional complex submanifold of a domain G C 
C” is an analytic set A C G such that A is regular of codimension n — k 
at every point. 


If A C Gis a k-dimensional complex submanifold, then for every point z € A 
there is an open neighborhood U =U(z) C G, an open set W C C*, anda 
holomorphic map y : W — U such that: 


1. rk J,(w) =k for we W. 
2. o(W) =U NA. 
3. p :W => UNA isa topological map.* 


The proof follows immediately from the local parametrization theorem. The 
map g is called a local parametrization. 


Injective Holomorphic Mappings. Let G C C” be a domain, and 
f = (fi, ..., fn) : G — C” a holomorphic map. 


8.5 Theorem. Iffis injective, then det Je(z) 4 0 everywhere. 


PROOF: We use induction on n. The case n = 1is well known. We consider 
the case n > Land define h :=det Jr. 


Assume that N(h) # @. Then there exists an open subset U C G such that 
M :=U N N(h) is a nonempty (n — 1)-dimensional complex submanifold of 
U. 


We claim that Jeja = 0. To prove this, we assume that there is a point 
Zo E M with Je(zo) Æ 0. Without loss of generality, we may assume that 


Ofn 
Fea) #0. 


Let F :G — C” be defined by F(z’, zn) :=(z', fn(2’, 2n)). Then det Jr (zo) # 


0, and there are connected open neighborhoods, U of Zo and V.of = F(zo) 
such that E U > Vis ETTA There is a holomorp ic map fis 


C”-! such that 
FoF! (w, wn) = (F(w’, wn), wn), 
and we define 


g=(H,...,gn-D: W i= {w E C : (ww) € v} +c! 
by g(w’) -=£(w', wi). 


4A map y :X — Y between topological spaces is called topological or a homeo- 


morphism if it is continuous and bijective and the inverse mapping g~' : Y 4 X 
is also continuous. 
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Since g is injective, we can apply the induction hypothesis and conclude that 
det Jg(w6) # 0. Now 


J¢(zo) - Jp-1(wo) = ( Fe(wo) ) = ( Je(wo) + ) . 


En 


Therefore, h(zZo) = det Jr (zo)-det Jg(wo) # 0 as well. This is a contradiction. 


We have demonstrated that Je(z) = 0 for every z € M. Since f is holomor- 
phic, also Df(z) = 0 on M, and using a local parametrization of M we obtain 
that f| is locally constant. But this is impossible, since f is injective. The 
set N(h) must be empty. m 


8.6 Corollary. EG c C” is a domain, and f : G —> @&” an injective 
holomorphic mapping, then also f(G) is a domain, and f : G —> f(G) is 
btholomorphic. 


PROOF: Let wo :=f(Zo) be a point of G' :=f(G). Then det Je(Zo) Æ 0, 
and there are open neighborhoods U = U (zo) C G and V = V(wo) C @” 
such that f :U — V is biholomorphic. It follows that wo is an interior point 
of G’ and that f7} is holomorphic at wo. m 


Exercises 


1. Prove the following properties: 
(a) Finite intersections and unions of analytic sets are analytic. 
(b) Iff :Gı — G2 is a holomorphic map between domains and A C G2 
an analytic set, then f7+(A) C G is analytic as well. 
(c) If Ay C Gy and Az C Gh are analytic sets, then A, x A» is an analytic 
subset of Gy x Go. 
2. Let U C 6" be an open neighborhood of the origin and A C U be 
an analytic subset containing the origin. For 1< k < n — land I = 
{iz,...;4e} C (1,... n} let pr :61" — C! be defined by 


pr(Zi,- ' a, n) = (Zis: ae Zip) 


Prove: If A is regular of codimension n —k at the origin, then there exists 
an I and open neighborhoods V = V (0) C U, W =W(0) c C* such 
that pr :AN V — W is bijective. 

3. Show that A := {(w,21, z2) € C? : w? = z122} is an analytic set that is 
regular of codimension 1 outside the origin and singular at 0. 

4, Let Az, A2 be two analytic sets in a neighborhood of the origin in 61" 
such that 0 € A := A; N A2. Suppose that UN A; # U N A2 for every 
neighborhood U of 0. Show that A is singular at O. 


Chapter 11 


Domains of Holomorphy 


1. The Continuity Theorem 


General Hartogs Figures. The subject of this chapter is the contin- 
uation of holomorphic functions. We consider domains in C”, for n > 2. A 
typical example is the Euclidean Hartogs figure (P",H), where P” = P”(0, 1) 
is the unit polydisk, and 


H={ze P" : ja] >q or |z| <q forv =2,...,n}. 


Here q),.-+,4n are real numbers with 0 <q, < 1forv = 1,...,n. Every 
holomorphic function f on H has a holomorphic extension f on P". 


RSE ohip piket 9 -= dny ate F :E g) CEnba OB kd 
general Hartogs figure. 


We use the symbolic picture that appears as Figure II.1 


Figure II.1. General Hartogs figure 


1.1 Continuity theorem. Let GC 61" be domain, (P, P) a general Har- 


togs figure withH CG,f a holomorphic function on G. If GNP is connected, 
then f can be continued uniquely to GU P. 
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BEROOF: Let g : P” — C” be an injective holomorphic mapping such that 

g(P”) and H = g(H). The function A := fo g is holomorphic in 
n. Therefore, there exists-exactly one holomorphic function h on P" with 
Aly = = h. Since g : P" > P is biholomorphic, the function fo := À o g7! is 
defined on P, and it is a holomorphic extension of f|. We define 


7). f(z) forz<G, 
fC) -d folz) forze 23. 


Since GN P is connected and f = fo on H , it follows from_the identity 
theorem that f is a well-defined holomorphic function on GU P. This is the 
desired extension of f. : 


Example 


Let n > 2 and P’ Cc P be polydiscs around the origin in C”. Then every 
holomorphic function f on P—P’ can be extended uniquely to a holomorphic 
function on P, 


For a proof we may assume that P = P” is the unit polydisk, and P’ = 
P"(O,r), with r = (ri,...,7) and O <r, < 1forv = 1,...,n. It is clear 
that G :=P — P’ is a domain. 


Given a point zp = (z;”,..., 2) € G with |z©| > rn, we choose real num- 


bers q1,---;@n as follows: For v = 1,...,n — 1, let q, be arbitrary numbers, 
with r, <q, < 1. To obtain a suitable qn, we define an automorphism T of 
the unit disk D by 

SES 

z®¢-1 

This automorphism maps z{° onto 0 and a small disk D C {Ç EC : 1, < 
|| <1} around z onto a disk K CD with 0€ K. Notice that 0 need not 
be the center of K. We choose qn >0 such that Da, (0) CK. 


T(Q) = 


If we define H := {z € P" : |a| >q or |z,| <q forv =2,...,n}, then 
(P", H) is a Euclidean Hartogs figure. The mapping g : P” — P” defined by 


@(z1.-..,2n) = (41,-..,2n-1, T7 (2n)) 
is biholomorphic, and (P, H ) = (P",g(H)) is a general Hartogs figure, with 


A c{ze P” : |a| >r or |n| >n} CG. 


Since P N G = G is connected, the continuity theorem may be applied. The 
preceding example is a special case of the so-called Kugelsatz which we shall 
prove in Chapter VI. 
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Figure 11.2. A Hartogs figure for concentric polydiscs 


Removable Singularities. Let G C C” be a domain. If A CG is an 
analytic set and f a holomorphic function on G — A that is locally bounded 
along A, then by Riemann's extension theorem f has a holomorphic extension 
to G. If n > 2 and A is a complex linear subspace of codimension greater 
than or equal to 2, then every function holomorphic on G — A has such an 
extension. 


1.2 Theorem. Let P" =P” (0, 1)be the unit polydisk in C” 
and 


n>2,k>2, 


J 


E := {Z = (21,.--,2n) E C” : Zn-k+1 =`": = Zn = Of. 


Then every holomorphic function f on P” — E can be holomorphically ex- 
tended to P”. 


Proor: Set P' := {z' := (z21,...,Zn-k) : |z| < 1}, and forO <r <1 
define P” :={2" = (zn-k+1;- 2n) + |z” <r} 

Let P” := Py! and fix ane with 0 <£ « 1. Then P"NE c P’ x P”, and for 
w € P’ the function fw(z”) := f(w,z”) is holomorphic on P” — PY. From 


the example above we know that fe l has a holomorphic extension fa to P". 
Now define f : P” + C by fw, z”) := = falz"). On P" — E, f is equal to f 
and is therefore holomorphic. 


For w € P’ take a small open neighborhood U =U(w) Cc P'.Then K := 


U x OP” is compact. By the maximum principle we conclude that 


|F, z”) | = | fer (z”) | < Il far llape < lf llx < oo, for (z, 2") E€ U x P”—E. 


From Riemann's extension theorem it followsthat f is holomorphic on P”. m 
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1.3 Corollary. Forn > 2, every isolated singularity of a holomorphic func- 
tion of z1,...,2n ts removable. 


Riemann’s extension theorem is false if we drop the condition “f bounded 
along the analytic set.” For example, let G C C” be a domain, g : GoCa 
holomorphic function, and let f : G—N(g) — C be defined by f(z) := 1/g(z). 
Then f is holomorphic on G — N (g) but cannot be extended to any point of 
N(9). 

Things look quite different if there is a little hole in the hypersurface: 


1.4 Proposition. Letn >2, Go CC"! a domain, g : Go > C a contin- 
uous function, and T := {Z = (Z', 2n) € Go X C : Zn = g(z')} the graph of 
g in G := Go x C. In addition, let zo be a point of F and U = U(azo) CGa 
small neighborhood. 


If f is a holomorphic function on (G—T)UU, then f has a unique holomorphic 
extension to G. 


PROOF: The uniqueness of the extension follows from the identity theorem. 
For the proof of existence (which is only a local problem) we may assume 
that Go = {z' € C”"! : |z'| < 1} and that there is a g with 0 < g < 1 such 
that |g(z’)| < q for z’ € Gp. It also may be assumed that U is connected. 
Then it is clear that G’ := (G — F) UU c P” = P” (0,1) is connected. 


Since g : z’ + (z', g(z’)) is continuous, U’ := g~*(U) is an open neighborhood 
of zi, with (U’ x D) AF c U and therefore U’ x D CG’. For v = 1,...,n—1 
let T, be the automorphism of D defined by 


Then h : P” > P” with h(z,...,2n) := (Ti(z2),---, Tn-1(2n); 21) is holo- 
morphic, h(0) = (zh, 0), and h({z € P” : |z| > q}) C {w € P” : |wnl > g}. 


[2n| 


q 


[2"| 


Figure II.3. Extending a holomorphic function across a hypersurface 
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We define qı := q, and for v = 2,...,n choose qy such that 
h(D x Dg, (0) x --- x Dg, (0)) € U’ x D. 


Then (P",H) with H := {z € P” : ja] > q or |z| < @ for v = 2,...,n} 
is a Euclidean Hartogs figure, and (P, H) = (P”,h(H)) is a general Hartogs 
figure, with H c G’ (see Figure II.3). Since POG = G is connected, the 
proposition follows from the continuity theorem. m 


The Continuity Principle. Sometimes we wish to use a family of 
analytic disks instead of a Hartogs figure. 


Definition. A family of analytic disks is given by a continuous map 
yp : D x [0,1] — C” such that y:(¢) := y(¢,t) is holomorphic in D, 
for every t € [0,1]. The set S; := y,(D) is called an analytic disk, and 
bS; := y1(OD) its boundary. 


Observe that in general 6S; is not the topological boundary of $+. 


Definition. A domain G C C” is said to satisfy the continuity prin- 
ciple if for any family {S;,¢t € [0,1]} of analytic disks in C” with 
Uo<t<i bS: C G and So C G, it follows that Upcy<) S+ C G. 


Example 


Let P” be the unit polydisk and {S;, t € [0,1]} a family of analytic disks 
in C” with Uo<t<ı bS; C P” and So C P”. Because Sp and the union of all 
boundaries bS, are compact sets, there is an £ > 0 such that 


LJ bS: c P”(0,1—e) and Soc P”(0,1-— e). 


o<t<1 
We assume that Up<,<, St is not contained in P”, and define 
to := inf{t € [0,1] : S ¢ P”). 
It is clear that to > 0, Są ¢ P”, and S C P” for 0 < t < to. Then Sn 
contains a point Zo = (2, ..., 20) € OP”. If the family of analytic disks is 
given by the map y : D x [0,1] + C”, and w, denotes the uth coordinate 
function, then f, (C) := w, o (Ç, t) is continuous on D and holomorphic in 


D. Choosing jz such that |z{°| = 1, there is a Ço € D with f,, 1,(¢o) = 2{?) and 
|futo(Go)| = 1. But by the maximum principle we have 


lfu,e(So)| < sup| fat! <l-—-e, for t < to. 


Since t +> f,, (Co) is continuous, a contradiction is reached, and therefore P” 
satisfies the continuity principle. 
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Hartogs Convexity. 
Definition. _ A domain G C C” is called Hartogs conver if the following 
holds: If (P, H) is a general Hartogs figure with H C G, then PCG. 
An immediate consequence of the definition is the following: 


The biholomorphic image of a Hartogs conver domain is again Hartogs 


conver. 


1.5 Theorem. Let G c C” be a domain that satisfies the continuity prin- 
ciple. Then G is Hartogs convex. 


Proor: Let (P, F) be a general Hartogs figure with H c G. We assume 
that it is the biholomorphic image (g(P”), g(H)) of a Euclidean Hartogs figure 
(P”,H) with 


H = {z : |z] > qı or || < qu for p=2,...,n}. 


In order to define analytic disks we choose some r with q@ < r < 1 and 
introduce the affine analytic disks 


Dw := {z = (z1,2") € P” = P' x P” : |z| <r and z =w}. 


Since Dw C P” for every w € P”, we can define pw : D x [0,1] + C” by 
setting Yw(¢,t) := g(r¢,tw). Then a family {S;(w) : 0< t< 1} of analytic 
disks in P is given by 


Si(w) := pw(D x {t}) = g(Diw). 


It follows that bS;(w) C G for every w € P” and every t € [0,1], and in 
addition, So(w) = g(Do) C G. The situation is illustrated in Figure II.4. 


z" UN 


[21 


Figure II.4. Analytic disks in a Hartogs figure 


1. The Continuity Theorem 49 


Since G satisfies the continuity principle, we obtain that g(Dw) = Si(w) is 
contained in G. This is valid for every w € P”. Therefore, P C G, and G is 
Hartogs convex. m 


1.6 Corollary. The unit polydisk P” is Hartogs convex. 


Domains of Holomorphy 


Definition. Let G c C” be a domain, f holomorphic in G, and zp € 
OG a point. The function f is called completely singular at zo if for 
every connected neighborhood U = U(zo) C C” and every connected 
component C of UNG there is no holomorphic function g on U for which 
glo = file. 


Example 


Let G := C — {x € R : x < 0} and let f be a branch of the logarithm on 
G. Then f is completely singular at z = 0 but not at any point z € R with 
“z< 0. 


Definition. A domain G C C” is called a weak domain of holomorphy — 
if for every point z € OG there is a function f € O(G) that is completely 
singular at z. 


The domain G is called a domain of helomorphy if there is a function 
f € O(G) that is completely singular at every point z € 0G. 


Examples 


1. Since C” has no boundary point, it trivially satisfies the requirements of 
a domain of holomorphy. 

2. It is easy to see that every domain G C C is a weak domain of holomor- 
phy: If zo is a point in OG, then f(z) := 1/(z — zo) is holomorphic in G 
and completely singular at Zo. 


For G = D we can show even more! The function f(z) := Jo 2” is 
holomorphic in the unit disk and becomes completely singular at any 
boundary point. Therefore, D is a domain of holomorphy. At the end of 
this chapter we will see that every domain in C is a domain of holomorphy. 
3. If f : D > C is a holomorphic function that becomes completely singular 
at every boundary point, then the same is true for f: P? = Dx... xD — 
C, defined by f(21,---, Zn) := f(z1)+---+f (Zn). In fact, if Zo is a bound- 
ary point of P”, then there exists an ż¿ such that the ith component z{° is 


a boundary point of D. If f could be extended holomorphically across Zo, 
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then (C) := f(z®,...,¢,...,2) would also have a holomorphic ex- 
tension. But then f could not be completely singular at z{®. Therefore, 
the unit polydisk is a domain of holomorphy. 

4, If (P", H) is a Euclidean Hartogs figure, then H is not a domain of holo- 
morphy. 


1.7 Proposition. Let G C C” le a domain. If for every point Zo € OG 
there is an open neighborhood U =U (zo) C C” and a holomorphic function 
f :GUU 5 C with f(zo) =0 and f(z) Ë 0 for z € G, then G is a weak 
domain of holomorphy. 


Proor: We show that 1/f is completely singular at Zo. For this assume that 
there is a connected open neighborhood V = V (zo), a connected component 
C c VAG, and a holomorphic function F on V with Fjo = (1/f) IE 
The set V” := V — N(f) is still connected and contains C. By the identity 
theorem the functions F and 1/f must coincide in V’. Then F is clearly not 
holomorphic at Zo. This is a contradiction. m 


1.8 Corollary. Every convex domain in C” is a weak domain of holomor- 
phy. 


PROOF: If Zp € OG, then because of the convexity there is a real linear 
form A on C” with A(z) < A(z) for z € G. We can write À in the form 


A(z) =) aye, +Y azv, with a = (01... an) £0. 
v=1 ual 


So A =Reh(z), where h(z) :=2 .57)_, av, is holomorphic on C”. 


Since the function f(z) :=A(z) —h(zo) is holomorphic on C”, f(Zzo) =0, and 
f(z) 4 0 on G, the proposition may be applied. m 


We will show that every weak domain of holomorphy is Hartogs convex. As 
a tool we need the following simple geometric lemma, which will be useful in 
other situations as well. 


1.9 Lemma (on boundary components). Let G C C” be a domain, 
U cC an open set with U NG Ø and (C” -U) NG # Ø. 


Then GN OC NOU Ë @ for any connected component C of UNG. 


PROOF: We choose points zı € C CU NG and z2 € (C” — U)NG. There 
is a continuous path y : [0,1] — G with y(0) = zı and y(1) = Ze. Let 
to := sup{t € [0,1] : y(t) € C} and Zo := (to). Clearly, Zo € ôC NG, 
but z ¢ C. Since C is a connected component of U N G, Zo cannot lie in 


UN G and therefore even not in U. Since y(t) € U for t < to, it follows that 
Zo & . a 
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1.10 Theorem. Let GCC” le a weak domain of holomorphy. Then G is 
Hartogs convex. 


Proor: Assume that G is not Hartogs convex. Then there is a general 
Hartogs figure (P,H ) with H C G but P N G # P. We choose an arbitrary 
Zo in H and set C :=Cpnpg(zo).' Since H lies in P N G and is connected, it 
follows that H C C. Furthermore, C Ẹ P. 


Since P NG # Ø and (C” — G) NP F Ø, by the lemma there is a point 
zı € OCNOGMP (see Figure 11.5). 


Figure 11.5. G is not Hartogs convex 


Let f be an arbitrary holomorphic function in G. Then f|c¢ is also holomor- 
phic, and by the continuity theorem it has a holomorphic extension F on P. 
Since P is an open connected neighborhood of zı, we obtain that f is not 
completely singular at z,. This completes the proof by contradiction. : 


It follows, for example, that every convex domain is Hartogs convex. As a 
consequence, we see that every ball is Hartogs convex. 


1.11Theorem. Every domain d holomorphy is Hartogs convex. 
The proof is trivial. 


For the converse of this theorem one has to construct on any Hartogs convex 
domain a global holomorphic function that becomes completely singular at 
every boundary point, something that is rather difficult. It was done in 1910 
by E.E. Levi in very special cases. The general case is called Levi’s problem. 


In 1942 K. Oka gave a proof forn =2. At the beginning of the 1950s Oka, 
Bremermann, and Norguet solved Levi’s problem for arbitrary n. It was gen- 


! We denote by Cy(z) the connected component of M containing z. 
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eralized for complex manifolds (H. Grauert, 1958) and complex spaces (R. 
Narasimhan, 1962). Finally, in 1965 L. Hormander published a proof that 
used Hilbert space methods and partial differential equations. 


Exercises 


1. Prove the following statements: 

(a) Finite intersections of Hartogs convex domains are Hartogs convex. 
(b) If Gi C G2 C G3 C -- is an ascending chain of Hartogs convex 
domains, then the union of all G; is also Hartogs convex. 

2. Let G c C” be a domain, 0 < r < R, and a € Ga point. Let U =U (a) € 
G be an open neighborhood and define Q := tw € C™ :r <j|w] < R). 
Prove that every holomorphic function on (Gx Q)U(U x P” (0, R ) )has 
a unique holomorphic extension to G x P” (0, R). 

3. Let 0 <r < R be given. Use _ Hartogs figures to prove that every holo- 
morphic function on Br(0) — B, (0) has a unique holomorphic extension 
to the whole ball Br(0). 

4. For £ > 0, consider the domain 


Ge = { (zw) € P*(0, 1) : [e| < [w]? +e}. 


Prove that G_ is Hartogs convex if and only if € = 0. 

5. Let G C C” be a domain and f : G > Dr(0) c C a function, F = 
{(z,w) € G x Dr(0) : w = f(z)} its graph. Sow that if there is a 
holomorphic function F in G x Dg(0) that is completely singular at every 
point of F, then f is continuous. (With more effort one can show that f 
is holomorphic.) 

6. Show that the “Hartogstriangle” {(z,w) € C? : |w| < |z| <1} is a weak 
domain of holomorphy. 


2. Plurisubharrnonic Functions 


Subharmonic Functions. Recall some facts from complex analysis of 
one variable. A twice differentiable real-valued function h on a domain G C C 
is called harmonic if h,z(z) = 0 on G. The real part of a holomorphic function 
is always harmonic, and on an open disk every harmonic function is the real 
part of some holomorphic function. 


If D =D,(a) C C is an open disk and 6 : R — R a continuous periodic 
function with period 27, then there is a continuous function # :D > R that 
is harmonic on D such that A(re'*) = 8(t) for every t (Dirichlet’s principle). 


An upper semicontinuous function y :G — RU {—oo} is said to satisfy the 
weak mean value property if the following holds: 


For every a € G there is an r > O with D,(a) Cc Gand 
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2r 
-f pla toe')dt for0<e<r. 
o 


Remarks 


1. If y :G— RU {-m} is an upper semicontinuous function, then the sets 
U, :={z © G : (z) < v} are open, and therefore y is bounded from 
above on every compact subset K C G. It follows that the integral in the 
definition always exists. 

2. Harmonic functions satisfy the weak mean value property (even the 
stronger mean value property with “=” instead of “<”). 

3. If f :G — C is a nowhere identically vanishing holomorphic function, 
then log|f| satisfies the weak mean value property. In fact, the function 
y := log|f| is harmonic on G — N(f), because it can be written locally 
as Re(log f), with a suitable branch of the logarithm. And at any point 
zo E€ N(f) we have (zo) = ~oo, so the inequality of the weak mean 
value property is satisfied. 


2.1 Proposition. Let :G— R satisfy the weak mean value property. Tf 
y has a global maximum in G, then ọ is constant. 


PROOF: Let a € G be any point with c := (a) > (z) for z € G. We 
choose an r > 0 such that 


1 f7 . 
D,(a) CC G and (a) < F pla + oe”) dt for0 <o <r. 
0 


Assume that there is a b € D,(a) with (b) < y(a). We write b =a + ge! 
and get 


1 2a i 1 2r 
<— it na — 
p(a) < zl pla + ge") dt < F pla) dt = (a). 


This is a contradiction, so y must be constant on D, (a). Now we define the 
set M :={z € G : y(z) =c}. Obviously, M is closed in G and not empty, 
and we just showed that M is open. So M =G, and ọ is constant. a 


Definition. Let G c C be a domain. A function s : G > RU {—00} 
is called subharmonic if the following hold: 
1. s is upper semicontinuous on G. 
2. IfD cc Gisa disk, A : D — R continuous, h|p harmonic, and h > s 
on OD, then h > s on D, 


2.2 Proposition. Lets, : G — RU {-œ} æ a monotonically decreasing 
sequence of subharmonic functions. Then s :=limy.. 8, is subharmonic. 
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PROOF: The limit s = lim, Sv = inf{s,} is upper semicontinuous. Let 
D CCG be a disk, h : D — R continuous and harmonic on D, with s < h 
on OD. For fixed € we consider the compact sets 


K, :={2 € OD :s,(z) > h(z) +e}. 


Then Kiii1 C K, and 2; Ko = Ø. Therefore, there is a vo € N with 
K, = for v > vp. This means that for v > v, sy < h +€ on OD, and 
therefore the same is true on D. Since the s, are decreasing, s < h +E on D. 
This holds for every £ > 0, and consequently s < h on D. m 


2.3 Proposition. Let (sa)wea be a family of subharmonic functions on 
G. If s := sup sa ist upper semicontinuous and finite everywhere, then s is 
subharmonic. 


PROOF: If s < hon ôD, where D CC G and h : D > R is continuous 
and harmonic on D, then sa < h on OD for every a € A. Since the sa are 


subharmonic, it follows that s, < h on D for every a € A. But then s < h 
on D as well. n 


Examples 


1. Clearly, every harmonic function is subharmonic. 

2. Let s : G — R be a continuous subharmonic function such that —s is also 
subharmonic. Then s is harmonic. To show this, we look at an arbitrary 
point a € G and choose an r > 0 such that D :=D, (a) CC G. Then there 
is a continuous function h : D — R with hlap = slap that is harmonic 
on D (Dirichlet’s principle). It follows that s < Aon D. But because —h 
is also harmonic, we have —s < —h on D as well. Together this gives 
s=honD. 

3. Let f : G — C be a holomorphic function. Then s := log|f| is subhar- 
monic. In fact, if f(z) = 0 on G, then we have s(z) = —oo, and there is 
nothing to prove. Otherwise, s is harmonic on G — N(f), and we have 
only to look at an isolated zero a off. We choose D =D,(a) CC G and 
a function A that is continuous on D and harmonic on D, with s < A 
on OD. We know that s, and therefore also s — h, has the weak mean 
value property on D, and it is certainly not constant. So it must take its 
maximum on the boundary ôD. This means that s < Aon D. 

4, Let G CC be an arbitrary domain. The boundary distance bg : G > 
R+ U {+00} is defined by 


6g(z) :=sup{r E€ R : D,(z) C G}. 
Claim: s := —logdég is subharmonic on G. 


Proor: If G = C, then s(z) = —oo and there is nothing to prove. 
If G # C, then s is real-valued and continuous. For w € OG we define 
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gs :G—R by setting sw(z) :=—log|z — w|. Then s(z) =sup{sw(z) : 
w € OG}. By Proposition 2.3 the claim follows. n 


The Maximum Principle 


2.4 Theorem. Lets :G — RU {—œ} le a subharmonic function on a 
domain G C C. If s takes its maximum on G, then it must be constant. 


PROOF: Assume that c := s(a) > s(z) for every z € G. As in the case of 
functions that have the weak mean value property it suffices to show that s 
is constant in a neighborhood ofa. If this is not the case, there is a small disk 
D =D, (a) CC Gand bE ðD with s(a) > s(b). Since s is upper semicontin- 
uous, there is a continuous function h on OD with s < h < c and h(b) < c. 
Solving Dirichlet’s problem we can construct a harmonic continuation of h 
on D. Now 


h(a) = x | h(a + re") dt < c= s(a). 


This is a contradiction m 


For later use we give the following criterion for a function to be subharmonic: 


2.5 Theorem. Let G CC be a domain and s : G —> RU {-co} an upper 
semicontinuous function. Suppose that for every disk D CC G and every 
function f € O(D) with s < Re(f) on OD it follows that s < Re(f) on D. 
Then s is subharmonic. 


PROOF: Let D =D,(a) CCG, h :D —> R continuous and harmonic on D, 
and s < h on OD. For simplicity we assume a = 0. 


For v € N, a harmonic function A, on D, :=Di/(p—1))r(0) D D is given by 


hy (2) =h((1 — DD? 


Then (h, ) converges on D uniformly, increasing monotonically to h. Further- 
more, for every v there is a holomorphic function f, on D, with Re( fp) = h,. 


Let £ > 0 be given. Then there is a v such that |h —A,| < £ on D forv > vo. 
Therefore, s < hy te =Re(f, +£) on OD for v > vo. By definition it follows 
that s < h, +e on D. Since (h, ) is increasing, it follows that s < h +e and 
therefore s < h on D. a 


Differentiable Subharmonic Functions 


2.6 Lemma. Lets :G—R le a€? function such that s; > 0 onG. Then 
s is subharmonic. 
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Proor: Let D=D,(a) Cc G and let a continuous function A : D > R be 
given such that h is harmonic on D and s < h on OD. We define y :=s — h. 


Assume that y takes its maximum at some interior point zọ of D. Then we 
look at the Taylor expansion of ¢ at Zo in a small neighborhood about zo: 


y(zo +2) = y(z0) +2 Re Q(z) + Yiz(z0)2% + R(z), 


where Q(z) := yz(20)2 +$-2(z0)2” is holomorphic and R(z)/|z|? > 0 for 


z — 0. The function y(z) := 2Re Q(z) is harmonic, with ¥(0) = 0. Since 
it cannot assume a maximum or a minimum, it must have zeros arbitrarily 
close to but not equal to 0. On the other hand, (zo +z) — (20) < 0 and 
Pzz(z0)2Z > 0 outside z = 0. This is a contradiction. Thus y must assume 
its maximum on the boundary of D, ands < h on D. m 


2.7 Theorem. Lets :G—R be a €? function. Thens is subharmonic if 
and only if szz> 0 onG. 


PROOF: (a) Let szz(z) > 0 for every z € G. Then we define s, on G by 
setting s, := s + (1/v)zz. Obviously, (s,)zz = Szz + (1/v) > 0. Then s, 
is subharmonic by the above lemma. Since (s,) converges, monotonically 
decreasing, to s, it followsthat s is subharmonic. 


(b) Let s be subharmonic on G. We assume that s,z(a) <0 for some a € G. 
Then there is a connected open neighborhood U = U (a) C G such that 
sz < 0 on U. By the lemma it follows that —s is subharmonic on U. Then 
s must be harmonic on U. So s,z(@) = 0, contrary to assumption. m 


Plurisubharmonic Functions. We return to the study of domains in 
arbitrary dimensions. Let G C C” be a domain and (aw) a tangent vector 
at a € G. We use the holomorphic mapping @aw :C — C” defined by 


Oaw(C) = a + Çw. 


Definition. Let G c C” be a domain. An upper semicontinuous func- 
tion p : G + RU {~co} is called plurisubharmonic on G if for every 
tangent vector (a,w) in G the function 


Pa,w($) := P © Qa,w (C) = pla + Cw) 
is subharmonic on the connected component G (a, w ) of the set &a, L(G) Cc 


C containing 0. 


Remarks 


1. Plurisubharmonicity is a local property. 
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. If f € O(G), then log| f| is plurisubharmonic. 

. If p1, p2 are plurisubharmonic, then so is pı + pe. 

. F p is plurisubharmonic and c > 0, then c .p is plurisubharmonic. 

. If (p,) is a monotonically decreasing sequence of plurisubharmonic func- 
tions, then p := lim,_,,,p, is also plurisubharmonic. 

6. Let (pa)aea be a family of plurisubharmonic functions. If p := sup(pa) 

is upper semicontinuous and finite, then it is also plurisubharmonic. 
7. F a plurisubharmonic function p takes its maximum at a point of the 
domain G, then p is constant on G. 


wm BW bP 


The Levi Form 


Definition. Let U C C” be an open set, f € 7(U;R), and a € U. 
The quadratic form’ Lev(f) :Ta 3 R with 


Lev(f)(a, w) := 5 feaz (aut, 
Vy 
is called the Levi form of f at a. 


Obviously, Lev(f) is linear in f. 
Examples 


1. In the case n = 1we have Lev(s)(a, w) = s.z(a)ww. So s is subharmonic 
if and only if Lev(s)(a, w) > 0 for every a € G and w € C. 

2. Let f(z) :=|lz||? = 5; 2%. Then Lev(f)(a, w) = ||w/|? for every a. 

3. If f € €2(U;R) and o : R — R is twice continuously differentiable, then 


Lev(oo f)(a,w) = o” (F (a)) - |(Of )a(w)|? +0! (f(a)) - Lev(f)(a, w). 
4, If F:U + Vc C” is a holomorphic map and g € €?(V; R), then 
Lev(g o F)(a,w) = Lev(g)(F(a), F'(a)(w)) 
5. For f € @?(U;R) the Taylor expansion at a € U gives 
f(z) = f(a) +2Re(Qs(z - a)) tLev(f)(a,z —a) + R(z - a), 


where Qs(w) = fz, law T3 n devz,(@a)W,w, is a holomorphic 
quadratic polynomial, an , 


21f H : Tx T >C is a Hermitian form on a complex vextor space, then the 


associated quadratic form Q : V — R is given by Q(v) :=H(v,v). 
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2.8 Theorem. A function f € €? (U; R) is plurisubharmonic f and only if 
Lev(f)(a, w) > Ofor everya € U and every w € T, 


PROOF: Let (a,w) be a tangent vector in G and Q :=Qa,w. Then foa(0) = 
f(a) and 
(fo a)eg(0) =Lev(f o a)(0, 1) =Lev(f)(a, w). 


Now, f is plurisubharmonic if and only if f oa is subharmonic near 0 for any 
a = aw. Equivalently, (foa).¢(0) 2 0 for any such a. But this is true if 
and only if Lev(f)(a, w) > 0 for any tangent vector (a,w) in G. 7 


2.9 Corollary. Let Gi C C” and Go C C™ be domains, F : Gi + Ge 
a holomorphic map, and g € @?(G1;R) plurisubharmonic. Then g oF is 
plurisubharmonic on Gi. 


Proor: This is trivial, because of the formula in Example 4 above. E 


Exhaustion Functions. For every domain G C C the function — log ôg 
is subharmonic. In higher dimensions it is in general not true that this func- 
tion is plurisubharmonic for every domain G. 


Definition. Let G C C” be a domain. A nonconstant continuous func- 
tion f :G— R is called an exhaustion function for G if for c < sup, (f) 
all sublevel sets 

Ge( f) :={z € G : f(z) <c) 


are relatively compact in G. 


Example 


For G =C”, the function f(z) :=||z||? is an exhaustion function. For G4 C”, 
we define the boundary distance óg by 


ôg(z) := dist(z,C” — G). 


Then —dg is a bounded, and —logôg an unbounded, exhaustion function. 
We only have to show that dg is continuous: 


For every point z € G there is a point r(z) € C” — G such that 
6q(z) =dist(z,r(z)) < dist(z, w) for every w € C” — G. 


Then for two arbitrary points u, v € G we have 
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ŝe(u) = llu -r@)l| < la —r(v)|| < lu -vli +ôĉe(v), 


and in the same way ĉg(v) < lu- v|] téc(u). 


Therefore, [g (u) — 5g(v)| < ffu — vli. 


Definition. A function f € €?(G;R) is called strictly plurisubhar- 
monic if Lev(f)(a,w) >0 for a € G, w € Ta, and w £0. 


For a proof of the following result we refer to [Ra86], Chapter II, Proposition 
4.14, 


2.10 Smoothing lemma. Let G C C” be a domain, f :G —> R a continu- 
ous plurisubharmonic exhaustion function, K C G compact, and £ > 0. Then 
there exists a@~ exhaustion function g :G— R such that: 


1. g>f onG. 
2. g is strictly plurisubharmonic. 
3. |g(z) — f(z)| <E on K. 


Exercises 


1. Let GC C be a domain. Prove the following statements: 

(a) If f :G— C is a holomorphic function, then |f|% is subharmonic for 
a>0. 

(b) If u is subharmonic on G, then wv? is subharmonic for p € N. 

(c) Let u # —oo be subharmonic on G. Then {z € G : u(z) = —oo} 
does not contain any open subset. 

2. Let GC C be a domain, s # —oo a subharmonic function on G, P := 
{z € G : s(z) =—oo}. Show that if u is a continuous function on G and 
subharmonic on G — A, then u is subharmonic on G. 

3. Let U C C” be open, f :U — C* a holomorphic map, and A € M,(R) a 
positive seniidefinite matrix. Show that (z) := f(z) .A- f(z) * is pluri- 
subharmonic. 

4. Let G={(z,w) E€ C? : |w| <|z| <1} be the Hartogs triangle. Prove that 
there does not exist any bounded plurisubharmonic exhaustion function 
on G. 

5. Are the following functions plurisubharmonic (respectively strictly pluri- 


subharmonic)? 
pi(z) z=  log(1+|z|?), for z € C”, 
p(z) :—= ~log(1 —||z\|?), for ||z|| < 1, 
p3(z) := lize Re») forz € C”. 


6. Consider a domain G C C” and a function f € $?(G). Prove that f is 
strictly plurisubharmonic if and only if for every open set U CC G there 
is an € >0 such that f(z) — eļjz||? is plurisubharmonic on U. 
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3. Pseudoconvexity 


Pseudoconvexity 


Definition. A domain G C C” is called pseudoconvex if there is a 
strictly plurisubharmonic €% exhaustion function on G. 


Remarks 


1. By the smoothing lemma the following is clear: If —logôg is plurisub- 
harmonic, then G is pseudoconvex. 
2. Pseudoconvexity is invariant under biholomorphic transformations. 


3.1 Theorem. /f GCC” is a pseudoconvex domain, then G satisfies the 
continuity principle. 


ProoF: Let p :G—R be a strictly plurisubharmonic exhaustion function. 
Suppose that there exists a family {S+ : 0 < t < 1} of analytic disks given 
by a continuous mapping y :D x [0,1] > C” such that So C G and bS CG 
for every t € [0,1], but not all 5; are contained in G. 


The functions p og; :D — G are subharmonic for every t with S; C G. It 
follows by the maximum principle that p|S; < maxps, p for all those t. 


We define tp :=inf{t € [0,1] : Se ¢ G}. Then to > 0, S C G, and St, 
meets ôG in at least one point zp. We can find an increasing sequence (t,) 
converging to tg and a sequence of points z, € S+, converging to Zo. So 
p(Zv) + co :=Supg(p), but there is a c < co such that Plos < c for every 
t € [0,1]. This is a contradiction. m 


3.2 Corollary. if G is pseudoconvex, then G is Hartogs convex. 


The Boundary Distance 


3.3 Theorem. IG c C” is a Hartogs convex domain, then —logôg is 
plurisubharmonic on G. 


Proor: Forz € G and u € C” with |ju|| = 1 we define 
dg,u(z) :=sup{t >0 : z +ru EG for |r| <t}. 


Then dg(z) = inf{dgu(z) : |u] = 1}, and it is sufficient to show that 
—logdg.u is plurisubharmonic for fixed u. 


(a) Unfortunately, ôG,u does not need to be continuous, but it is lower semi- 
continuous: 
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Let zo € G be an arbitrary point and € < ôG,u(Zo). Then the compact set 
K :={z =Z tru : |r| < c} is contained in G, and there is a 6 > 0 such 
that {z : dist(K,z) <ô} CG. 


For z € Bs(zo) and |r| < c we have 
|(z + rv) — (zo +ru)|| = Ijz — zol| < S, and therefore dg,y(z) > c. 


(b) The function —log ôG,u is upper semicontinuous, and we have to show 
that 

s(¢) := — log ôG u (Zo + Cb) 
is subharmonic for fixed u,Zọ, b. First consider the case that u and b are 
linearly dependent: b =Xu, A #0. 


Let Go be the connected component of 0 in {¢ € C : zg +¢b € G}. Then 


daulZo+¢b) = sup{t>0 : Zo +b true G for |r| < t} 
= sup{t >0 : C +7/A€ Go for |r| < tf 

|A| .sup{r > 0 :¢+¢0 € Gp for Jo] < T} 

= |Al-de(¢), 


and this function is in fact subharmonic. 


(c) Now assume that u and b are linearly independent. Since these vectors 
are fixed, we can restrict ourselves to the following special situation: 


n=2, Zz =0, b=e;,, and u=eg. 


Then s(¢) = —logsup{t >0 : (¢,7) € G for |r| < t}. We use holomorphic 
functions to show that s is subharmonic. Let R >r >Q be real numbers such 
that (¢,0) € G for |¢| < R, and let f :Dp(0) — C be a holomorphic function 
such that s < h :=Re f on OD,(0). We have to show that s < h on D,(0). 


We have the following equivalences: 
S(O << A(C) = sup{t >0 : (¢,7) EG for |r] < t} >e OO) 
= (te e 4) eGforceD. 
(d) Define a holomorphic map F by 
F(z, 22) := (r21, z2€=f(r21)), 


Then F is well defined on a neighborhood of the unit polydisk P? = P?(0, 1). 
It must be shown that F(P?) c G. We already know the following: 


1. F(21, 22) € G for [z1{ =1 and |z2| < 1, because s(t) < A(t) on OD,(0). 
2. F(21,0) € G for |z1| < 1, because (¢,0) € G for Il <r. 
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These facts will be used to construct an appropriate Hartogs figure. First, 
note that 


r 0 
Jp(21, 22) = ( a efra) ) , so det Jp(z1, z2) Æ 0. 


By the inverse function theorem it follows that F is biholomorphic. 


For 0 < 6 < 1we define hs :C? — C? by hg(z,, 22) := (z1, 622) and apply hs 
to the compact set 


C = {(a1,22) €C? : (Jarl < 1, 22 =0) or (Jaa] =1, |22) ID} CPZ. 
Consequently, 
Cs =b (C) ={ (21,22) € C? : (a| < 1,22 =0) or (21| = 1, |z2| < 6)}. 
Then F(C5) C G, as we saw above, and therefore Cs C F-1(G). 
For 0 <€ < min(ô, 1 — S) we define a neighborhood U, of Cs by Uz := 
{(21, 22) € Œ : (zi <1 +e, |z2| <£) or (l-e < Jan] < 1+e, |z2| <5 +e)}. 
If we choose € small enough, then Us C F~! (G). 
Finally, we define He :=hs (U; N P?) N P? (see Figure 11.6).Then 
He = {(21,22)€P? : (21, 622) € Ue N P?} 
= { (21,22) EC? (lal <1, [zal < £) or (1 — -< Ja] < L l| < wh 


Cs 


zı] jz] 


Figure 11.6. Construction of the Hartogs figure 


Since (P2, H+) is a Euclidean Hartogs figure, (F o hs(P?),F o hs(He)) is a 
general Hartogs figure with Fohs(He) C F(U: NP?) C G. Since G is Hartogs 
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pseudoconvex, it follows that F o hs(P?) C G. This is valid for every ô < 1. 
But P? =Uo<s<1 hs(P?). Therefore, F(P?) C G, which was to be shown. m 


3.4Theorem. Thefollowing properties of a domain G C C” are equivalent: 


. G satisfies the continuity principle. 
. G is Hartogs pseudoconvez. 

. —logôg is plurisubharmonic on G. 
. G is pseudoconvex. 


Mm GDN 


PROOF: 


(1) = (2)is Theorem 1.5, 

(2) =» (3) is Theorem 3.3, 

(3) => (4) follows from the smoothing lemma, 

(4) => (1) was proved in Theorem 3.1. E 


Properties of Pseudoconvex Domains 


3.5 Theorem. F Gi, G C C” are pseudoconvex domains, then Gi O Ga is 
pseudoconvex. 


PROOF: The statement is trivial if one uses Hartogs pseudoconvexity. E 


3.6 Theorem. Let Gi C Go C ... C C” be an ascending chain of pseudo- 
convex domains. Then G =U G, is again pseudoconvex. 


PROOF: This follows immediately from the continuity principle. m 


3.7Theorem. A domainG C C” is pseudoconvex if and only if there is an 
open covering (U,).er of G such that U, OG is pseudoconvex for every t EI, 


PROOF: 


“ 


==>” is trivial. The other direction will be proved in two steps. At first, we 
assume that G is bounded. 


For any point zo € OG there is an open set U, such that a € U, and GNU, 
is pseudoconvex. If we choose a neighborhood W = W(zo) C U, so small 
that dist(z, 0U,) > dist(z, zo) for every z € WNG, then dq(z) =denu, (2) on 
WAG. This shows that there is an open neighborhood U = U (8G) such that 
—logdég is plurisubharmonic on U NG (we use the fact that 8G is compact). 
Now. G -U cc G. We define 
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e:=sup{—logég(z) : z€ G — U}, 


and 
p(z) := max(— log ôe (z), z? +e+ 1). 


Then p is a plurisubharmonic exhaustion function, and by the smoothing 
lemma, G is pseudoconvex. 


If G is unbounded, we write it as an ascending union of the domains 
G, := BL(0)MG. Each G, is bounded and satisfies the hypothesis, so is 
pseudoconvex. Then G is also a pseudoconvex domain. m 


Exercises 


1. Suppose that G; C C” and G2 C C™ are domains. 
(a) Show that if Gi and G2 are pseudoconvex, then Gi x Ge is a pseu- 
doconvex domain in C”+™ 
(b) Show that if there is a proper holomorphic map f :G; — G2 and Ge 
is pseudoconvex, then Gj is also pseudoconvex. 
2. Let G C C” be a domain and ọ :G — R a lower semicontinuous positive 
function. Prove that 


G :={(2',w) E€ G xC : |w] <o(z’)} 


is pseudoconvex if and only if —logg is plurisubharmonic. 
3. A domain G C C” is pseudoconvex if and only if for every compact set 
K CG the set 


Ka i= {x E€ G : p(z) < supp for all plurisubharmonic functions p on G} 
K 


is relatively compact in G. 


4. Levi Convex Boundaries 


Boundary Functions 


Definition. Let G C C” be a domain. The boundary of G is called 
smooth at zo € OG if there is an open neighborhood U = U (zo) C C” 
and a function o € E% (U; R) such that: 

LUNG= izeEU: o(z)< 0} 

2. (de)z £ 0 forzeU. 
The function ọ is called a local defining function (or boundary function). 


Remark. Without loss of generality we may assume that o,, Æ 0. Then 
by the implicit function theorem there are neighborhoods 
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U" of (29,29) = (2P, ...,2@,,20) ECI xR, U” of y ER, 
anda @° function y :U’ > U” such that {(2’,an,yn) E€ U' XU” : o(2/,x% + 
iyn) =O} ={(2', En, Y2’, £n)) : (Z'n) € U'} 

Making the neighborhood U :={(2’,a, ty): (Z, £n) € U’ and yn € U”} 
small enough and correcting the sign if necessary, one can achieve that 


UNG ={(2',an tign) EU : yn < YZ, En)}. 


In particular, U N OG = {z € U : o(z) = 0) is a (2n — 1)-dimensional 
differentiable submanifold of U. 


4.1 Lemma. Let OG be smooth at Zo, and let 01, 02 be two local defining 
functions on U =U (zo). Then there is a €% function h onU such that: 


1. h>0onU. 
2. 0, =h- oo onU. 
3. (dor)z = A(Z) .(do2)z forz € UN OG. 


PROOF: Define h :=9;/02 on U — OG. After a change of coordinates, we 
have Zo = 0 and @2 = yn. Then g(t) :=01(2', 2, t ft) is a smooth function 
that vanishes at t =0. Therefore, 


01(Z’,2n) = glyn) — g0) 
Yn 1 ; 
f g'(s)ds = mf J (tyn) dt 


= po(Z En + iyn) A(z’, Zn), 


[i 


where i 
ð 
A(z’ En + iyn) = f 81 (z', £n + ityn) dt 
0 Oyn 
is smooth. 
For z € G we have (doi), = A(z) . (do2),. Therefore, A(z) # 0, and even 
greater than 0, since A(z) > 0 by continuity. " 


4.2 Theorem. Let GCC C” be a bounded domain with smooth boundary. 
Then OG is a differentiable submanifold, and there exists a global defining 
function. 


PROOF: We can find open sets V; CC U; C C”, i = 1,...,N, such that: 


1. {V,,...;Vw} is an open covering of OG. 
2. For each z there exists a local defining function o; for G on Uj. 
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3. For each i there is a smooth function y; : U; > R with pilv, = 1, 
yilen_u, = 0, and y; > 0 in general. 


Define y := 50; Y: (soy > 0 on OG) and 4; := p/p. Then $; V: = lon 
OG. The system of the functions ¥; is called a partation of unity on OG. 


The function o := S% wioi is now a global defining function for G. We 
leave it to the reader to check the details. m 


The Levi Condition. For the remainder of this section let G CC C” 
be a bounded domain with smooth boundary, and ọ : U =U(0G) > Ra 
global defining function. Then at any Zo € OG the real tangent space of the 
boundary 

Tz (0G) := {v E€ Tao : (do) 2(V) = 0} 


is a (2n — 1)-dimensional real subspace of Tz. The space 
Hz, (OG) :=Tz (0G) N iT, (OG) = {v € Tay : (O0)zo(v) =0} 


is called the complex (or holomorphic) tangent space of the boundary at zo. 
It is a (2n — 2)-dimensional real subspace of Tz, with a natural complex 
structure, so an (n — 1)-dimensional complex subspace’. 


Definition. The domain G is said to satisfy the Levi condition (respec- 
tively the strict Levi condition) at zo € OG if Lev(g) is positive semidef- 
inite (respectively positive definite) on H,,(0G). The domain G is called 
Levi convex (respectively strictly Levi convex) if G satisfies the Levi con- 
dition (respectively the strict Levi condition) at every point z € ôG. 


Remark. The Levi conditions do not depend on the choice of the boundary 
function, and they are invariant under biholomorphic transformations. 


If 01 =A . 02, with h > 0, then for z € 0G, 
Lev(oi)(z,w) =h(z) Lev(o2)(z,w) +2Ref{(dh)z(w) .(302)z(w)}- 


So on H,(0G) the Levi forms of 9; and o2 differ only by a positive constant. 


Affine Convexity. Recall some facts from real analysis: 


A set M C R” is convex if for every two points x,y € M, the closed line 
segment from x to y is contained in M. In that case, for each point Xo € 
R” — M there is a real hyperplane H C R” with x» € H and M NH =o. 
This property was already used in Section 1. 


3 H, (8G) is often denoted by 7T}? (8G). 
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If a € R”, U = U (a) is an open neighborhood and ¢ :U — R is at least 6°, 
then the quadratic form 


Hess(y)(a, w) := > Paya, (AJW Wy 


vip 
is known as the Hessian of y at a. 


4.3 Proposition. Let G CC R” le a domain with smooth boundary, and 
o a global defining function with (do), # Oforx € OG. Then G is convex if 
and only if Hess(o) is positive semidefinite on every tangent space Tx (ðG). 


PROOF: Let G be convex, and x9 € OG an arbitrary point. Then T := 
Tx, (OG) is areal hyperplane with TMG =Ø. For w € T and a(t) :=xo+tw 
we have 

(9° a)” (0) = Hess( 0) (x0, w). 
Since e(xo) = 0 and o 0 a(t) > 0, it follows that goa has a minimum at 
t =0. Then (o o a)” (0) > 0, and Hess(g) is positive semidefinite on T. 


Now let the criterion be fulfilled, assume that 0 € G, and define o; by 
(xx) := o(x) + SI}xIf 
Oc(X) := 0 N . 


For small £ and large N the set G, := {x : o-(x) < 0} is a domain. We have 
G, C Gy C G fore < e, and U so Ge = G. Therefore, it is sufficient to 
show that G, is convex. 


The Hessian of os is positive definite on Tx (ôG) for every x € OG. Thus this 
also holds in a neighborhood U of 0G. If € is small enough, then 0G, C U. 
We consider 


S :={(x,y) E€ Ge x G, :tx+ (1-t)yeG, for0<t< 1). 


Then S is an open subset of the connected set G, x G,. Suppose that S is not a 
closed subset. Then there exist points xo, yo € G, and a to € (0,1) with toxo + 
(1 -toyo € Ge. So the function t+ os o a(t), with a(t) :=txọ t(1-t)yo, 
has amaximum at to. Then (g,0a)"(te) < 0 and Hess(g-)({a(to),xo—Yyo) < 0. 
This is a contradiction. E 


A domain G = {ọ < 0) is called strictly convex at xo € OG if Hess(g) is 
positive definite at xo. This property is independent of g and invariant under 
affine transformations. 


Now we return to Levi convexity. 


4.4 Lemma. LetU CC" be open and y € G? (U; R). Then 


Lev(p)(2, w) = 5 (Hess(y)(2, w) + Hess(p)(z, iw)) 
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PROOF: This is a simple calculation! m 


4.5 Theorem. Let GCC C” be a domain with smooth boundary. Then the 
following statements are equivalent: 


1. G is strictly Levi convex. 

2. There is an open neighborhood U = U (G) and a strictly plurisubhar- 
monic function 0 E€ @*°(U;R) such that UNG = {zE U : o(z) <0) 
and (do)z ZO forz eu. 

3. For every z € OG there is an open neighborhood W = W(z) c C’, 
an open set V C C”, and a biholomorphic map F : W > V such that 


F(WnG) is convex and even strictly convex at every point of FWNdG). 


PROOF: 


(1) = (2) : We choose a global defining function @ for G, and an open 
neighborhood U = U (8G) such that g is defined on U with (do)z # 0 for 
z€ U. Let A >0 be a real constant, and oa :—e4? — 1. Then o4 is also a 
global defining function, and 


Lev(oa)(z, w) = Ae4? [Lev(o)(z, w) + Al(Oa)2(w)|7] . 
The set K :=0G x S*"~! is compact, and 
Ko :={(z,w) € K : Lev(o)(z, w) < 0} 


is a closed subset. Since Lev(g) is positive definite on H,(0G), we have 
(00)2(w) # 0 for (z,w) € Ko. Therefore, 


M := min Lev(9)(z, w) > —0O, 
C := min| (ðo) (w)|? > 0. 


We choose A so large that A-C +M >0. Then 
Lev(oa)(z,w) = A- [Lev(9)(z,w) + Al(00)2(w)|?] = A- (M + AC) > 0 
for (z,w) € Ko, and 
Lev(oa)(z,w) > A? - |(Bo)a(w)|? > 0 
for (2, w) € K — Ko. 


So Lev(o4)(z,w) > 0 for every z € OG and every w € C” — {0}. By conti- 
nuity, ea is strictly plurisubharmonic in a neighborhood of ðG. 


(2) => (3): We consider a point Zo € OG and make some simple coordinate 
transformations: 
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By the translation z +» w = z — zo we replace zo by the origin, and a 
permutation of coordinates ensures that 9,,,(0) 4 0. 


The linear transformation 
Whe U = (Ow, (O)w1 +... + Ow, (O)Wn, V2; ...,Wn) 
gives u; =W .Vo(0)*, and therefore 


ou) = 2Re(u-V(oeow)(0)*) + termsofdegree > 2 
2Re (u . Jw(0)* .Vo(0)*) + terms of degree > 2 
2Re (w . Vo(0)*) + terms of degree > 2 

= 2Re(ui) + terms of degree > 2. 


Finally, we write o(u) = 2Re(u, +Q(u)) tLev(o)(O,u) +..., where Q is a 
quadratic holomorphic polynomial, and make the biholomorphic transforma- 
tion 

ue y= (ui + Q(u), U2,0. sUn) 


It follows that 
o(v) = 2Re(v,) +Lev(o)(0, v) + terms of order > 3. 


By the uniqueness of the Taylor expansion 


o(v) = Do(0)(v) + Hess(o) (0, v) + terms of order > 3, 


and therefore Hess(e)(0,v) = 2 .Lev(e)(0,v) > 0 for v # O Gn the new 
coordinates). Everything works in a neighborhood that may be chosen to be 
convex. 


(3) => (1): This follows from Lemma 4.4: 
Hess(o) > 0 on 7;(0G) => Lev(o) >0 on H,(0G). 


The latter property is invariant under biholomorphic transformations. m 


A Theorem of Levi. Let G cc C” be a domain with smooth boundary. 
If G is strictly Levi convex, then it is easy to see that G is pseudoconvex. 
We wish to demonstrate that even the weaker Levi convexity is equivalent 
to pseudoconvexity. For that purpose we extend the boundary distance to a 


function on C”. 
ĉa (z) for ze G, 
dg(Z) := 0 for z € OG, 


—den_a(z) for z¢G. 


70 Il. Domains of Holomorphy 
4.6 Lemma. —dg is a smooth defining function for G 
PROOF: We use real coordinates x =(x1,...,2N) with N = 2n. It is clear 


that G = {x : —dg(x) <0}. 


Let xo € OG be an arbitrary point and o : U(xo) > R a local defining 
function. We may assume that 02, (Xo) Æ 0. Then by the implicit function 
theorem there is a product neighborhood U’ x U” of Xo in U and a smooth 
function h :U’ — R such that 


{(x’,any) EU’ x U” : g(x, zn) =0} = {K A(X’) x EU} 
It follows that 0 = Vx o(x’, h(x’)) + ory (x', h(x')) .Vh(x’). 


At the point (x’,h(x’)) € OG the gradient Ve(x’, h(x')) is normal to ôG 
and directed outward from G. Every point y in a small neighborhood of the 
boundary has a unique representation y =X +t . Vo(x), where t = —dc(y) 
and x is the point where the perpendicular from y to OG meets the boundary. 
Therefore, we define the smooth map F :U’ x R —> RN by 


y = F(x’, t) = X, A(x’) +t. Vo(x’, h(x’). 
Then there are smooth functions A and b such that 


; E —1 +4. A( ^) Vx ih Ni 
JRF(X _t) = ( Fn’) +t bi) e ae ) i 


and therefore 


— i 1 . Wt 
det Jap(x',0) = act ( Eni sn (X, A(x’) Vh(x’) ) 


Vh(x’) Ory (X!, A(x’) 

7 —VA(x’)? 
Oxy, (X, h(x") act ( EY 14 RGA? ) 
bay (X, AL + VARAI) A 0. 


It follows that there exists an £ > 0 such that F maps U’ x (—€, £) diffeo- 
morphically onto a neighborhood W = W(x), and U’ x {0} onto GN W., 
Moreover, since dea(x +t- Vo(x)) = —t for |t| < £ and £ small enough, it 
follows that dg = (— t) F7! is a smooth function near 8G. If p’ is defined 
by p’(x’,f) := (x’,0), then the projection 


p=p oF? :x +t: Vo(x) = x, for x € 0G, 


is a smooth map, and dg is given by dc({y) =o .|ly — p(y)||, where o = 1 
for y € G and o = —1 elsewhere. 


For y # ðG we have 
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o 


N 
N (um — prly) (On — (Pe)y. (¥)) 


dau) = i & 


pow [yy — poly) — (y ~ p(y) | Py. (Y)) vw] » 
and therefore 
Vdaly) = iy aI ‘ly — p(y) — Dp(y)(y — p(y))]- 


Since o(p(y)) = 0, it follows that Dp(y)(Vo(p(y))) = 0. But y — p(y) is a 
multiple of Vo(p(y)). Together this gives 


yao. YPO) _ Volp(y)) 
Vdc) =? yay eA 
If y tends to OG, we obtain that Vday) ¥ 0. m 


E.E. Levi showed that every domain of holomorphy with smooth boundary is 
Levi convex, and locally the boundary of a strictly Levi convex domain G is 
the “natural boundary” for some holomorphic function in G. Here we prove 
the following result, which is sometimes called “Levi’s theorem”. 


4.7 Theorem. A domain G with smooth boundary is pseudoconvex if and 
only if it is Levi convex. 


PROOF: 


(1)Let G be pseudoconvex. The function —dg is a smooth boundary function 
for G, and —logdg = —logég is plurisubharmonic on G, because of the 
pseudoconvexity. We calculate 


1 1 
L d se z 2 
Toa) dolz, w) + gozz (de) aw) 
This is nonnegative in G. If z € G, w € T,, and (O(dg))z(w) =0, it follows 
that Lev(—dg)(z,w) > 0. This remains true for z + OG, so —da satisfies 
the Levi condition. 


Lev(— log dg)(z, w) = 


(2) Let G be Levi convex, and suppose that G is not pseudoconvex. Then in 
any neighborhood U of the boundary there exists a point zo where the Levi 
form of —logdg¢ has a negative eigenvalue. This means that there is a vector 
Wo such that 


yez(0) = Lev(log ôa) (zo, wo) > 0, for y(¢) := log õe (Zo +Cwo). 


Consider the Taylor expansion 


(0) +2 Rele (0)G + Žec (0X?) + vee(O)ICl? + 
y(0) tRe(AC HBE) HAC +..., 


y(¢) 
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with complex constants A, B and areal constant à > 0. 


We choose a point po € OG with ĝa(Zo) = ||Po — Zoll, and an arbitrary £ > 0. 
Then an analytic disk y :D-(0) => C” can be defined by 


P(C) :=20 + wo +exp(A¢ + BC?) (po — zo). 


We have (0) = po, and we wish to show that w(¢) € G, for 0 < \¢| <£ and 
E sufficiently small. 


Since y(C) > y(0) + Re( AC + BC?) +(A/2)IC|? near ¢ =0, it follows that 
) 
) . 


exp(~(¢) 

exp(o(0))- exp (AC + BC?) | -exp(31¢??) 
c(20) «| exp (AC + BC?) | 

exp (AC + BC?) Po - 20) |}, 


for ¢ small and # 0. This means that we can choose the £ in such a way 
that y(¢) € G, for 0 < |¢| <£. The analytic disc is tangent to 0G from the 
interior of G. 


da(zo + wo) 


IV 


V 


Now f(¢) = da(Ņ(Ç)) is a smooth function with a local minimum at ¢ =0. 
Therefore (ðde)po(%’(0)) = (Af)o(1) = 0, and 


ô 
FCC) =Re (Fec (0)C?) + fcl¢l? +terms of order > 3. 
Since Re (fc¢(0)e7"") + fez = 0 for every t, it follows that 
Lev(de) (Po; Y(0)) = feg(0) > 0. 


This is a contradiction to the Levi condition at po, because ~da is a defining 
function for G. 7 


Exercises 


1. Prove Lemma 4.4. 

2. Assume that G Cc C? has a smooth boundary that is Levi convex outside 
a point a that is not isolated in OG. Show that G is pseudoconvex. 

3. Assume that G c C? is an arbitrary domain and that S$ C G is a smooth 
real surface with the following property: In every point of S the tangent 
to S is not a complex line. Prove that for every compact set K C G there 
are arbitrarily small pseudoconvex neighborhoods of SN K. 

4. Assume that G cc C? is a domain with smooth boundary. Then G 
is strictly Levi convex at a point z € OG if and only if the following 
condition is satisfied: 


There is a neighborhood U =U (zo), a holomorphic function y :D > U 
with (0) = zo and y’(0) 4 0, and a local defining function o on U such 
that (g°y)(C) >0 on D — {0} and (2° y)¢¢(0) > 0. 
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5. Let G CC C” be a domain with smooth boundary, If G satisfies the strict 
Levi condition at zo € OG, then prove that the following hold: 
(a) There is no analytic disk y :D— C” with 


km daly) _ 

¢0 ||(C) — (0)? 
(b) There are a neighborhood U = U (zo) and a holomorphic function f 

in U withh@n{zeU : f(z) =0} = {zo}. 

6. A bounded domain G c C” is called strongly pseudoconvex if there are 
a neighborhood U = U(dG) and a strictly plurisubharmonic function 
o € €? (U) such that GNU =/zeU : o(z) <0}. Notice that a strongly 
pseudoconvex domain does not necessarily have a smooth boundary! 


y(0)=25 and 


Prove the following results about a strongly pseudoconvex bounded do- 

main G: 

(a) G is pseudoconvex. 

(b) If G has a smooth boundary, then G is strictly Levi convex. 

(c) For every z € OG there is a neighborhood U =U (z) such that UNG 
is a weak domain of holomorphy. 

7. Let GC C” be a pseudoconvex domain. Then prove that there is a family 

of domains G, C G such that the following hold: 

(a) G, CC G41 for every v. 

(b) UL, Gr =G. 

(c) For every v there is a strictly plurisubharmonic function f, € 
€~(G +1) such that G, is a connected component of the set 


{z € Guar: f(z) <0}. 


5. Holomorphic Convexity 


Affine ConvexityWe will investigate relationships between pseudocon- 
vexity and affine convexity. Let us begin with some observations about convex 
domains in RY. 


Let -Z be the set of affine linear functions f :R“ — R with 


f(x) = az +... taney +b, a,...,an,bER. 


If M is a convex set and x a point not contained in M, then there exists 
a function f € Z with f(xo) = 0 and flay < 0. For any ce E R, the set 
{x€ R^ : f(x) <c} is a convex half-space. 


Definition. Let M c RY be an arbitrary subset. Then the set 
H(M) := {x ER“ : f(x) < supf, forall f € 2) 
M 


is called the affize convex huil of M. 
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5.1 Proposition. Let M, Mı, M> CRY te arbitrary subsets. Then 


M c H(M). 

H(M) is closed and convex. 

. H(H(M)) =H(M). 

. If My C Me, then H(M;) C H(Mo). 

. If M is closed and convex, then H(M) =M. 
. If M is bounded, then H(M) is also bounded. 


Du wwns 


PROOF: (1) is trivial. 


(2) If xo ¢ H(M), then there is an f € & with f(xXo) > supu f. By conti- 
nuity, f(x) >sup, fin a neighborhood of xo. Therefore, H(M) is closed. 


If xo, Yo are two points in H(M), then they are contained in every convex 
half-space E = {x : f(x) <supa;f}, and also the closed line segment from 
Xo tO yo is contained in each of these half-spaces. This shows that H(M) is 
convex. 


(3) We have to show that H(H(M)) cC H(M). If x € H(H(M)) is an arbi- 
trary point and f an element of Z, then f(x) < supy(as) f < supu f, by 
the definition of H(M). 


(4) is trivial. 


(5) Let M be closed and convex. If x» ¢ M, then there is a point yp € M 
such that dist(xo, M) = dist(xo, yo) (because M is closed). Let zp be a point 
in the open line segment from xo to yo. Then Zo ¢ M , and there is a function 
f € Z with f(z) = 0 and fiw < 0. Since tH f(txo + (1-— t)yo) is a 
monotone function, it follows that f(x) >0 and therefore x9 ¢ H(M). 


(6) If M is bounded, there is an R >O such that M is contained in the closed 
convex set Br(O). Thus H(M) C Br(0). m 


Remark. H(M) is the smallest closed convex set that contains M. 


5.2 Theorem. A domain G C RY is convex if and only if K CC G implies 
that H(K) CCG. 


PROOF: Let G be a convex domain, and M CC G a subset. Then H(M) is 
closed and contained in the bounded set H(M). Therefore, H(M) is compact, 
and it remains to show that H(M) C G. If there is a point x» € H(M) -G, 
then there is a function f € Z with f(x9) =0 and fle <0. It follows that 
supy f <0, and f(x) >supa;f. This is a contradiction to Xo € H(M). 
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On the other hand, let the criterion be fulfilled. If xo, yo are two points of G, 
then K := {xo, yo} is a relatively compact subset of G. It follows that H(K) 
is contained in G. Since H(K) is closed and convex, the closed line segment 
from Xp to yo is also contained in G. Therefore G is convex. E 


Holomorphic Convexity. Now we replace affine linear functions by 
holomorphic functions. 


Definition. Let G C C” be a domain and K cC G a subset. The set 


K=Ke 


{z €G :|f(2)| < supl f|, for all f € O(G)} 


is called the holomorphically convex hull of K in G. 


5.3 Proposition. Let G C C” be a domain, and K, Ky, Kz subsets of G. 
Then 


LKCR. 

2. K is closed in G. 

3. R=R. ee 

4, If ky C Ke, then K; C Ko. 

5. If K is bounded, then K is also bounded. 


PROOF: (1)is trivial. 


(2) Let z be a point of G — K. Then there exists a holomorphic function 
f on G with |f(zo)| > supg|f|. By continuity, this inequality holds on an 
entire neighborhood U =U (zo) C G. So G — K is open. 


(3) supglf| Bupxlfl. 


(A) is trivial. 


(5) If K is bounded, it is contained in a closed polydisk P”(0,r). The coordi- 
nate functions z, are holomorphic in G. For z e K we have |z,| < sup, |z| E 
r. Hence K is also bounded. n 


Definition. A domain G C C” is called holomorphically convex if 
K cc G implies that K Cc G. 
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Example 
In C every domain is holomorphically convex: 


Let K CC G be an arbitrary subset. Then K is bounded, and it remains 
to show that the closure of K is contained in G. If there is a point zo € 
R - G, then zp lies in 0K N ðG. We consider the holomorphic function 
f(z) := 1/(z — z) in G. If (z,) is a sequence in K converging to zo, then 
[f(2.)| < sup, |f| < supz|f| < œ. This is a contradiction. For n > 2, we 
will show that there are domains that are not holomorphically convex. But 
we have the following result. 


5.4 Proposition. If G c C” is an affine convex domain, then it is holo- 
morphically convex. 


PROOF: Let K be relatively compact in G. Then H(K) CC G. If Zo is a 
point of G — H(K), then there exists an affine linear function A € £ with 
(zo) > supg A. Replacing À by À — A(O) we may assume that À is a homo- 
geneous linear function of the form 


MZ) = 2 Re(a12 +e Qn Zn): 


Then f(z) :=exp(2 .(aiz1 +... + @nZn)) is holomorphic in G, and |f&%)| = 
exp(A(z)). Therefore, | f(z}! > sup,|f|, and zo € G — k.This proves K CC 
G. = 


In general, holomorphic convexity is a much weaker property than affine 
convexity. 


The Cartan-Thullen Theorem.Let G c C” be a domain, and 
E > Q0 a small real number. We define 


G,:= (z EG : glz) >e}. 


Here are some properties of the set G,: 


1. If z € G, then there is an £ >Q such that a(z) > €. 
Therefore, G =U... G.. 

2. Ife, < £2, then G, D Gez- 

3. G, is a closed subset of C”. In fact, if zo € C" — G,, then dg(zo) < € 
or zo ¢ G. In the latter case, the ball Bs (Zo) is contained in C” — Ge. If 
zo € G — G. and 6 := ôg (Zo), then Be—s(zo) C C” — G,. So C” —G, is 
open. 


5.5 Lemma. Let GC C” be a domain, K C G a compact subset, and f a 
holomorphic function in G. FK C G,, thenfor any 8 with O < Ô < eE there 
exists a constant C > 0 such that the following inequality holds: 
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C. 


a a! 
sup|D®* f (z)| < lal ` 
K 


PROOF: For0 <6 <€, G :={z E€ G : dist(K,z) < 6} is open and 
relatively compact in G, and for any z € K the closed polydisk P”{z,ð}) is 
contained in G’ C G. If T is the distinguished boundary of the polydisk and 
|f| < C on G’, then the Cauchy inequalities yield 


a! a! 
a < —. —. 
ROEST sup|f| < Fa °C. 


5.6 Theorem (Cartan-Thullen). jf G is a weak domain of holomorphy, 
then G is holomorphically convex. 


PROOF: Let K CC G. We want to show that K cc G. Let e := 
dist(K, C” — G) > dist(kK,C” - G) > 0. Clearly, K lies in G,. 


We assert that the holomorphically convex hull K lies even in G,. Suppose 
this is not so. Then there is a z € K —G,. Now let f be any holomorphic 
function in G. In a neighborhood U =U (zo) C G, f has a Taylor expansion 


f(z) =) a(z - zo)”, with a, =D" f (z0). 
v>0 v! 
The function z ++ a(z) := 4D”f(z) is holomorphic in G. Therefore, 
Ja, (Zo)| < supglav(z)|. By the lemma, for any 6 with 0 < 6 < E there 
exists a C > 0 such that sup,|a,(z)| < C/é!”!, and then 


[za = 2 [zn = 2m | \™ 


la,(z—z0)"|<C- ( 5 


On any polydisk P”(zo, 6) the Taylor series is dominated by a geometric 
series. Therefore, it converges on P = P” (zo, E) to a holomorphic function F. 
We have f = f near Zo, and then on the connected component Q of zo in 
P AG. Since P meets G and C” — G, it follows from Lemma 1..9 that there 
is a point zı € P NQ NOG. Then f cannot be completely singular at zı. 
This is a contradiction, because f is an arbitrary holomorphic function in G, 


and G is a weak domain of holomorphy. m 


Exercises 


1. Let Gi C G2 C C” be domains. Assume that for every f € O(G) there 
is a sequence of functions fy € O(G2) converging compactly on G, to f. 
Show that for every compact set K C G; it follows that Ke, NG, = Ro,- 
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2. Let F :G, > G2 be a proper holomorphic map between domains in ÇC”, 
respectively C™. Show that if Ge is holomorphically convex, then so is 
G4. 

3. Let G C C” be a domain and <$ S c G be a closed analytic disk with 
boundary bS. Show that SC (bS)g- 

4. Define the domain G C C? by.G :=P?(0, 1)— P2(0, 1/2). Construct the 
holomorphically convex hull Kg for K := {(21,22) :21 = 0 and |z2| = 
3/4}. Is Kaa relatively compact subset of G? 

5. Let F be a family of functions in the domain G. For a compact subset 
K c G we define 


Rr := fz e G : |f(z)| < supl f| for all f EF}. 
K 


The domain G is called convex with respect to F, provided that R F iS 

relatively compact in G whenever K is. Prove: 

(a) Every bounded domain is convex with respect to the family €°(G) 
of all continuous functions. 

(b) The unit ball B = By(O) is convex with respect to the family of 


holomorphic functions zë 2h, with v, u = 1,...,2 and k,l € No. 


6. Singular Functions 


Normal Exhaustions.Let G CC” be a domain. If G is holomorphically 
convex, we want to construct a holomorphic function in G that is completely 
singular at every boundary point. For that we use "normal exhaustions." 


Definition. A normal exhaustion of G is a sequence (K, ) of compact 
subsets of G such that: 

1. K, CC(Ky41)°, for every v. 

2. UM, AL =G 


6.1 Theorem. Any domain G in C” admits a normal exhaustion. I-G is 
holomorphically convex, then there is a normal exhaustion (K,,) with K, = 
K, for every v. 


PROOF: In the general case, K, :=P"(0,v) N Gijp gives a normal exhaus- 
tion. If G is holomorphically convex, K, cc G for every v. We construct a 
new exhaustion by induction. 

Let Ky := Kı. Suppose that compact sets Ký, ...,Kž_1 have been con- 
structed, with R: = K} for j = 1,...,¥ — 1,and K} CC (Ka) Then 
there exists a A(v) € N such that K}_, C (Ky). Let K} := Kywy. 
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It is clear that (Kž) is a normal exhaustion with R: =k‘. m 


Unbounded Holomorphic Functions. Again let G c C” be a 
domain. 


6.2 Theorem. Let (K,) be a normal exhaustion of G with R, = K,, 
A(x) a strictly monotonic increasing sequence of natural numbers, and (z,) 
a sequence of points with 2, € KyQ)41 — Ky). 


Then there exists a holomorphic function f in G such that |f(z,,)| is un- 
bounded. 


PROOF: The function f is constructed as the limit function of an infinite 
series f = eel fu. By induction we define holomorphic functions f, in G 
such that: 


1. ful x¢u) < 27" for H21. 


p-l 
2. falz) >wt1+S |p; (z,)| for w > 2. 
j=l 
Let fi := 0. Now for u > 2 suppose that fi, ...,f,—-1 have been constructed. 
Since Zp € Ky(yy41 - Kaiu) and Ryu) = Kaq), there exists a function g 
holomorphic in G such that |9(z,)| >q =SUPK, i) \g|. By multiplication by 
a suitable constant we can make 


Ig(Z.)] >1>@. 


If we set fy := g* with a sufficiently large k, then f, has the properties (1) 
and (2). 


We assert that $, u f,, converges compactly in G. To prove this, first note 
that for K C G an arbitrary compact subset, there is a wo € N such that 
K C Kuo). By construction supx|f,,| < 27” for p > po. Since the geo- 
metric series }),, 2-# dominates )> f,, in K, the series of the f, is normally 
convergent on K . This shows that f = Žo f,, is holomorphic in G. Moreover, 


f(t 2 ll- YI] 


vA 
> p+1~ Y fz) 
v>p 
> pt+il- > 2” (since Z, € Ky(,) for v > p) 
v>p 
> p (since > 27" = 1). 
y>1 


It follows that | f(z,,)| + 00 for pt > oo. 
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The following is an important consequence: 


6.3 Theorem. A domain G is holomorphically convex if and only if for 
any infinite set D that is discrete in G there exists afunction f holomorphic 
in G such that |f| is unbounded on D. 


Proor: (1)Let G be holomorphically convex, D C G infinite and discrete. 
Moreover, let (K,) be a normal exhaustion of G with R, =K,. Then K,nD 
is finite (or empty) for every v € N. We construct a sequence of points z, € D 
by induction. 


Let zı € D — K; be arbitrary, and A(1) € N minimal with the property that 
zı lies in Ky(1)41. Now suppose the points Z),...,Z,—-1 and the numbers 
A(1), --.,AGe — Lhave been constructed such that 


z E€ Kims -Kio fory =1,...,H- 1. 


Then we choose z, € D — Ky(,-1)+1 and A(p) minimal with the property 
that z, lies in Ay(,,)41. By the theorem above there is a holomorphic function 
f in G such that | f(z,.)| > oo for u > oo. Therefore, | f| is unbounded on D. 


(2) Now suppose that the criterion is satisfied, and K CC G. Then E cG, 
and we have to show that K is compact. Let (z,) be any sequence of points 
in K. Then 


sup{|f(zv)| : v € N} < sup| f] < co, for every f € O(G) 


Therefore, {z, : v € N} cannot be discrete in G. Thus the sequence (zp) 


has a cluster point zg in G. Since R is closed, Z belongs to K. So G is 
holomorphically convex. 7 


Sequences. For a domain G C C” we wish to construct a sequence that 
accumulates at every point of its boundary. 


6.4 Theorem. Let (K,) be a normal exhaustion of G. Then there exists 
a strictly monotonic increasing sequence (u) of natural numbers and a se- 
quence (Z,,) of points in G such that: 


1. Za E€ Kyyti — Kaiu) for every p. 

2. If zo is a boundary point of G and U =U (Zo) an open connected neigh- 
borhood, then every connected component of UM G contains infinitely 
many points of the sequence (z,). 


PRrooF: This is a purely topological result, since we make no assumption 
about G. The proof is carried out in several steps. 
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(1)Let B = {B, :v e N} be the countable system of balls with rational 
center and rational radius meeting 0G. Every intersection B, NG has at most 
countably many connected components. Thus we obtain a countable family 


C ={C, : 3v € N such that C, is a connected component of B, € B}. 


(2) By induction, the sequences A(#) and (z,,) are constructed. Let zı be 
arbitrary in Cı — Kı. Then there is a unique number A(1) such that z, € 
Kyat — Ay): 


Now suppose z,...,Z,—1 have been constructed such that 
Zj & C3 N(By (5) 44 — Kag) for j =1,...,u — 1. 


We choose z, € Cu — Kațu-1)+1 and A(z) as usual. That is possible, since 
there is a point w € By, NOC, OG if C, is a connected component of 
Buiu VG. Then C” — Ky(,~1)41 is an open neighborhood of w and contains 
points of C, 


(3) Now we show that property (2) of the theorem is satisfied. Let zy be a 
point of OG, U =U (zg) an open connected neighborhood, and Q a connected 
component of U N G. We assume that only finitely many z, lie in Q,say 
Z1,..+;Zm-. Then 


U*:=U — {Z1,--+sZm} and Q* := Q —{z,. 1+ 3Zm} 


are open connected sets that contain no z,. Obviously, Q* is a connected 
component of GNU*. 


There is a point wo in U* N 0Q*N 0G, and a ball B, C U* with wo € B,. 

Then B, NG CU* NG. Moreover, B, N G must contain a point w, € Q*. 
The connected component C* of w, in B, NG is a subset of the connected 
component of w; in U* N G. But C* is an element C, of C. By construction 
it contains the point z,,. That is a contradiction. Infinitely many members 
of the sequence belong to Q. : 


6.5 Theorem. Jf G is holomorphically convex, then it is a domain d holo- 
morphy. 


PROOF: Let (K,) be a normal exhaustion of G with R, = K, and choose 
sequences À(u) € N and (z,) in G such that z, € By(,)41 — Kagu) We may 
assume that for every point zo € OG, every open connected neighborhood 
U =U (zo), and every connected component Q of U N G there are infinitely 
many z, in Q. 

Now let f be holomorphic in G and unbounded on D :={z, : p € N}. It is 


clear that f is completely singular at every point zg € ðG. m 
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Remark. It is not necessary that a completely singular holomorphic func- 
tion is unbounded. In 1978, D. Catlin showed in his dissertation that if 
G cc C” is a holomorphically convex domain with smooth boundary, then 
there exists a function holomorphic in G and smooth in a neighborhood of G 
that is completely singular at every point of the boundary of G. 


Exercises 


1. A domain G CC C” is holomorphically convex if and only if for every 
z € OG there is a neighborhood U(z) such that U N G is a domain of 
holomorphy. 

2. Let G; C C” and Gz C C™ be domains of holomorphy. Iff : Gi + C™ is 
a holomorphic mapping, then f~'(G2) N G1 is a domain of holomorphy. 

3. Find a bounded holomorphic function on the unit disk D that is singular 
at every boundary point. 


7. Examples and Applications 


Domains of Holomorphy 


7.1 Proposition. Every domain in the complex plane C is a domain of 
holomorphy. 


PROOF: We have already shown that every domain in C is holomorphically 
convex. Therefore, such a domain is also a domain of holomorphy. 7 


7.2 Theorem. Thefollowing statements about domains G € C” are equiv- 
alent: 


1. G is a weak domain of holomorphy. 

2. G is holomorphically convex. 

3. For every infinite discrete subset D C G there exists a holomorphic func- 
tion f inG such that |f| is unbounded on D. 

4, G is a domain of holomorphy. 


The equivalences have all been proved in the preceding paragraphs. Fur- 
thermore, we know that every domain of holomorphy is pseudoconvex. Still 
missing here is the proof of the Levi problem: Every pseudoconvex domain 
is holomorphically convex. We say more about this in Chapter V. 


Every affine convex open subset of C” is a domain of holomorphy. The n-fold 
Cartesian product of plane domains is a further example. 


7.3 Proposition. If Gj,...,;Gn C C are arbitrary domains, then G := 
G1 x -+---X Gn is a domain d holomorphy. 
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PRooF: Let D = {z, =(z},..-,z#) : u © N} be an infinite discrete subset 
of G. Then there is an i such that (z/') has no cluster point in G;, and there 
is a holomorphic function f in G; with lim, +.0| f (2#) | =œ. The function f 
in G, defined by fla,. .+52n) := f(%), is holomorphic in G and unbounded 
on D. m 


Remark. The same proof shows that every Cartesian product of domains 
of holomorphy is again a domain of holomorphy. 


Complete Reinhardt Domains. Let G C C” be a complete Rein- 
hardt domain (see Section 1.1). We will give criteria for G to be a domain of 
holomorphy. For that purpose we define a map log from the absolute value 
space ¥ to R” by 


log(ri, te Tn) = (logri, nee , log Tn). 


Definition. A Reinhardt domain G is called logarithmically convex if 
logr(G N (C*)”) is an affine convex domain in R”. 


Remark. Forz =(21,...;2n) € Gwe have log7(z) = (log|zy|, ... ,log|zn|). 
If z € (C*)”, then |z;| > 0 for each i, and log 7(z) is in fact an element of R”. 


7.4 Proposition. The domain o convergence of a power series S(z) = 
dov>o QZ” is logarithmically convex. 


PROOF: Let G be the domain of convergence of S(z), and M :=logr(Gn 
(C*)") c R”. We consider two points x,y € M and points z,w € GN (C*)" 
with log 7(z) =x and log r(w) =y. If A > 1is small enough, Az and Xw still 
belong to GN (C*)”. Since S(z) is convergent in Az, Xw, there is a constant 
C >0 such that 


la| API LZ <C and |a|. A”! .|w”| <C, for every v € NE 


Thus 
lay} API |z |w} < C, for every v and 0< t< 1. 


It follows from Abel’s lemma that S(z) is convergent in a neighborhood of 
Ze i= (lz lwl, slnl lwnt). 


This means that z; € G and tx + (1- t)y =logr(z) €E M, forO < ft < 1. 
Therefore, M is convex. m 
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7.5 Proposition. Let G be a complete Reinhardt domain. If G is logarith- 
mically convex, then it is holomorphically convex. 


PROOF: Let K be a relatively compact subset of G. Since G is a complete 
Reinhardt domain and K a compact subset of G, there are points 21, ...,2, € 
Gn(C*)” such that 


k 
K CG := U P”(0,q:) CG, where q; :=7(z;). 
i=1 


We consider the set # = {m(z) =z" : v € NG} of monomials, which is a 
subset of O(G). For z € P”(0,qi) and m € A we have 

|m(z)| =|2"| < ay =|m(qi)]. 
Let Z := {21,-..,Z,}. Then for z € K it follows that 


|m(z)| < sup|m| < sup|m| < sup|m|, for every m € A. 
K G' Z 


Suppose that K is not relatively compact in G. Then K has a cluster point 
zo in OG, and it follows that |m(zo)| < sup,z|m|, for every m € A. 


Let h(z) := logr(z), for z € (C*)”. Since G is logarithmically convex, the 
domain Go := A(G N (C*)”) C R” is affine convex. For the time being we 
assume that zg € (C*)”. Then Xo := k(zo) € OGo, and there is a real linear 
function A(x) = a,x, +...+ta@,2, such that A(x) < A(X) for x € Go. 


Let x = logr(z) be a point of Go, and u € R?” with uj < z; forj =1,...,n. 
Then e“” < e*) = lz, and therefore (since G is a complete Reinhardt do- 
main) w =(e“!,...,e"") E€ GN(@*)" and u € Gp. In particular, 


A(x) — na; = (x —ne;) < A(x), for every n EN. 
Therefore, a; > 0 forj =1,...,n. 


Now we choose rational numbers r; >a, and define X(x) = r£ t: +T ntn. 
If we choose the r, sufficiently close to aj, the inequality (qu) < (Xo) 
holds for i = 1,...,k, and it still holds after multiplying by the common 
denominator of the r;. Therefore, we may assume that the r; are natural 
numbers, and we can define a special monomial mo by mo(zZ) := 24) ...27". 
Then ~ ~ 
|rmo (zs) = MG) < eò) — |mo(Zo)|, for i =1,...,k. 

So |mo(zo)| > supz|molļ, and this is a contradiction. 


E zo ¢ (C*)”, then after a permutation of the coordinates we may assume 


that z -z £0 and 20} = .-.= z@ = 0. We can project on the space 
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C? and work with monomials in the variables z1, ..., z1- Then the proof goes 
through as above. m 


Now we get the following result: 


7.6 Theorem, Let G C C” be a complete Reinhardt domain. Then the 
following statements are equivalent: 


i. G is the domain of convergence of a power series. 
2. G is logarithmically convex. 

3. G is holomorphically convex. 

4. G is a domain of holomorphy. 


PROOF: We have only to show that if G is a complete Reinhardt domain 
and a domain of holomorphy, then it is the domain of convergence of a power 
series. By hypothesis, there is a function f that is holomorphic in G and 
completely singular at every boundary point. In Section 1.5 we proved that 
for every holomorphic function in a proper Reinhardt domain there is a power 
series S(z) that converges in G to f. By the identity theorem it does not 
converge on any domain strictly larger than G. m 


Analytic Polyhedra. Let G C C” be a domain 


Definition. Let U C G, Vi,...,Vk C C open subsets, and fi,. .., fk 
holomorphic functions in G. The set 


P :={z€ U : filz) E€ V, fori = 1,...,k} 


is called an analytic polyhedron in G if P CC U. 


If, in addition, Vi =... =V; =D, then one speaks of a special analytic 
polyhedron in G. 


Remark. An analytic polyhedron P need not be connected. The set U 
in the definition ensures that each union of connected components of P is 
also an analytic polyhedron if it has a positive distance from every other 
connected component of P. 


7.7 Theorem. Every connected analytic polyhedron P in G is a domain of 
holomorphy. 


PROOF: We have only to show that P is a weak domain of holomorphy. 
If Zo € OP, then there is an i such that f;(zo) € Vi. Therefore, f(z) := 
(fi(z) — fi(zo))~+ is holomorphic in P and completely singular at Zo. n 
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Example 


Let q < 1be a positive real number, and 
P z= {z = (23,22) E Œ : |a| < 1,|22| < Land |21- z2) < q}. 


Then P (see Figure 11.7)is clearly an analytic polyhedron, but neither affine 


[zıl 


Figure 11.7. An analytic polyhedron 


convex nor a Cartesian product of domains. So the analytic polyhedra enrich 
our stock of examples of domains of holomorphy. 


We will show that every domain of holomorphy is "almost" an analytic poly- 
hedron. 


7.8 Theorem. If G C C” is a domain of holomorphy, then there exists 
a sequence (P,) of special analytic polyhedra in G with P, CC Pp+ı and 
Ur P =G. 


PROOF: Let (K,) be a normal exhaustion of G with By = Kp. If z€ 
O8K,41 is an arbitrary point, then z does not lie in K, C (Kv41)°, and 
therefore not in B.. Hence there exists a function f holomorphic in G for 
which q :=supg, |f] < |f(z)|. By multiplication by a suitable constant we 
obtain q < 1 < |f(z)|, and then there is an entire neighborhood U = U (z) 
such that |f| > lon U. 


Since the boundary 04,41 is compact, we can find finitely many open neigh- 
borhoods Up; of Znj E€ @Kv41,j = 1,..,k,, and corresponding functions 
fuj holomorphic in G such that |f.,;| > lon Unj, and 0K 41 C Ura Unj. 
We define 


P, := {2 € (Kv4i)° : |fog(2)| < lforj =1,.. ku} 


Clearly, K, C P, C (K,41)°. Furthermore, M :=Ky41 — (Una U... UUn, k) 
is a compact set with P, C M C (Kv+1)°. Consequently, P, CC Ky+1. Thus 
P, is a special analytic polyhedron in G. It follows trivially that the sequence 
(P.) exhausts the domain G. m 
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In the theory of Stein manifolds one proves the converse of this theorem. 


Exercises 


1. If R is a domain in the real number space R”, then 
Tr = R +} iR” := {z € C” : (Re(z), ...,Re(zn)) € R} 


is called the tube domain associated with R. Prove that the following 

properties are equivalent: 

(a) R is convex, 

(b) Tp is (affine) convex. 

(c) Tr is holomorphically convex. 

(d) Tr is pseudoconvex. 

Hint: To show (d) = > (a) choose xo, yo € R. Then the function (Ç) := 

— In 67, (Xo +¢(y¥o — Xo) ) is subharmonic in D. Since ôr, (x+iy) = ôrR(x), 

one concludes that £ ++ —Indp(xo +t(yo — xo)) assumes its maximum 

att=00ortłt=1. 

2. Let G C C” be a domain. A domain Ĝ C C” is called the envelope of 
holomorphy of G if every holomorphic function f in G has a holomorphic 
extension to G. Prove: 

(a) If R c R” is a domain and A(R) its affine convex hull, then G := 
H(R) +iR” is the envelope of holomorphy of the tube domain G = 
R+iR”. pi 

(b) If G c C” is a Reinhardt domain and G the smallest logarithmi- 
cally convex complete Reinhardt domain containing G, then G is the 
envelope of holomorphy of G. Hint: Use the convex hull of log 7(G). 

3. Construct the envelope of holomorphy of the domain 


Gq = P*(0, (1, q)) UP?(G, (q, 1)). 


4, A domain G C C” is called a Runge domain if for every holomorphic 
function f in G there is a sequence (p,) of polynomials converging com- 
pactly in Gto f. 


Prove that the Cartesian product of n simply connected subdomains of 
C is a Runge domain in C”. 

5. A domain G C C” is called polynomially convex if it is convex with 
respect to the family of all polynomials (cf. Exercise 5.5). Prove that 
every polynomially convex domain is a holomorphically convex Runge 
domain. 


8. Riemann Domains over C” 
Riemann Domains. It turns out that for general domains in C” the 


envelope of holomorphy (cf. Exercise 7.2) cannot exist in C”. Therefore, we 
have to consider domains covering C”. 
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Definition. A (Rzemann) domain over C” is a pair (G,7) with the 
following properties: 
1. G is a connected Hausdorff space.* 
2.  :G— C” is a local homeomorphism (that is, for each point z € G 
and its "base point" z :=7(x) € C” there exist open neighborhoods 
U = U(x) C X and V = V(z) C C” such that r : U > Visa 
homeomorphism). 


Remarks 


1. Let (G,r) be a Riemann domain. Then G is pathwise connected, and 
the map r :G — C” is continuous and open. The latter means that the 
images of open sets are again open. 

2. E (G,, ry) are domains over C” for v =1,..,!, and x, € G, are points 
over the same base point zo, then there are open neighborhoods U, = 
U,(z,) C G, and a connected open neighborhood V = V (zo) C C” such 
that mlu, :U, > V is a homeomorphism for v = 1,...,!. 


Examples 


1. If G is a domain in C”, then (G,idg) is a Riemann domain. 
2. The Riemann surface of vz (without the branch point) is the set 


G :={(z,w) E C* x C :w? = z}. 


f G is provided with the topology induced from C* x C, then it is a 
Hausdorff space. The mapping y :C* — G defined by ¢ > (¢?,C) is 
continuous and bijective. Therefore, G is connected. The mapping ¢ is 
called a uniformization of G. 


Now let x :G-—> C be defined by 7(z,w) :=z. Clearly, x is continuous. If 
(z0, Wo) € G is an arbitrary point, then zo £ 0, and we can find a simply 
connected neighborhood V(zo) C @*. Then there exists a holomorphic 
function f in V with f?(z) = z and f(zo) = wo. We denote f(z) by vZ. 
The image W :=f(V) is open, and the set x~'(V) can be written as the 
union of two disjoint open sets 


Us = {(z,4f(2)) 126 V J= (V x (EW) NG. 


Let f(z) := (z, f(z)). Then f :V > G is continuous, and o f(z) = z. 
The open set U :=U, is a neighborhood of (zo, wo), with f(V) =U and 
a(z,w) = (z,w)on U; that is, rly :U — V is topological. Hence 

(G,r) is a Riemann domain over C. 
4A general topological space X is said to be connected if it is not the union of 
two disjoint nonempty open sets. A space X is called pathwise connected if each 


two points of X can be joined by a continuous path in X. For open sets in C” 
these two notions are equivalent, 
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The space G can be visualized in the following manner: We cover C with 
two additional copies of C, cut both these “sheets” along the positive 
real axis, and paste them crosswise to one another (this is not possible 
in R? without self intersection, but in higher dimensions, it is). This is 
illustrated in Figure 11.8. 


Figure 11.8. The Riemann surface of \/z 


8.1 Proposition (on the uniqueness of lifting). Let (G,x) be a domain 
over C” and Y a connected topological space. Let yo € Y be a point and 
¥1,82 : Y > G continuous mappings with yı (yo) = ve(yo) and nowy = 
T Opoa. Theni = 2. 


PROOF: Let M := {y € Y : yaly) = ve(y)}. By assumption, yo E€ M, 
so M # Ø. Since G is a Hausdorff space, it follows immediately that M is 
closed. Now let y € Y be chosen arbitrarily, and set x := y (y) =e2(y) and 
Z := n(x}. There are open neighborhoods U = U(x) C Gand V =V(z) C 
C” such that x : U — V is topological, and there is an open neigborhood 
W =W (y) with ya(W) c U for \ =1,2. Then 


dilw =(rlu) or opilw = (rju) or o plw = ylw, 


and therefore W C M. Hence M is open, and since Y is connected, it follows 


that M =Y. m 


Definition. Let zg € C” be fixed. A (Riemann) domain over C” with 
distinguished point is a triple G = (G,z, zo) for which: 

1. (G,7) is a domain over C”. 

2. zo is a point of G with n (£o) :=Zo0. 
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Definition. Let G; = (G;,7;,2;) be domains over C” with distin- 

guished point. We say that G1 is contained in Gz (denoted by Gi < Go ) 

if there is a continuous map y : Gi —> Ga with the following properties: 
1. n20 = ™ (called “p preserves fibers”). 


2. p(x1) = T2. 


8.2 Proposition. If G, < G2, then the fiber preserving map yp: G1 —> G2 
with p(x1) = £2 is uniquely determined. 


This follows immediately from the uniqueness of lifting. 


8.3 Proposition. The relation “<” is a weak ordering; that i8: 


1.G <G. 
2. Gi < Go and G2 < G3 => Gi x 93- 


The proof is trivial. 


Definition. Two domains G1, Gz over C” with fundamental point are 
called isomorphic or equivalent (symbolically Gi S Go) if Gi < Go and 


G2 < Gy. 


8.4 Proposition. Two domains Gj = (G;, Tjj), j = 1,2, are isomorphic 
if and only if there exists a topological 5fiber preserving map p : Gi > G2 
with (z1) = z2- 


PRooF: If we have fiber preserving mappings p1 : G1 > G2 and g2 : G2-> 
Gy, with g1 (21) = z2 and p2(£2) = 21, it follows easily from the uniqueness 
of fiber preserving maps that y2 o pı = idg, and p1 © p2 = idg,. The other 
direction of the proof is trivial. m 


Definition. A domain G = (G, 7, xo) with (x0) = Zo is called schlicht 
if it is isomorphic to a domain Go = (Go, idg,: Zo) with Go C C”. 


8.5 Proposition. Let G; = (Gj, ida; £j), j = 1,2, be two schlicht domains 
with G1, G2 C C”. Then Gy < G2 if and only if Gi C Ge. 


Example 


5 Recall that a “topological map” is a homeomorphism! 
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Let Gi := {(z,w) € C? : w? = z and z # 0} and m(z,w) := z. Then 
Gı = (G1, 71, (1,1)) is the Riemann surface of \/z, with distinguished point 
(1,1). The domain G, is contained in the schlicht domain Gz = (C, idc, 1), by 
p(z,w) := z. But the two domains are not isomorphic. 


Union of Riemann Domains. We begin with the definition of the 
union of two Riemann domains. Let G; = (Gj, nj, £4), J = 1,2, be two Rie- 
mann domains over C” with distinguished point, and zo := 1(x1) = T2(z£2). 
We want to glue G1, Gz in such a way that x; and zz will also be glued. 


To get a rough idea of the construction, assume that we already have a 
Riemann domain G = (G,7, xo) that is in some sense the union of G, and 
Gz. Then there should exist continuous fiber preserving maps Yı : Gi > G 
with gı (z1) = Xo, and po: Ge — G with (p2(z2) i= To. Ifa: [0, 1] => Gi 
and 8 : [0,1] > G2 are two continuous paths with a(0) = z1, 8(0) = £2 and 
Tı Oa = 720%, then y, := y1 0 Q and y2 := p2 0 8 are continuous paths in G 
with Toy, = 707 and y1(0) = y2(0) = zo. Due to the uniqueness of lifting, 
it follows that +, = y2. This means that a(t) and (t) have to be glued for 
every t € [0,1]. Unfortunately, this is an ambiguous rule. For example, we 
could say that z € Gi and y € Gz have to be glued if mı (£) = mo(y). Then 
the desired property is fulfilled, but it may be that there are no paths a from 
zı to x and 8 from xg to y with m1 oa = T3 08. 


Therefore, we proceed in the following way: Start with the disjoint union 


Gy Ù G2, and take the “finest” equivalence relation ~ on this set with the 
following property: 


1. T1 ~ T2. 
2. If there are continuous paths a: [0,1] ~ Gi and £ : [0,1] > Ge with 
a(0) = z1, B(0) = z2, and 7m, oa = 720, then a(1) ~ 8(1). 


One can equip G := (G1 UG2)/ ~ with the structure of a Riemann domain. 
This will now be carried out in a more general context. 


Let X bean arbitrary set. An equivalence relation on X is given by a partition 
HX ={X, : ve N} of X into subsets with: 

1. Uren Xv =X. 

2. X, NX, = S forv Fp. 


The sets X, are the equivalence classes. 


Now let a family (.%),er of equivalence relations on X be given with Z, = 


{Xp : v € N,} for ı € I. We set N:=[],., N., and 


X, := N Xi for v := (v,).er E N. 


eel 
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Then Z ={X, : v € N} is again an equivalence relation (simple exercise), 
and it is finer than any 27. This means that for every 4 € I and every v € N, 
there isa v, € N, with X, C Xpo 


We apply this to the disjoint union X = User G), for a given family (Ga )aeL 
of Riemann domains G) = (Ga, ma, zà) over C” with distinguished point. An 
equivalence relation on X is said to have property (P) if the following hold: 


1.  ~ Xp, for à g E L. 
2, Ifa: [0,1] > Ga and £ : [0,1] > Gp are continuous paths with a(0) ~ 
G(0) and r,oa@=7,0 Ê, then a(l) ~ B(1). 


We consider the family of all equivalence relations on X with property (P). 
It is not empty, as seen above in the case of two domains. Therefore we can 
construct an equivalence relation (as above) that is finer than any equivalence 
relation with property (P). We denote it by ~p . It is clear that ma (z) = 7(y) 
if z € Gy, y € Go, and z ~p y. The relation ~p also has property (P), and 
the elements of an equivalence class X, all lie over the same point z = z( X»). 
We define G := X/ ~p and 7(X,) := z(Xv). The equivalence class of all x 
will be denoted by . 


8.6 Lemma. Let y € Gy and x € G, be given with Tolz) = maly) =: z. If 
we choose open neighborhoods U = U (y) C Ga, V = V(x) C Go, and an open 
connected neighborhood W = W (z) such that 1, : U > W and To : V>W 
are topological mappings, then for p := (Toly) t om, :U —>V the following 
hold: 


1. ply) =z. 
2. Ife ~p y, then ply’) ~p y' for every y EU. 


Proor: The first statement is trivial. Now let œ : [0,1] + W be a con- 
tinuous path with a(0) = z and a(1) = m(y’) for some y’ € U. Then 
B= (malu)! oa and y := yo ĝ are continuous paths in U and V with 
B(0) = y ~p z = ply) = y(0) and 7, 0B = Too pop = ToN. Therefore, 
y = B0) ~p (1) = ply’). 7 


8.7 Theorem. There is a topology on G such that 
G := (G, %, Z) 


is a Riemann domain over C” with distinguished point T, and all maps pax : 
G) > G with 
palz) := equivalence class of x 


are continuous and fiber preserving. 
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PROOF: (1) Sets of the form y)(M) for M open in G) together with G 


constitute a base of a topology for G. To see this it remains to show that the 
intersection of two such sets is again of this form. 


Let M C Ga and N C G, be open subsets. Then 
er(M)M P(N) = velN N p7 (ya(A2)))- 


But p3 (vr(M)) is open in Gp. In fact, let x € p3 (va(M)) be given, and 
y € M be chosen such that paly) = polz) (and therefore y ~p x). Let z := 
nly) = (x). Then there exist open neighborhoods U = U(y) and V = V(x) 
and an open connected neighborhood W = W (z) such that ma : U — W and 
To : V — W are topological mappings. Let y := (molv) tom :U > V. By 
the lemma, y(y) = z and p(y’) ~p y’ for every y’ E€ U. 


So V’ := p( MNU) is a neighborhood of x in Gp, and since yo(y(y')) = paly’) 
for every y' € U, it follows that V’ C yp! (~a(M)). 


Consequently, every p is a continuous map. 


(2) Remark: Since every y € G is an equivalence class p(z), we have 


M= U y(e,'(M)) for any subset M C G. 
AGEL 


(3) 7 :G — C” is continuous: Let V C C” be an arbitrary open set, and 
M := #-*(V). Then yy'(M) = my (V) is open in G), and therefore M = 


User palp (M)) is open in G. 


(4) G is a Hausdorff space: Let y1, y2 € G with yı Æ yo, and zı := 7(y1), 
z2 := T (Yo). 


There are two cases. If z, Æ Z2, then there are open neighborhoods Vı(z1) 
and V2(z2) with Vi N V2 = Ø. Then 7 1(V,) and 7%! (V2) are disjoint open 
neighborhoods of yı and y2. If zı = Z2, then we choose elements x; € G), 
rq € Gy with p\(z1) = Yı and y,(r2) = ye, and since x; and x2 are not 
equivalent, the above lemma implies that there are disjoint neigborhoods of 
yı and yo. 


(5) G is connected: Let y = pa (x) be an arbitrary point of G. Then there is 
a continuous path a : [0,1] > Ga that connects the distinguished point x) 
to x. Then y, oa connects Z to y. 


(6) 7 is locally topological: Let y = ya(x) be a point of G, and z = Ty) = 
n(x). Then there exist open neighborhoods U = U(x) C Ga and W = 
W(z) C C” such that mà : U —> W is a topological mapping. U:= alU) 
is an open neighborhood of y, with #(U) = ma(U) = W. In addition, ila is 
injective, since 7 o pa = ma and m,|y is injective. 
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(7) Clearly, the maps pa :G), > G are fiber preserving, and it was already 
shown that they are continuous. 7 
Now G has the following properties: 

1. Gy x G, for every X € L. 7 

2. If G* is a domain over C” with Ga < G* for every 4, then G < G* 
PROOF: (ofthe second statement) 
If G* is given, then there exist fiber preserving mappings pä :Ga > G*. We 
introduce a new equivalence relation wv on the disjoint union X of the Gy by 


ana :=> zE G, T EG and (z) =95(2’). 


It follows from the uniqueness of lifting that ~ has the property (P).Now we 
define a map y :G > G* by 


plpalz)) = 93 (2). 


Since ~p is the finest equivalence relation with property (P), is well defined. 
Also it is clear that y is continuous and fiber preserving. E 


Therefore G is the smallest Riemann domain over C” that contains all do- 
mains G). 


Definition. The domain ĝ constructed as above is called the union of 
the domains Gx, and we write G = ez Da- 


Special cases: 


1. From G1 < G and G2 < G it follows that G1 U G2 < G. 
. From G1 ~ Gz it follows that G1 U G2 = Go. 

GUG 2G. 

. G1 U G2 = G2 U G1. 

. Gi U (G2 U G3) S (G1 U G2) U G3. 


cm w N 


Example 


Let Gı = (G1, 71, £1) be the Riemann surface of y/z with distinguished point 
zı = (1,1) and Gz = (G2, id, £2) the schlicht domain 
1 


Gz ={2€C 05 


<|z| <2) 
with distinguished point ze = 1. 


Then G1 U G2 = (G, %, Zo), where G= (Gi Ù G2)/ ~P. 


Let y € zi (G2) C Gı. Then we can connect y to the point xı by a path 
a in nj (G2), and 7(y) to z2 by the path 7 o a in G2. But T1 ~P 22, so 
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y ~p ™(y) as well. This shows that over each point of Gz there is exactly 
one equivalence class. 


Now let z € C — {0} be arbitrary. The line through z and 0 in C contains a 
segment a : [0,1] > @* that connects z to a point z* € G2. There are two 
paths &1,@2 in G1 with m 0a, = mı 02 =a. Since ai{1) ~p @2(1), it 
follows that a1(0) ~p a2(0). 


Then it follows that G1 U G2 =(C — {0}, id, 1). 


Exercises 


1. For t = (t),...,tn) E Y define $, : C” > C” by 
Pill, e, Zn) = (e z,. 0 zn). 


A Riemann domain G = (G,7,20) is called a Reinhardt domain over 

C” if x(ao) = O and for every t € Y — (C*)” there is an isomorphism 

pt :G 9G with m o pt = 2, or. Prove: 

(a) F G c C” is a proper Reinhardt domain, then G = (G,id,0) is a 
Reinhardt domain over C”. 

(b) Let G1, G2 C C? be defined by 


1 1 
G, := P?(0,1) - flew) : [z] = 2 and |w| < a 
1 
Go c= faw) € P?(0,1) : Jw] < x}: 


Gluing G, and G2 along {(z,w) : 4 < |z| < Land |w] < 3} one 
obtains a Riemann domain over C? that is a Reinhardt domain over 


C?, but not schlicht. Show that this domain can be obtained as the 
union of Gi = (Gia, (3, 1)) and Gz = (Ga, id, G3, 1)). 

2. Let J = {0,1,2,3,...} C No be a finite or infinite sequence of natural 
numbers and P; = P"(z,,ri), it € J, a sequence of polydisks in C”. 
Assume that for every pair (i,7) € J x J an "incidence number" €i; € 
{0,1} is given such that the following hold: 

(a) Cig =Eji and ey = l. 

(b) aj =0 if BOP; =. 

(c) For every i >Q in J there isa j < i with c; = 1. 
(d) FRAP OP, Ø and ej; = 1,then Eik =E;x. 


Points z € P; and w € Pj are called equivalent (z ~ w) if z = w and 


€i4j = 1. Prove that G :=(] P;/ ~ carries in a natural way the structure 
of a Riemann domain over C”. 


Let z :G — C” be the canonical projection and suppose that there is a 
point Zo € (|e; Pi. Is there a point x9 € G such that (G,z, x9) can be 
written as the union of the Riemann domains (P;,id,zo)? 
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9. The Envelope of Holomorphy 
Holomorphy on Riemann Domains 


Definition. Let (G,7) be a domain over C”. A function f : G > C 
is called holomorphic at a point x € G if there are open neighborhoods 
U = U(x) C Gand V = V(a(x)) C C” such that aly :U > V is 
topological and f o(m|y)~' : V — C is holomorphic. The function f is 
called holomorphic on G if f is holomorphic at every point x € G. 


Remark. A holomorphic function is always continuous. For schlicht do- 
mains in @" the new notion of holomorphy agrees with the old one. 


Definition. Let G; =(Gj,7;,7;),j =1,2, be domains over C” with 
distinguished point, and G1 < G2 by virtue of a continuous mapping 
y :G, > Go. For every function f on G2 we define fle, := f °¥. 


9.1 Proposition. Iff :G2— C is holomorphic and Gi < Go, then fla, is 
holomorphic on Gi. 


PRoor: Trivial, since ¢ is a local homeomorphism with 72 op =71. = 


Definition. 

1. Let (G,r) be a domain over C” and x € G a point. If f is a holo- 
morphic function defined near x, then the pair (f, £) is called a local 
holomorphic function at x. 

2. Let (Gi, T1), (G2, 72) be domains over C”, and z1 € G1, £2 € G2 
points with 7 (21) = 72(x2) =: z. Two local holomorphic functions 
(f1,21), (f2, £2) are called equivalent if there exist open neighbor- 
hoods U;(%,) C G1, U2(£z2) C G2, V(z), and topological mappings 
mı :U, > V,m2 :U2 > V with fi o (mlu,)7! = feo (malu.)~ 

3. The equivalence class of a local holomorphic function (f, x ) is denoted 
by fz- 


Remark. If (fije, = (f2)x2, then clearly, fi(v1) = fo(r2). In particular, 
if Gi =Go, mi =72, and zı = £9, then it follows that fı and f2 coincide in 
an open neighborhood of xı = x2. 
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9.2 Proposition. Let (G1, mı), (G2, n2) be domains over C”, ay :[0,1] > 
G) continuous paths with rioœ = 72°. Additionally, let fy be holomorphic 
on Gy, for —1,2. If (fidor() = (f2)a2(0), then also (fiaa) — (fa)eo(1): 


PROOF: Let M :={/t€ [0,1] : (fide) = (fz2)aat)}- Then M # Ø, since 
0 € M. It is easy to see that M is open and closed in [0,1], because of the 
identity theorem for holomorphic functions. So M = [0,1]. = 


9.3 Proposition. Let G; =(G;,T;, £j), j} =1,2, be domains over C” with 
distinguished point, and G, < Go. Then for every holomorphic function f on 
G: there is at most one holomorphic function F on Go with Flag, =f, ie., 
a possible holomorphic extension off is uniquely determined. 


PROOF: Let F, Fz be holomorphic extensions of f to Gz. We choose neigh- 
borhoods U(x) C Gy such that the given fiber-preserving map y :G, + Go 
maps U, topologically onto Uz. We have F; o ylu, = flu,, forj =1,2, and 
therefore Filu, = Fb|u,-. It follows that (F\)z, = (F2)z,. Since each point of 
Gz can be joined to z2, the equality Fı = F> follows. m 


Envelopes of Holomorphy 


Definition. LetG = (G,r, zo) be a domain over C” with distinguished 
point and ¥ a nonempty set of holomorphic functions on G. 


Let (Ga)aez be the system of all domains over C” with the following 
properties: 
1. G < Gx for every A E L. 
2. For every f € F and every \ € L there is a holomorphic function 
Fy on G, with Fila =f. 
Then Hz(G) := Uye, Ga is called the 9-hull of G. 


E.Z = O(G) is the set of all holomorphic functions on G, then H(G) := 
Hee) (G) is called the envelope o& holomorphy of G. If F = {f} for 
some holomorphic function f on G, then H7(G) := H; p} (G) is called the 
domain of existence of the function f. 


9.4 Theorem. LetG =(G,r, xo) be a domain over C”, F a nonempty set 
of holomorphic functions on G, and Hg(G) =(G,7,%o) the 9-hull. Then 
the following hold: 


1.G < Hz(G). 
2. For each function f € F there exists exactly one holomorphic function 
F onG with Fla =f. 
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3. IfG: =(G1, 71, £1) is a domain over C” such thatG < G, and every func- 
tion f € FZ can be holomorphically extended to Gi, then Gi < Hz(G). 


Proof: H#(Q) is the union of all Riemann domains Ga = (Gy, mA, £A) to 
which each function f € F can be extended. We have fiber-preserving maps 
ga :G— Gy and Aa :Ga > G. 


Let ~p be the finest equivalence relation on X :=U,ezr Ga with property 


(P). Then Ĝ is the set of equivalence classes in X relative to ~p. We define 
a new equivalence relation ~ on X by 


xxr res TEG, a €G, malz) =7,(2’), and for each f € F 


and its holomorphic extensions Fi, F2 on Ga, respectively G,, 


we have (Fy)e = (Fo). 


Then w has property (P): 


(i)For any À we can find open neighborhoods U = U (zo), V = V (z), and 
W =W (r(zo)) such that all mappings in the following commutative dia- 


gram are homeomorphisms: 
Pr 


NY 
Ww 


Then for f € F and its holomorphic extension F on Ga we have that 
Fy o (maly)! = Fy o px o (alu)! = f o (nlu) is independent of A. 
Therefore, all distinguished points ©) are equivalent. 

(iiJf @ : [0,1] + Gx and 2 :[0,1] > G, are continuous paths with a(0) ~ 6(0) 
and Tà oa =", 0%, then (Fi)oio) = (Fo) aco). It follows that (Paja) = 
(Fo) ac1 as well, and therefore a(1) ~ A(1). 


Since g < Gy and Ga < Hz(Q), it follows that G < Hr(G). Furthermore, the 
fiber preserving map ¢ := Gy o pa does not depend on À. 


Now let a function f € F be given. We construct a holomorphic extension 
F on G as follows: 


IFye G is an arbitrary point, then there is a à € L and a point ya € Gy 
such that y = (ya), and we define 


F(y) := Fy(yy)- 


I y =G,(y,) as well, then yx ~P yo, and therefore ya = Yo as well. It follows 
that Fy (ya) =F (yo), and F is well defined. 


ê For the definition of property (P) see page 92. 
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We have F o Ẹ = Fo) oy, = F ov, = f on G. This shows that F is 
an extension of f, and from the equation F o @, = Fy it follows that F is 
holomorphic (since @) is locally topological). 


The maximality of H.z(G) follows by construction. m 


The 9-hull H(G) is therefore the largest domain into which all functions 
f € F can ke holomorphically extended. 


9.5 Identity theorem. Let G; =(G;,7;,2;), j =1,2, be domains over 
C”, and G = (G, 7, T) the union ofGı and G2. Let f; :G; > C be holomor- 
phic functions and G = (Gr, x) a domain with G < G; forj =1,2 such that 


file = felg. Then there is a holomorphic function f onG with fla, = fj, 
forj =1,2. 


PROOF: Let f := fila = fele, and F := {f}. Since G, ~ Hz(G) and 
G2 < H(G), it follows that G1 U Ga < Hg (G). 

Let fbe a holomorphic extension off to G (where Ha (G) = (G, T, #)), and 
f = fle. Then 


(fle, )le = fle = (fla)le = fle =F- 


Therefore, fle, is a holomorphic extension off to G;. Due to the uniqueness 
of holomorphic extension, fla, = f; forj =1,2. E 


Pseudoconvexity. Let P" C C” be the unit polydisk, (P”,H) a Eu- 
clidean Hartogs figure, and ® : P” — C” an injective holomorphic map- 
ping. Then (@(P”), @(H)) is a generalized Hartogs figure. P = (P", @, 0) and 
H = (H,®,0) are Riemann domains with H ~ P. We regard the pair (P.H) 
as a generalized Hartogs figure. 


9.6 Proposition. Let (G,x) be a domain over C”, (P, H) a generalized 
Hartogs figure, and zo € G a point for which H < G :=(G,7, zo). 


Then every holomorphic function f on G can be extended holomorphically to 
GUP. 


The proposition follows immediately from the identity theorem. 


Definition. A domain (G, r) over C” is called Hartogs convex if the 
fact that (P.H) is a generalized Hartogs figure and xp € G a point with 
H~<G :=(G,r, zo) implies GUP & G. 


A domain G = (G, T, £o) over C” is called a domain of holomorphy if there 
exists a holomorphic function f on G such that its domain of existence 
is equal to G. 
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Remark. If Gc C” is a schlicht domain, then the new definition agrees 
with the old one. 


9.7 Theorem. 


1. if G =(G,x,x9) is a domain over C” and F a nonempty set of holo- 
morphic functions on G, then Hgz(G) is Hartogs convex. 
2. Every domain of holomorphy is Hartogs convex. 


PROOF: Let (P,#) be a generalized Hartogs figure with H < Ha(G). Then 
every function f € ¥ has a holomorphic continuation to Hz(G) UP .There- 
fore, H(G) U P + Hz(G). On the other hand, we also have Hga(G) < 
Hz(G) UP .so Ha(G) uU PS Ha(G). m 


A Riemann domain (G,7) is called holomorphically convex if for every infinite 
discrete subset D C G there exists a holomorphic function f on G that is 
unbounded on D. 


9.8 Theorem (Oka, 1953). If a Riemann domain (Gr) is Hartogs pseu- 
doconuex, it is holomorphically convex (and therefore a domain of holomor- 


phy). 


This is the solution of Levi’s problem for Riemann domains over C”. We 
cannot give the proof here. 


It seems possible to construct the holomorphic hull by adjoining Hartogs 
figures (cf. H. Langmaak, [La60]). It is conceivable that such a construction 
may be realized with the help of a computer, but until now (spring 2002) no 
successful attempt is known. We assume that parallel computer methods are 
necessary. 


Boundary Points. In the literature other notions of pseudoconvexity 
are used. We want to give a rough idea of these methods. 


Definition. Let X be a topological space. A filter (basis) on X isa 
nonempty set R of subsets of X with the following properties: 
1. DER. 
2. The intersection of two elements of R contains again an element of 
the set R. 


Example 


1. If xo is a point of X , then every fundamental system of neighborhoods 
of xo in X is a filter, called a neighborhood filter of £o. 
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2. Let (£n) be a sequence of points of X. If we define Sy := {£n : n > 
N}, then R :={Sy : N € N} is the so-called elementary filter of the 
sequence (£n). A filter is therefore the generalization of a sequence. 


Definition. A point rp € X is called a cluster point of the filter R if 
xo € A, for every A € R. The point zo is called a limit of the filter R if 
every element of a fundamental system of neighborhoods of xo contains 
an element of R. 


For sequences the new notions agree with the old ones. 


If f :X — Y is a continuous map, then the image of any filter on X is a 
filter on Y, the so-called direct image. 


Definition. Let (G, r) be a Riemann domain over C”. An accessible 
boundary point of (G,n)is a filter R on G with the following properties: 
1. R has no cluster point in G. 
2. The direct image 7(R) has a limit zp € C”. 
3. For every connected open neighborhood V = V (zo) C C” there is 
exactly one connected component of 7—1(V) that belongs to R. 
4. For every element U € R there is a neighborhood V = V (Zo) such 
that U is a connected component of 1—!(V). 


Remark. For a Hausdorff space X the following hold: 


1. A filter in X has at most one limit. 
2. If a filter in X has the limit zo, then zo is the only cluster point of this 
filter. 


(fora proof see Bourbaki, [Bou66], § 8.1) 
Therefore, the limit zo in the definition above is uniquely determined. 


There is an equivalent description of accessible boundary points that avoids 
the filter concept. For this consider sequences (x,) of points of G with the 
following properties: 


1. (x,) has nu cluster point in G. 

2. The sequence of the images r(x,) has a limit zo € C”. 

3. For every connected open neighborhood V = V(29) C C” there is an 
ro € N such that for n,m > no the points x and £m can be joined by a 
continuous path @ : [0,1] + G with r o a([0,1) CV. 


Two such sequences (xv), (y,,) are called equivalent if 


1. limpo T(z) =limy +09 T(y,) = Zo. 

2. For every connected open neighborhood V = V (zo) there is an np such 
that for n,m > ro the points x, and ym can be joined by a continuous 
path a :[0,1] > G with n oa((0,1]) c V. 
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An accessible boundary point is an equivalence class of such sequences. 


Let 8G be the set of all accessible boundary points of G. Even if G is schlicht, 
this set may be different from the topological boundary 0G. There may be 
points in OG that are not accessible, and it may be happen that an accessible 
boundary point is the limit of two inequivalent sequences. 


We define G :=GUAG. If ro = [zn] is an accessible boundary point, we define 
a neighborhood of ro in G as follows: Take a connected open set U C G 
such that almost all z,, lie in U and a(U) is contained in a neighborhood 
of zo i= liMp-+o0 7(Ln). Then add all boundary points r = [yn] such that 
almost all yn lie in U and limy.00 7(Yn) is a cluster point of 7(U). With this 
neighborhood definition G becomes a Hausdorff space, and x :G —> C” with 


a(z) if x € G, 


lim w(t) ifx = [£n] € aG, 
TL OO 


is a continuous mapping. - 


Definition. A boundary point r € 8G is called removable if there is 
a connected open neighborhood U = U(r) C G such that (U,7) is a 
schlicht Riemann domain over C” and 8GNU is locally contained in a 
proper analytic subset of U. 


A subset M C OG is called thin if for every ro € M there is an open 
neighborhood U =U (ro) C G and a nowhere identically vanishing holo- 
morphic function f on UNG such that for every r € MOU there exists 
a sequence (zn) in U NG converging to r such that lim, 0 f(%n) =0. 


Example 


Let G C C” be a (schlicht) domain and A C G a nowhere dense analytic 
subset. Then every point of A is a removable boundary point of G” :=G —A. 


The points of the boundary of the hyperball B,(0) C C” are all not removable. 


Let B be a ball in the affine hyperplane H = {(20, ...,2n) €C"™+" : zo =] }, 
and G C C™+! — {0} the cone over B. Then every boundary point of G is 
not removable, since locally the boundary has real dimension 2n + 1.The set 
M :={0} is thin in the boundary, as is seen by choosing f(20, ...,2n) := 20- 


Analytic Disks. Let (G,x) be a Riemann domain over C”. If p :D > G 
is a continuous mapping, žo : D —> C” holomorphic, and (7 o)'(¢) # 0 for 
Ç € D, then S :=¢(D) is called an analytic disk in G. The set bS :=y(0D) 
is called its boundary. 


IR ESR tice taf i NG gti 
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Let I := [0,1] be the unit interval. A family (S;)zer of analytic disks y,(D) 
in G is called continuous if the mapping (z,t) 4 p(z} is continuous. It is 
called distinguished if S, c G forO<t< land bS C GforO<f< 1. 


Definition. The domain G is called pseudoconvex if for every distin- 
guished continuous family (S:)ze7 of analytic disks in G it follows that 
Sı CG. 


The domain G is called pseudoconvex at r € 8G if there is a neighborhood 
U =U(r) C Gand an € >0 such that for every distinguished continuous 
family (S)zez of analytic disks in G with z(S;) C Be(ă(r)) it follows 
that NAU CG forte I. 


As in C” one can show that a Riemann domain is pseudoconvex if and only 
if it is Hartogs pseudoconvex. 


9.9 Theorem (Oka). A Riemann domain (G,1) is pseudoconvex if and 
only if it is pseudoconyex at every point r € 8G. 


9.10 Corollary. If (G,7) is a domain of holomorphy, then G is pseudo- 
convex at every accessible boundary point. 


The converse theorem is Oka’s solution of Levi's problem. 
Finally, we mention the following result: 


9.11 Theorem. Let (G,r) be a Riemann domain over C", and M C 8G 
a thin set of nonremovable boundary points. If G is pseudoconvex at every 
point d 8G — M, then G is pseudoconvex. 


PROOF: See [GrRe56], §3, Satz 4. n 


Exercises 


1, Prove that a Reinhardt domain G over C” must be schlicht if it is a 
domain of holomorphy. 

2. Prove that if (G,x) is a Reinhardt domain, then for every f € O(G) 
there is a power series S(z) at the origin such that f(z) = S(a(x)) for 
xEG. 

3. Prove that the envelope of holomorphy of a Reinhardt domain is again a 
Reinhardt domain. 

4. Prove that the Riemann surface of the function f(z) = log(z) has just 
one boundary point over 0€ C. 

5. Find a schlicht Riemann domain in C? whose envelope of holomorphy is 
not schlicht. 

6. Construct a Riemann domain G = (G, 7, xo) over C? such that for all 
x,y € m~!(x(ao)) and every f € O(G) the equality f(x) = f (y) holds. 
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7. Let (G,) be a Riemann domain and (G,#) its envelope of holomorphy. 
If f is a holomorphic function on G and F its holomorphic extension to 


G, then f(G) = F(G). 
8. Consider 


1 
Go few) 25 <le < lwl < 1} 


tw): i<r<1,t>0and |w 


e! 


Determine the envelope of holomorphy of G. 

9. Let G C C” be a domain and p :G > R a plurisubharmonic function. 
Ff zo is an accessible boundary point of B :={z € G : p(z) <c} CCG, 
then B is pseudoconvex at Zo, in the sense of the last paragraph. 


4 
K 


Chapter IH 


Analytic Sets 


1. The Algebra of Power Series 


The Banach Algebra 8. In this chapter we shall deal more exten- 
sively with power series in C”, Our objective is to find a division algorithm 
for power series that will facilitate our investigation of analytic sets. 


We denote by C[z] the ring of formal power series }7,.,a,2” about the 
origin. Let R? be the set of n-tuples of positive real numbers. 


Definition. Lett =(t,..., tn} € R? and f = } >o auz” € Cz]. We 
define the “number” ||f lle by 7 


fle = div>olav|t” if this series converges, 
0° otherwise. 


Let Be := {f € Ciz] : [fle < co}. 


Remark. One can introduce a weak ordering on R? if one defines 
(t1,---stn) < (ff, --., tA) = ti <t fori =1,...,n. 


For fixed f, the function t +> || f {lt is monotone: If t < t*,then |If/lt < Il file. 


Definition. A set B is called a complex Banach algebra if the following 
conditions are satisfied: 
1. There are operations 


+:BxBroeB, -:CxBoB and o:BxBoB 


such that 
(a) (B,+,-) is a complex vector space, 
(b) (B,+,°) is a commutative ring with 1, 
(c) c.(f og)=(c.f) og =f o(c.g) for all f,g €B andceC. 
2. To every f € B a real number ||f|| > 0 is assigned that has the 
properties of a norm: 
(a) lle- fl] = lel Ifl], for c € C and f € B, 
(b) If tall < HFI + lgl, for f,g € B, 
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(e) fl] =0 <= f —0. 

3. \|f o gll S IZI Jall for f.g EB. 

4. B is complete; i.e., every sequence in B that is Cauchy with respect 
to the norm has a limit in B. 


1.1 Theorem. Be = {f € Ciz] : fli <œ} is a complex Banach algebra 
for any t € R}. 


PROOF: Clearly, C[z] is a commutative C-algebra with 1. Straightforward 
calculations show that ||.. -llt satisfies the properties (2a), (2b), (2c) and (3). It 
followsthat Bs is closed under the algebraic operations, and all that remains 
to be shown is completeness. 


Let (fa) be a Cauchy sequence in By with fa = 57,59 4/2". Then for every 
e >O there is ann =n(£) € N such that for all A, p 2 n, 


Sola = at” = lfa- fulle << 


v>0 
Since t” = t ...¢4> # 0, it follows that 
E 
[a — a | < v for every v € NG. 
For fixed y,(a{) is therefore a Cauchy sequence in C which converges to a 
complex number a,. 
Let f := 30,50 @vZ”. This is an element of C[z]. 
Given S > 0, it follows that there exists an n =n(6) such that 
6 
5 a — gor) |t” <5 for à > n and p € N 
v>0 


Let J C NG be an arbitrary finite set. For any À > n there exists a p = p(A) € 
N such that } erla t® —a,|t” <6/2, and then 


S|a® -a, |t” <6, ford’ >n. 
vel 


In particular, ||f, — flle < 6. Thus fa — f (and then also f ) belongs to Bt, 
and (fa) converges to f. m 


Expansion with Respect to zı. For the following we require some 
additional notation: 


Fv € NG, t € RY, and z € C”, write 
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yv=(4,v), t=(h,t’), and z= (2,7). 


An element f =} >o 4.2” € C[z] can be written in the form 


f= fed, with AZ) = So aoni y. 
A=0 


vi >0 
The series f, are formal power series in the variables z2,...,z,. We call this 


representation of f the expansion off with respect to zı. Now the following 
assertions hold: 


1. f€ Be <> fa € By forall A, and So || falle < co. 
X=0 
2. lz. flle =ti . lif lle , for s € No. 


PROOF: 


(1)Since we are dealing with absolute convergence, it is clear that 


Ifl = X halet. 
A=0 


(2) We have zf. f =} >o fxzit*. The right side is the unique expansion of 
zi . f with respect to z,. Now the formula can be easily derived. m 


Convergent Series in Banach Algebras. Let B be a complex 
Banach algebra and (fx) a sequence of elements of B. The series >>, fa 
converges to an element f € B if the sequence Fn = Ny fx converges to 
f with respect to the given norm. 


1.2 Proposition. Every f € B with {1 — f\| < Lis a unit in B with 


= 1 
ft = A a f)* and If" || < ——_.. 
2 ISTE 
PROOF: Let E€ :=||i — f|]. Then 0 < £ < 1,and the convergent geometric 


series )>X_, €* dominates the series $` S-ọ(1 — f)*. As usual, it follows that 
this series converges to an element g € B. We have 


f.Sa-fy = d-a-f).a-fy 
X=0 


X=0 
= Sa- p -Sae 
A=0 X=! 
= 1-(1- fP 


As n tends to infinity we obtain f .g = Land |jg|| < 32929 =1/(1 — £). m 
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Convergent Power Series. A formal power series f = } >o az” is 
called convergent if it is convergent in some polydisk P around the origin. In 
that case there exists a point t € PMR, and since f converges absolutely 
at t, it follows that f € By. On the other hand, if f € Be, then by Abel’s 
lemma f converges in P =P"(0,t). 


1.3 Theorem, 


1. H, := {f € Ciz] : 3t € R} with || flle < co} is the set of convergent 
power series. 

2. Hy is a C-algebra. 

3. There is no zero divisor in H; iff .g =O in H, thenf =0 org =0. 


We have already proved the first part, and then the second part follows easily. 
The last part is trivial, since C[z] contains no zero divisors. 


Remark. If f is convergent and f(0) = 0, then for every € > 0 there is 
at € RẸ with ||f\l_ <£. In fact, since f(0) = 0, we have a representation 
f =afit---+2nfn- É || fille < 00, then also || fille < co fori =1,..,", and 


Wille = Ytalia < maxlas tn) lA 
i=l i=1 


This expression becomes arbitrarily small as t > 0. 


When we go from By to Hn, we lose the norm and the Banach algebra 
structure, but we gain new algebraic properties: 


1. f € Hn is a unit 4> f(0) 40. 


PROOF: One direction is trivial. For the other one suppose that f (0) ¥ 0. 

Then g := f . f(0)~? — 1is an element of Hn with g(0) = 0. So there 

exists a t with jlglle < 1,and f .f(0)7! is a unit in By. Thus f is a unit 

in Hrn. C] 
2. The set m :={f € Hn : f(0) =0} of all nonunits in H,, is an ideal: 

(a) fis fe em => fit foem. 

(b) J€ mand h E H, = h- fem. 


An ideal a in a ring R is called maximal if for every ideal b with ac b C R 
it follows that a =b or b =R. 


One can show that in any commutative ring with 14 0 there exists a maximal 
ideal. If a C R is maximal, then R/a is a field. 


1.4 Theorem. The setm of nonunits is the unique maximal ideal in H,, 
and Hn/m S C. 


Proof: Fa C Hy, is a proper ideal, then it cannot contain a unit. Therefore, 
it is contained in m. The homomorphism ¢ : Hn —> C given by f * f(0) is 
surjective and has m as kernel. 7 
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Distinguished Directions. An element f € Hn is called zl-regular of 
order k if there exists a power series fp(z1) in one variable such that: 


1. f(z1,0,...,0) =z . fo(z1). 
2. fo(0) #0. 


If f is z1-regular of some order, f is called 21 -regular. 


Let f(z) = $5, faz? be the expansion of f with respect to z1. Then f is 
z,-regular of order k if and only if fo(0’) =... = f,_1(0") =O and f;,(0’) Æ 0. 
f is zl-regular if and only if f(z1,0,...,0)4 0. 


We often need the following properties: 


1. f isa unit in H, +> f is 21-regular of order 0. 
2. If fy, is zl-regular of order ky, for A = 1,2, then fı . fe is z,-regular of 
order kı + ko. 


There are elements f 4 0 of Hn that f (0) = Q which are not z,-regular, even 
after exchanging the coordinates. 


Definition. Let c = (cg,...,¢n) be an element of C’—!. The linear 
map a, :C” > C” with 
Oo(21,---;2n) = (21, 22 + €221,--., Zn + Cn 21) 
is called a shear. 
The set X of all shears is a subgroup of the group of linear automorphisms 
of C”, with og =iden. 
We can write o.(z) :=z tz .(0,c).In particular, we have o-(e1) = (1.c). 


1.5 Theorem. Let f € H, be a nonzero element. Then there exists a shear 
a such that f oo is z,-regular. 


PROOF: Assume that f converges in the polydisk P. F we had f(z1,z’) =0 
for every point (z1,2’) € P with z1 # 0, then by continuity we would have 
f = 0, which can be excluded. Therefore, there exists a point a = (a1, a’) € P 
with a; 4 0 and f(a) 4 0. We define c :=(a,)~1 .a’ and o :=a¢. Now, 


fo o(a, 0°) = f(a, .o¢(e1)) = f(a .(1,€)) = f(a) 40. 
So f °o(z,0’) #0, and fog is 21-regular. 


m 
Remark. If fı,..., fı are nonzero elements in Hn, then f :=f1-..f 4 0 
converges on a polydisc P, and there exists a point a € P with f (a)# 0 and 
a, # 0. As in the proof above we obtain a shear o such that fyoo,...,froo 


are zl-regular. 
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Exercises 
1, Let f(z) = }7,50 4,2” be a formal power series. 


(a) Prove the "Cauchy estimates": f € Be = > |a.| < |lflle/t” for 
almost every v. 

(b) Prove that if there is a constant C with lasls” < C, then f € By for 
t<s. 

(c) Let f(z) = J., >o dv,n%” be a sequence of power series with || fn|ls < 
C. If every sequence (a,,) converges in C to a number a,, then 
show that (fn) is a Cauchy sequence in By converging to f(z) = 
yo >0 av", for every £ < s. 


2. The Krull topology on Hn is defined as follows: A sequence (fn) converges 
in Hn to f if for every k € N there is an no with f — fn € më forn > no. 
What are the open sets in H,? Is Hn with the Krull topology a Hausdorff 
space? 

3. Let B be a complex Banach algebra with 1. Show that for every f © B 
the series exp(f) = zo f”/n! is convergent, and that exp(f) is a unit 
in B. 

4. If f is a formal power series and f =$ o Pa its expansion into homo- 
geneous polynomials, then the order of f is defined to be the number 


ord(f) :=min{s € No : ps # 0). 


Now let (fn) be a sequence of formal power series such that for every 
k € N there is an no with ord(f,) > k for n > no. Show that Jp fn is 
a formal power series. Use this technique also for the following: 


If g1,...,9m are elements of Hn with ord(g;) > 1,then 


S apw” > S 7 ay(g1(2),--- s 9m(2))" 


defines a homomorphism y :4m — Hn of complex algebras. 


2. The Preparation Theorem 


Division with Remainder in B. Let a fixed element t € RẸ be 
chosen. When no confusion is possible we write B in place of By, B’ in place 
of By, and || f || in place of || flle. The ring of polynomials in z1 with coefficients 
in B’ is denoted by B'[z1]. 


2.1 Weierstrass Formula in By. Let f and g = Sco gr2} be two 
elements of B. Assume that there exists ans © No and a real number © with 
0 <€< 1 such that gs is a unit in B’ and \z$ —g-gz\| <£- tf. 
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Then there exists exactly one qe B and one r € B'|z] with deg(r) < s such 
that 


f =0:9+r, 
with 


1 


losal < eI» 


and 
Irll < Is. 


PROOF: Let us first try to explain the idea of the proof. If h € B, then there 
is a unique decomposition h = qr -zf +r, where ra € B’[z,] and deg(r;) < 8. 
If g is given, we define an operator T =T, : B —> B by 

T(h) :=8 : 95" -qh Hra. 


If T were an isomorphism, then f =T(T~'f) =g- (97 '-qr-1f)+rr-:p would 
be the desired decomposition. One knows from Banach space theory that Tis 
an isomorphism if idg — T is "small" in some sense. Since ||(idg — T)(h)|| = 
zi -g9;'|| . ligal], one can, in fact, conclude from the hypothesis of the 
theorem that idg —T is "small." Now T~! = Lo (ida - T)*. Since (idg - 
T)°f = f and (idg—T)'f = (zf —gg; ')qf, we obtain the following algorithm: 


Inductively we define sequences fy, qa, ra beginning with fp =f =zfg9+rp. 
If fà =zf¢, +r, has been constructed for some à > 0, then we define 


fati = (zf -997 1) q>, 


and obtain ¢,41 and 7,41 by the unique decomposition 


Pai = iQ tat rapi € Biz] with deg(ry41) < s. 


If we define q :=) 3 o 95 "4a and r := 59o ra, then 
oO [0,0] 
fof — SKS 
A=0 A=0 
oO 
= Soha — frat) 
X20 


= S (995 'aa + ry) =g-qtr. 
X20 
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When using this algorithm we do not need the abstract transformation T 
and the Banach theory of such transformations. However, it is necessary to 
prove the convergence of all of the series that were used. 


For this let A :=—(z$ — ggz1). Then ||A]| <€ .t? and ggz =2f +h. 


From fy = z?g, tra it follows that ||r,j} Mil fal] and Jjgall Mr? . fall 
Furthermore, from fa+ı = —h- qa it follows that 


Wfasall WAI igal < e- [fal 


Thus || fall < € AFI] and 22X20 fà converges. 


Since N 
ligstaall < Et g ‘Ul Fl and irali < Eei, 


. — oO 
the series q = $5 o 97 'g, and r = $ So ra also converge. 


The estimates for |{gsq|| and || f|| follow readily: 


A 


[0.0] x 1 
geal < Sollall < TMA e = Ul 
A=0 A=0 


= 2 
dra < fll 


It still remains to show uniqueness. Assuming that there are two expressions 
of the form 


A 


Iiri 


IA 


f =09 +rı = Qg tre, 
it follows that 


0 = (qı —q2) .9 (rı = r2) = (41 —02)9szi + (41 — G2)gsh + (rı — r2) 


and 
(qr -a2)gszi| [l(a —92)gszi + (rı -r2)ll 
= Iliq — 92)9shl 
< e-ti. lila —g2)gsll 
= e€-|\(q —g2)gszīll- 
Since 0 <£ < 1, (q1 — q92)gszf = 0. Therefore, q1 =q2 and rı =r2. E 


2.2 Corollary. If the assumptions of the theorem are satisfied and if in 
addition f € B’[zi], g € B'[zı], and deg(g) = s, then q € B’{z1] with g =0 
or deg(q) = deg( f) — s. 


PROOF: Let d :=deg(f). For d < s we have the decomposition f =0-g+ f. 
Hence we have to consider only the case d > s. 
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We assume that deg(f,,) < d for u =0,...,A. Then deg(qg,) < d — s, and 
therefore 


deg(fx41) =deg(fa -ra -ggz ga) Mnax(d,s — 1,85 + (d-s))=d. 


Hence deg( fa) < d and deg(qg,) < d— sfor all A. It followsthat deg(q) < d—s, 
and from f =g .q +r we can conclude that deg(q) =d — s. " 


The Weierstrass Condition. We use the notation from above. 


Definition. Let s € No. An element g = Y` S5, gazà € B satisfies the 
; a nent & = 24-0 GAZi 
Weierstrass condition (or W-condition) at position s if 
1. gs is a unit in B'. 
2. liz -ggz "|| < ati. 


Let R be an integral domain.’ A polynomial f(u) = fue tfs_iue-' t+... + 
fiu + fo € Riu] is called monic or normalized if f = 1. A polynomial 
f € B'[z1] is normalized if and only if it is z1-regular of some order k < s. 


2.3 Weierstrass preparation theorem in By. Fg € B satisfies the W- 
condition at position s, then there exists exactly one normalized polynomial 
w € B’|z1| of degree s and one unit e € B such that g =e.w. 


PROOF: We apply the Weierstrass formula to f = zf. There are uniquely 
determined elements q € B and r € B’[z] with z? =q- g tr and deg(r) < s 
(we choose an £ < 4 such that |z? — gg7+|| < etŝ). 


But then zf — gg; + = (q —g;')g tr is a decomposition in the sense of the 
Weierstrass formula. Therefore, we have the estimate 


_ _ 1 E 
lgsg = 11 < ty lef — 99, > < <1. 


That means that g,g and hence gq is a unit in B. Let e :=q7' and w :=zf —r. 
Then w is a normalized polynomial of degree s, and e.w =q} (zf —r) =g. 


If there are two decompositions g = e;(zf — r1) =€2(z? — r2), then 
zf =e, gtr =¢€3 1.8g tro. 


From the uniqueness condition in the Weierstrass formula it follows that 
€; =€ andr; =r3. C] 


2.4 Corollary. Jf g is a polynomial in zı, then e is also a polynomial in 
Z1. 


l An integral domain is a commutative nonzero ring in which the product of two 


nonzero elements is nonzero. 
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PRooF: We use the decomposition zf — gg7! = (q —g;,!)g tr. From the 
Weierstrass formula it follows that 


1 E 
< s -lj s., s. 
DESEE ps << 


Since w, = 1, it is also true that 
l -wwz | =li -wll = liri] < ti. 


Therefore, g = e .w +0 is a decomposition in the sense of the Weierstrass 
formula, and the proposition follows from Corollary 2.2. u 


The Weierstrass preparation theorem serves as a “preparation for the exami- 
nation of the zeros of a holomorphic function.” If the function is represented 
by a convergent power series g, and there exists a decomposition g = €- with 
a unit e and a “pseudopolynomial” w(z1,2’) = z? + Ai(z/)2f +--+ As(2’), 
then g and w have the same zeros. However, the examination of w is simpler 
than that of g. 


Weier strass Polynomials.Now we turn to the proof of the Weierstrass 
formula and the preparation theorem for convergent power series. 


The ring H, is an integral domain with 1.If f € Hn and f(z) = $ S. faz) za 
with f, =0 for \ >s,then f is an element of the polynomial ring #,—1[21]. 
If fs # 0, then deg(f) =s. IF f is normalized and f,(0’) =0 for A < s, then 
f is z1-regular exactly of order s, and f(z1,0') = 27. 


Definition. A normalized polynomial w € H,~1[z1] with deg(w) = s 
and w(z1,0’) =z} is called a Weierstrass polynomial. 


We have seen that a normalized polynomial w € Hn-1[z1] with deg(w) =s is 
a Weierstrass polynomial if and only if it is z,-regular of order s. It follows 
easily that the product of two Weierstrass polynomials is again a Weierstrass 
polynomial. 


If g =e .w is the product of a unit and a Weierstrass polynomial of degree s, 
then we also have that g is z;-regular of order s, since the unit e is z1-regular 
of order 0. We now show that conversely, every z1-regular convergent power 
series is the product of a unit and a Weierstrass polynomial. 


2.5 Theorem. Let g € Hy, be 2-regular of orders. Thenfor every € > 0 
and evey to € R? there exists at < to such that g lies in Bt; gs is a unit 
in By, and ||zf - ggz lhe < € ti. 


PROOF: Let g =}_5 o gazà be the expansion of g with respect to zı. Then 
g,(0’) =0 for A =0,1,...,s — land gs(0') £ 0. 


Since g is convergent, there exists a tı < to with |lgllt, < co. Then ga € Bey 
for all À, and in particular, 
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F(z’) =m gs(0')~"gs(z’) -1€ Be,- 


Now, f(0’) = 0. Thus there exists a t2 < tı such that || flle < 1 forall t < te. 
Therefore, gs is a unit in By, and g an element of B+. 


Let h := 2$ — gg; '. Then h € By for all t < tz, and we have an expansion 


h = P &o haz? with A, = 0, hà = —gxg9;' for A # s, and h)(0’) = 0 for 
à= 0,1,...,s— 1. 


É tı > 0 is sufficiently small, then 


CO CO £ 
[E mat sat E a <a 5, 
A=s+1 t A=s-41 t2 2 


for all t = (t1,t’) < te. And since h)(0’) = 0 for A =0,...,8 — 1,for every 
small ¢ı there exists a suitable t° such that 


[Ena 
A=0 


Consequently, ||Alle < E .t$. n 


s—i E 
|= Xle <4- $ 
t 2 

A=0 


Remark. In a similar manner one can show that if gı, ..-,gn € C[z] are 
convergent power series and each g; is z1-regular of order s;, then for every 
€ >() there is an arbitrary small t € R% for which 


gi € Be, (gi)s; is a unit in By and ||z{* — gi(gi)5,'|| <et? 


Weierstrass Preparation Theorem 


2.6 Theorem (Weierstrass division formula). Letg € H, be z1-regular 
of order s. Then for every f € H, there are uniquely determined elements 
q€ Hn andr € Ay,-1[z1] with deg(r) < s such that 


f= gtr. 
Iff and g are polynomials in zı with deg(g) = s, then q is also a polynomial. 


PROOF: There exists a t € RẸ and an e with 0 <£ < 1such that f and g 
lie in Be, gs is a unit in By, and ||z? — gg; tlle < E -t$. It then follows from 
the division formula in B4 that there exist q and r with f =q .g tr. 


Let two decompositions of f be given: 


fH=a-9g+T =g- gr 
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We can find a t € RẸ such that f,q1,92,71,7r2 lie in By and g satisfies the 
W-condition in B,. From the Weierstrass formula in By it followsthat q1 = q2 
and rı =fT2. a 


2.7 Theorem (Weierstrass preparation theorem). Let g € Hn be z1- 
regular of order s. Then there exists a uniquely determined unit e € Hn and 
a Weierstrass polynomial w € Hy—1[21| of degree s such that 


g=e-w. 
If g is a polynomial in zı, then e is also a polynomial in 21. 


PROOF: There exists a t € RẸ such that g satisfies the W-condition in Be. 
The existence of the decomposition g =e .w with a unit e and a normalized 
polynomial w of degree s therefore follows directly from the preparation the- 
orem in By. Since g is zı-regular of order s, the same is true for w. So wis a 
Weierstrass polynomial. 


Now, w has the form w = zf —r, where r € A,,_1[2:] and deg(r) < s. Thus, if 
there exist two representations g = e;(27 — rı) =e2(zi — r2), it follows that 
zî =e;'-g+r; =e’ .g tra. The Weierstrass formula implies that e; = €2, 
rı =f and therefore wy =w. m 


Exercises 


1. Write a computer program to do the following: Given two polynomials 
f (w, x,y) (of degree n in w and degree m in x and y) and g(w, x,y) with 
g(w,0,0) = wf, the program uses the Weierstrass algorithm to determine 
y and r (up to order m in x and y) such that f =y .g +r. 

2. Let f :P”7t x D> C be a holomorphic function and 0 <r < 1be a real 
number such that ¢ +> f(z’,¢) has no zero for z’ € P”~! andr < |¢| < 1. 
Then prove that there is a number k such that for every z’ € P”-! 
the function ¢ + f(z',¢) has exactly k zeros (with multiplicity) in D. 
Use this statement to give an alternative proof for the uniqueness in the 
Weierstrass preparation theorem. 

3. Show that the implicit function theorem for a holomorphic function f : 
C” x & > with f(0) =0 and f,, (0) 4 0 follows from the Weierstrass 
preparation theorem. 


3. Prime Factorization 


Unique Factorization. Let I be an arbitrary integral domain with 
1. Then I* := I — {0} is a commutative monoid with respect to the ring 
multiplication, and the set I* of units of J is an abelian group. 
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Let a,b be elements of I*. We say that a divides b (symbolically a| b) if there 
exists c € I* with b =a.c. We can also allow the case b = 0. Then every 
element of 7* divides 0, and a unit divides every element of I. 


Definition. Consider an element a € I*—I*. 
1. a is called irreducible (or indecomposable) if from a =a, .a> (with 
a1,a2 € I * )it follows that a, € I* or az € 1%. 
2. ais called prime if a|aa2 implies that a|a, or dlag. 


Irreducible and prime elements can be defined in an arbitrary commutative 
monoid. In 7* every prime element is irreducible, and in some rings (for 
example, in Z or in R[X]) it is also the case that every irreducible element is 
prime. In Z[,/—5] one can find irreducible elements that are not prime. 


Definition. Z is called a unique factorization domain (UFD) if every 
element a € /* can be written as a product of finitely many primes. 


One can show that the decomposition into primes is uniquely determined up 
to order and multiplication by units. In a UFD every irreducible element is 
prime and any two elements have a greatest common divisor (gcd). 


Every principal ideal domain’ is a UFD, and in this case the greatest common 
divisor of two elements a and b can be written as a linear combination of a 
and b. For example, Z and K[X] (with an arbitrary field K ) are principal 
ideal domains. So in particular, C[X] is a UFD. 


Gauss’s Lemma. Let I be an integral domain. Two pairs (a,b), (c,d) € 
I x I* are called equivalent if ad = bc. The equivalence class of a pair (a,b) 
is called a fraction and is denoted by a/b. The set of all fractions has the 
structure of a field and is denoted by Q(Z). We call it the quotient field of I. 


The set of polynomials f(u) =ao+a,u+- .-+a,u™ in u with coefficientsa; € I 
constitutes the polynomial ring J[u]. The set I°[{u] of monic polynomials in 
Iju] is a commutative monoid. Therefore, we can speak of factorization and 
irreducibility in 7° |u]. 


3.1 Gauss’s lemma). Let I be a unique factorization domain and Q = 
Q(T). If w1,w2 are elements of Q°[u] with wwz € Tul, then wy € Pfu] for 
A =1,2. 


PROOF: For À = 1,2, wy =ayo tayiu +- Fars, -iusi Fu with 
ax,,, € Q. Therefore, there exist elements d, € I such that dy .w) € Tfu]. We 
can choose d in such a way that the coefficients of d) .w), have no common 
divisor (such polynomials are called primitive). 


2 A principal ideal domain is an integral domain in which every ideal is generated 
by a single element. 
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We define d :=d,d2 and assume that there is a prime element p with p | d. 
Then p doesn’t divide all coefficients daaa, of da -w). Let u, be minimal 
such that p { dya),,,, . Then 


(dyw1)(dgw2) =...+ ut? (daz 4,42,4 + something divisible by p )+.... 


Since 7 is a UFD, p doesn’t divide (d1a1 p, )(d2a2,,,). So the coefficient of 
u4it2 ig not divisible by p. But since wwz has coefficients in J, every divi- 
sor of d must divide every coefficient of d .w1w2 = (djw1)(dgwe). This is a 
contradiction!? 


When d has no prime divisor, it must be a unit. But then dı and dz are also 
units, and w, =d} (dw) belongs to 7°[u]. 7 


3.2 Corollary. Let/ be a unique factorization domain. 


1. If a € I°[u] is prime in Q[u], then it is also prime in /°{u]. 

2. If a € T°[u} is reducible in Q[u], then it is reducible in 7°[u]. 

3. Every element of [°[u] is a product of finitely many prime elements. 
4. If a € I[ul is irreducible, it is also prime. 


PROOF: 1.Let a€ I°[u] be a prime element in Q[u]. F adivides a product 
a'a” in J°[u}, then it does so in Q[u]. Therefore, it divides one of the factors 
in Q[u]. Assume that there is an element b € Q[u] with @ = ab. By Gauss’s 
lemma b € J®/u]. This shows that a is prime in I°[u]. 


2. Let a € Iu} be a product of nonunits a1,a2 € Qluj. If cœ € Q is the 
highest coefficient of a;, then c1c2 = 1,c7 ‘a; € Q°{u] and a = (cy a1) (c3 a2). 
By Gauss cy ‘a; € J°[u], and these elements cannot be units there. So a is 
reducible in 7°[ul. 


3. Every element a € I°[u] is a finite product a =a, ...a; of prime elements 
of Q[u]. One can choose the a; monic, as in (2). Using Gauss’s lemma several 
times one shows that the a; belong to J°[u]. By (1) they are also prime in 
T? [ul 


4. Let a € J®{u] be irreducible. Since it is a product of prime elements, it 
must be prime itself. m 


Remark. In the proof we didn’t use that J is a unique factorization do- 
main. We needed only the fact that Q[u] is a UFD (since Q is a field) and 
the statement of Gauss’s lemma: If a1,az € Q°[u] and aiaz € 7°[uj, then 
a; € F°[u] for i =1,2. 


3 The original version of Gauss’s lemma states that the product of primitive poly- 
nomials is again primitive. The reader may convince himself that this fact can 
be derived from our proof. 
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Factorization in H,,. Now the above results will be applied to the case 
I =H, 


Definition. Let f € An, f = SoPa be the expansion of f as a 
series of homogeneous polynomials. One defines the order of f by the 
number 


ord(f) :=min{A E€ No :p, 40} and ord(0) :=00. 


(See also Exercise 1.4 in this chapter) 


Then the following hold: 


1. ord(f) > 0 for every f € H. 
2. ord(f} =0 += f isa unit. 
3, ord(f1 . f2) = ord(fi) + ord( f2). 


3.3 Theorem. Hn is a unique factorization domain. 


PROOF: We proceed by induction on n. 


For n = 0, Han =C is a field, and every nonzero element is a unit. In this 
case there is nothing to show. 


Now suppose that the theorem has been proved for n — 1.Let f € H, bea 
nonunit, f £ 0.Iff is decomposable and f = fı: f2 is a proper decomposition, 
then ord(f) = ord(f1) +ord(fz), and the orders of the factors are strictly 
smaller than the order of f. Therefore, f can be decomposed into a finite 
number of irreducible factors. 


It remains to show that an irreducible f is prime. Assume that f | fife, with 
fy € (Hn)" for A = 1,2. There exists a shear o such that fı oo, fooo and 
foo are z,-regular. If we can show that foo divides one of the fy oc, then 
the same is true for f and f,. Therefore, we may assume that fı, fo, and f 
are 2,-regular. 


By the preparation theorem there are units €1, e€2,e and Weierstrass polyno- 
mials w1,w2,w such that fı = €1-w1, fı = €2-we, and f = e-w. Then w divides 
wiw. If wwe =q.w with q € Hn, then the division formula says that q is 
uniquely determined and a polynomial in z1. So w divides wwz in H? fz41]. 
Since w is irreducible in H, it must also be irreducible in H? [z1]. By the 
induction hypothesis H,—1 is a UFD, and therefore w is prime in H}_ [z1]. It 
follows that w|w, or w|w2 in H®_,[z1] and consequently in Hn. This means 
that f|fi or f| fo in An. m 


Hensel’s Lemma. Let w € A,,[u] be a monic polynomial of degree s. 
There is a polydisk P around O € C” where all the coefficients of w converge to 
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holomorphic functions. Therefore, we can look at w as a parametrized family 
of polynomials in one variable u. By the fundamental theorem of algebra 
w(0,u) splits into linear factors, and the same is true for every w(z, u) with 
z € P. We now show that such splittings are coherently induced by some 
splitting of w in HÌfu], at least in a neighborhood of O. 


3.4 Hensel's lemma. Let w(0,u) =[]\_,(u — ca)®® be the decomposition 
into linear factors (withc, #c, for v Æ p and s1 +- ..+sı =s). Then there 
are uniquely determined polynomials w1,...,0, € H?[u] with the following 
properties: 


1. deg(w,) =s, for à = 1,...,1. 
2. w(0,u) =(u —c,)*. 
3.Ww =W] saa Wy. 


PROOF: We proceed by induction on the number l. The case / = 1is trivial. 
We assume that the theorem has been proved for l — 1. 


First consider the case w(0,0) = 0. Without loss of generality we can assume 
that cy =0. Then w(0,u) = u® .h(u), where h is a polynomial over C with 
deg(h) =s — sı and h(0) # 0. So w is u-regular of order sı, and there exists 
a unit e € H? |u] and a Weierstrass polynomial w, with w =e .w . Since 
w,(0,u) =u*?, it follows that 


l 
e(0, u) = h(u) = [ [u - 02) 


A=2 


By induction there are elements w2,... w, € A®[u] with deg(w,) = sp, 
w (0,u) = (u — cy) and e = wz- +w. Then w = wiw: +w is the de- 
sired decomposition. 


If w(0,0) Æ 0, then we replace w by w’(z,u) :=w(z,u tc1) and obtain a 
decomposition w” =w} ...w; as above. Define 


wlz, u) :=w) (Zz, u — c1). 


This gives a decomposition w = wy ...w; in the sense of the theorem. The 
uniqueness statement also follows by induction. 7 


The Noetherian Property. Let R be a commutative ring with 1. 
An R-module is an abelian group M (additively written) together with a 
composition R x M — M that satisfies the following rules: 


1. r(£zı +22) =ra, trz forr € R and 21,22 E€ M. 
2. (rı Frojz =rız + ror for rı, r2 € R andz EM. 
3. ri(roz) = (rira)x for rı,r2 ER andz € M. 
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4.1-xz =r for z EM. 


These are the same rules as those for vector spaces (and the elements of 
a module are sometimes also called vectors). However, it may happen that 
rz =Q even if r #0 and z £ 0. Therefore, in general, an R-module has no 
basis. So-called free modules have bases by definition. An example is the free 
module RQ:=R x ...x R (qtimes), with a basis of unit vectors. An example 
of a nonfree module is the Z-module M := Z/6Z, where 2.3 =2-3 =0. 


If M is an R-module, then a submodule of M is a subset N C M with the 
following properties: 


l.z,y EN => c£+yeENn. 
2.r€RandxeN = rreN. 


A submodule of an R-module is itself an R-module. 
Example 


The ring R is also an R-module. The composition is the ordinary ring mul- 
tiplication. In this case the submodules of R are exactly the ideals in R. An 
R-module M is called finite if there is a finite set {21,...,2,} C M such 
that every x € M is a linear combination of the z; with coefficientsin R. The 
free module R°? is obviously finite. But Z/6Z is also finite, being generated 
by the class 1. 


Definition. An R-module M is called noetherian if every submodule 
N c M is finite. 


A ring R is called noetherian if it is a noetherian R-module. This means 
that every ideal in R is finitely generated (in the sense of a module). 


3.5 Proposition. Let R be a noetherian ring. Then any ascending chain 
of ideals 
lg Ch cAc. cR 


becomes stationary, i.e., there is akg such that Ik = ko fork > ko. 


PROOF: The set J :=()z o Ix is obviously an ideal. Since R is noetherian, 


J is generated by finitely many elements f,,...,fn. Each f, lies in an ideal 
Ik. If ko =max(k1,...,4y), then all f, are elements of Iko. So Ik = Iko for 
k > ko. a 


3.6 Theorem. FFR is a noetherian ring, then R49 is anoetherian R-module. 


PROOF: We proceed by induction on g. 
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The case q = Lis trivial. Assume that q > 2 and the theorem has been proved 
for g — 1.Let M C Rì be an R-submodule. Then 


I :={rER : 3r'€ R?! with (rr) EM) 


is an ideal in R and as such is finitely generated by elements 71,...,77. For 


every ry there is an element ri, € R! such that ra := (ra, r4) lies in M. 


The set M’ := M N ({0} x R17}) can be identified with an R-submodule 
of R?~!, and by the induction assumption it is finite. Let r, = (0,r4), A = 
I+1,...,p, be generators of M'. 


An arbitrary element x € M can be written in the form x = (21,x’) with 
zı € J. Then zı = Sia ara, 4, E R, and 


l 
x— X aary = (0, x — Nari) eM’. 
X= 


X=l 
That is, there are elements @)41,...,@) € R such that 
1 P 
x — 5 aara = 5 Qa PT. 
XA A=I41 
Hence {'1,... Ip} is a system of generators for M. 7 


3.7 Riickert basis theorem. The ring Hn of convergent power series is 
noetherian, 


PROOF: We proceed by induction on n. For n = 0, H, = C, and the 
statement is trivial. We now assume that # > 1 and that the theorem has 
been proved for n — 1.Let 7 C H, be a nonzero ideal and g Æ 0 an element 
of J. Without loss of generality we can further assume that g is 21-regular of 
order s, 


Let ® = ®, : Hn > (Hn-1)* be the Weierstrass homomorphism, which is 
defined in the following manner: For every f € Hn there are uniquely defined 
elements q € Hn andr =ro Frizi t+) $rs_12z%' € Hn-ilzı] such that 


f =qG-atr. Let (F) :=(r0,..-57%s-1): 


Now, ® is an H,,—1-module homomorphism. By the induction hypothesis 
H,-1 is noetherian, and so (H,-1)* is a noetherian H,—1-module. Since M, := 
@ {I )s an Hn—1-submodule, it is finitely generated. Let ra = (rf, ...,r321) 


à= 1,...,1, be generators of M. 

If f € I is arbitrary, then f = q-g+r with r =ro+rizit::++7s_128-', and 
there are elements aj,...,a@; € Hp—1 such that (ro,71,-..,%s—1) = ®g(f) = 
Sha ara. Hence we obtain the representation 
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l 
f= g+) ax (r trPate ri). 
à=1 


The set {g,r®,...,r®} with r =r +r z t+- + r277 is a system 
of generators of I. : 
Exercises 


1. Prove that O(C) is not a UFD. 

2. Let M be a finite H,-module, and m C A, the maximal ideal. If M = 
m.M, then M =0. 

3. Let f :P™-! x D> C be a holomorphic function such that for every 
z € P”~! there is a unique solution zn = y(z') € D of the equation 
f(z’,2n) = 0. Use function theory of one variable to show that is 
continuous, and use Hensel’s lemma to show that y is holomorphic. 

4. Let f € H, be 21-regular, f = e-w with a unit e and a Weierstrass 
polynomial w € H,-1[z1]. Prove that f is irreducible in H, if and only 
if w is irreducible in H,,_1[21]. 

5. Show that f(z,w) :=z? —w?(1 —w) is irreducible in the polynomial ring 
C[z, w] and reducible in H,,. 

6. Let f € Hn be given with fz, (0) 0 for some i. Prove that f is irreducible 
in H,. 


4. Branched Coverings 


Germs. Let B c C” be an open set and zo € B a fixed point. A local 
holomorphic function at zo is a pair (U, f) consisting of an arbitrary neigh- 
borhood & = U(z9) C B and a holomorphic function f on U. Two such 
functions f : U > C and g : V —> C are called equivalent if there is a neigh- 
borhood W = W (zo) CU N V such that f|W = g|W. The equivalence class 
of a local holomorphic function (U, f) at Zo is called a germ (of holomorphic 
functions) and is denoted by fzo. The value f(Zzo) as well as all derivatives of 
f at Zo (and therefore the Taylor series of f at zo) are uniquely determined 
by the germ. On the other hand, if a convergent power series at zo is given, 
then this series converges in an open neighborhood of z to a holomorphic 
function f, and the germ off determines the given power series. So the set 
Öz of all germs of holomorphic functions at zp can be identified with the @- 
algebra of all convergent power series of the form 5°. )(z—z9)”. This algebra 
is isomorphic to the algebra H,, and has the same algebraic properties. 


Let fz. # O be any element of O,, with f(zo) = 0. Then there are a neigh- 
borhood U (zo) C B, a neighborhood W(0) C @ a holomorphic function 
e on U, and holomorphic functions a,,...,a, on W such that after a suitable 
change of coordinates the following hold: 
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1. e(z) £0 for every ze U. 
2. f(z) =e(z) .w(z — zo) for w(wi,w’) = w$ + a (w)! +... Fas(w’). 


Pseudopolynomials. A pseudopolynomial of degree s over a domain 
G c C” is a holomorphic function w in G x C that is given by an expression 


w(u,z) =u? +h (zju! +-..+h.(2), 


with h,,...,h,; € O, where O = O(G) denotes the ring of holomorphic 
functions on G. The set of pseudopolynomials of any degree over G will be 
written as O°[u]. 


We begin with several remarks on the algebraic structure. 


4.1 Proposition. If G ıs a domarn, 1.e., a connected open set, then the 
ring O =O(G) ıs an integral domarn. 


PROOF: We need to show only that O has no zero divisors. Assume that 
fi, f2 are two holomorphic functions on G with both f; # 0. Since G is a 
domain, their zero sets are both nowhere dense in G, and there is a point 


z € G with fi(z) . fo(z) £ 0. So fi .f2 #0. m 


It also follows that O°[u] is free of zero divisors. We denote by Q the quo- 
tient field of O. Then the group Q[u]* of units in the integral domain Qfu] 
consists of the nonzero polynomials of degree 0. If O* C O is the multiplica- 
tive subgroup of not identically vanishing holomorphic functions on G, then 
QluJ* nO =O*. 


4.2 Proposition. Fwi w2 € QP [u] are pseudopolynomials with wı .w2 € 
O°[u], then wi, wz € O fu). 


Proor: fw =u° t(fi/gi)ue! +... + (fs/9s) is an arbitrary element of 
Q°[u], then for all z € G the germs gi,z are not 0. 


For a moment we omit the i. If the quotient of fz and gz is holomorphic, i.e., 
fe = 4 -9z with h, € Oz, then h, is uniquely determined and there is a ball 
B around z in G such that h, comes from a holomorphic function h on B 
and the equation f =h .g is valid in B. If we take another point 2’ € B, 
the germ of h at this point is the quotient of the germs of f and g at this 
point. So z > hz(z) defines a global holomorphic function h on G. We write 


h=f/g. 


Thus, if w, := u° + ((fide/(gr)2ue 7? +- +((fs)e/(gs)z) lies in O2[u] for 
every z € G, then w € O°[u]. 


Now we apply Gauss's lemma in the unique factorization domain Oz = H,,. 
Let w := w .wg. Then (wi)z .(w2)z =w, € O8[ul for every z € G. Conse- 
quently, the coefficients of (w;)z are holomorphic, and by the remarks above 
this means that w, € O°[u]. m 
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The following is an immediate consequence of the above two propositions: 


4.3 Theorem. LetG e C” be a domain. Then O°[ul is a factorial monoid; 
i.e., every element is a product of finitely many primes. 


Euclidean Domains 


Definition. An integral domain / is called a Euclidean domain if there 
is a function N : I* -+ No with the following property (division with 
remainder): For all a,b € I, b 40, there exist q,r € J with 
l.a=q-b+r, 
2. r =O or N(r) < N(b). 
The function N is called the norm of the Euclidean domain. 


Examples 


1. Z is a Euclidean domain with N(a) :=|al. 
2. If k is a field, then k[x] is a Euclidean domain, by N(f) :=deg(f). 


Every Euclidean domain / is a principal ideal domain and thus factorial. If 
a,b are elements of J, then the set of all linear combinations 


r-a+s:b40, rseETl, 


has an element d with N(d) minimal. The element d generates the ideal 
a = {ra + sb : r,s € I} and is a greatest common divisor of a and b. It is 
determined up to multiplication by a unit. 


Now assume again that Gis a domain in C”, O = O(G), and Q = Q(O). Then 
Q{u] is a Euclidean domain. F w;,w2 are pseudopolynomials in O°[u], there 
is a linear combination in w =r,u1 + rew2 Æ 0 in Q[u] with minimal degree. 
It can be multiplied by the product of the denominators of the coefficients in 
rı and r2. Then ri, r2, and w are in Ofu], and w is a greatest common divisor 
of w1, w2. 


The Algebraic Derivative. Let O and Q be as above. If w € O?Ju] 
has positive degree, then it has a unique prime decomposition w =w1' ..wi. 
The degree of each w; is positive. We say that w is (a pseudopolynomial) 
without multiple factors if all the w, are distinct. 


The (algebraic) derivative of a pseudopolynomial is defined as follows. If 
w =} oanu”, then D(w) := S78_,v-a, .u’—!. Thus 


Dwi +2) = D(w) + D(we), 
D(wy .w2) = Dw) W2 + Wi .D(w2) 
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4.4 Theorem. An element w € O°[u] is without multiple factors if and 
only if a greatest common divisor of w and D(w) is a function h € O*. 


PROOF: If w has the irreducible w; as a multiple factor, then D(w) is also 
divisible by w;. This is also true in Q[u]. So a greatest common divisor is 
certainly not a function h € O*. 


Assume now that w =|], w: has no multiple factor. Then 
D(w) = Sou ++ Day) ++ wy. 
t 


If the degree of the greatest common divisor y of w and D(w) is positive, then 
~y is a product of certain w, So at least one w, divides both w and D(w). Then 
w; divides w ...D(w;) ...w, and hence D(w;). This is not possible, because 
D(w;) has lower degree. So the degree of the greatest common divisor is 0, 
and therefore it is a function h € ©*. m 


Symmetric Polynomials. 


Definition. A polynomial p € Z[u1, ...,us] is called symmetric if for 
all i, j we have p(u1,. .. Uis... Ujjs... Us) =P(U1;- a. Uj oaa Uir n.n Us): 
There are the elementary symmetric polynomials o1, ...,a, defined as follows: 
o1(t1,-.., Us) = Ugit tus, 
Olur... Us) = ulu F... tus) Huzlus E... Hus) Teo H us-1its, 
O5(U1,.-., Us) Z Ujit Us. 


The following result is proved, e.g., in the book [vdW66] 


4.5 Theorem. Ifp€ Z[u1,...,us] is symmetric, then there is exactly one 
polynomial Q(y1,.-.,¥s) € Zlyi, - ..,¥s) such that p =Q(o1,...,4,). 


The Discriminant. Consider the special symmetric polynomial 
py (U1,-+-,Us) = [I — uj)’ 
i<j 


(square of the Vandermonde determinant). Since it is symmetric, there is 
a uniquely determined polynomial Qy (y1, ...,y,) with integral coefficients 
such that 


pv (Ur, ---, Us) = Qv (o1(u1,-.. Us) -<3 0s(U1,---, Us))- 
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Definition. Ifw =u’ +h,(z)us~'+-..+h,(z) is a pseudopolynomial 
in O?f[u], then A, = Qy(—hy, he,.--,(—1)*hs) is called the discriminant 
of w. It is a holomorphic function in G, and we denote its zero set by D, 


It is well known from the theory of polynomials that 
(—1)'h,(z) = o2(wi,.-.5,), 


where w1,- ..,w, are the zeros of the polynomial u +> w(u,z). So A(z) =0 
if and only if there is a pair 1 Aj with w; = wj. 


Assume now that w is without multiple factors. Then there is a linear combi- 
nation of w and D(w) that is a function h € O*. We restrict to a point z € G 
with A(z) # 0. Then the greatest common divisor of w(u, z) and D(w)(u, z) 
is 1. This means that w(u, z) has no multiple factors; i.e., the zeros of w(u, Z) 
are all distinct. So A.,(z) 4 0, and D, is nowhere dense. 


Example 


Let G C C” be a domain, a,b holomorphic functions in G, and w(u,z) := 
u? —a(z) .u +b(z). In this case 


pv (u1, u2) = [[ = uj)? = (ui = u2)? = (ui + uz)? — 4- u u2. 
i<j 


So Qy (y1, Y2) = y? — 4- ye, and 


As (z) = Qv (a(z), b(z)) = a(z)? — 4b(z). 


If z € G and A,,(z) £ 0, there are two different solutions of w(u, z) = 0. 


Hyper surfaces. We use the theory of pseudopolynomials to study ana- 
lytic hypersurfaces. Such analytic sets are locally the zero set of one holomor- 
phic function. Assume that f is a holomorphic function in a connected neigh- 
borhood of the origin in C"*! that is not identically 0. Without loss of gener- 
ality we may assume that A = N(f) contains the origin. Then a generic com- 
plex line £ through O meets A in a neighborhood of O only at the origin. After 
a linear coordinate transformation, £ = f (uz) : z =O} is the first coordinate 
axis. By the Weierstrass preparation theorem f(o,0) = €(0,0) -w(o,0) in the ring 
An+41, where e(o,0) is a unit in Hn+1, and w(o,0) € Hn[u] a Weierstrass poly- 
nomial. We can represent the germs locally by holomorphic functions. Thus 
there is a domain G C C” containing 0, and a disk D = {u € C : |u| <r} 
such that in U :=D x G there are a holomorphic function e that does not 
vanish in U and a pseudopolynomial w over G with f =e.w in U. We may 
assume that A N (QD x G) = Ø. Therefore, the zero set of f in U is that of 
Ww. 
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We can decompose w into prime factors. Using the fact that any power of a 
prime factor vanishes at the same points as the prime factor does, we may 
assume that w is without multiple factors. Then the discriminant A, is not 
identically zero in G. We set D, = {z€ G:A,,(z) =O}. 


4.6 Theorem (on branched coverings). If zo € G — D, there are a 
neigborhood W =W (zo) C G — D, and holornorphic functions f,,...,fs in 
W with fi(z) # filz) fori # j and z © W such that 


w(u, z) = (u — filz))-..(u — fs(z)) in x W. 


There are fewer than s points over any point Zo E€ D, (see Figure II.1). 


Figure 111.1. A branched covering over G 


A point z € G above which there are fewer than s points is called a branch 
point. All points of the discriminant set Du are branch points. Over all other 
points our set A is locally the union of disjoint graphs of holomorphic func- 
tions, and is therefore regular. 

PRooF: For z € G — D, the polynomial w(u,Zo) has s distinct roots. 
We write w(u, Zo) = (u —¢1)---(u — cs), where the c; all are distinct. If 
w(u,z)=us $hy(z)ue-! +...+h,(z), then the germ 


Wag =U + (hi)egt® * ++: + (hs)zo 


is a polynomial over Oz, © Hp. By Hensel’s lemma it has a decomposition 
W,, =W zo ++ -Ws,29 With the following properties: 
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l. we zo (U,Zo) =u — c; fori =1,...,s. 
2, deg(wiz,) = 1. 


We have wiz, =u — ri, with r; € H. There are a connected neighborhood 
W (zo) C G — Du and holomorphic functions fi, ...,fs in W such that the 
power series r; converge to f;. Since the germs of w and (u — fi)...(u — fs) 
coincide at Zo, it follows from the identity theorem that 


wlexw =(u —fi)...(u — fs), 


and since W c G—D,, it also followsthat f(z) A f;(z)fori £ j andz e W. 
a 


Examples 


1. Let G =C and w =z? — zg. Then the discriminant is given by A, (z2) = 
422, and Dy = {0} C C. If z2 € @’, there is a neighborhood W C C-D, 
where \/z2 is well defined. There we have w = (21 — \/22) .(#1 + \/%). 
This gives a surface above C that is a connected unbranched 2-sheeted 
covering over C— {0}. The point 0 is a branch point. This is the (branched) 
Riemann surface of \/z. The unbranched part was already discussed in 
Section 11.8. 

2. A completely different situation is obtained if we take w = z? - 23 = 
(21 —22)-(z1 +22). The discriminant is 422 in this case, and the discrim- 
inant set D, is again the origin in C. The set A consists of two distinct 
sheets, which intersect above 0, and both are projected biholomorphically 
onto C. The set A — {0?},i.e., A without the branch point, is no longer 
connected. 

3. In higher dimensions the situation is even more complicated. Let us con- 
sider the analytic set A = N(f), where f(2,..-,2n) = 22 +.'. t 28" 
with s; > 2 fort = 1,...,n. This is a very simple holomorphic function. 
The derivatives are f,, = s; 2) and their joint zero set consists only 
of O € C”. So all other points of A are regular. 


Every line £ through the origin lies completely in A, or f has a zero of 
order s with s > min(si,...,8,) on £ at the origin. Therefore, there is 
no line that intersects A in O transversally. From this one can conclude 
that O is in fact a singular point of A (see, for example, Exercise 8.2 in 
Chapter I). 


Now we look on f :C” > C as a fibration with general fiber 
Ay = {zE C” tapi tee + in = th. 


Then A = Ao has an isolated singularity, while all other sets A; are 
regular everywhere. We call the family (A;)tec a deformation of A. 
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The Unbranched Part. We assume that G C C” is a domain and 
w(u,z) a pseudopolynomial over G of degree s. We set G” = G — Dy, 


A={(u,z)€CxG : w(u,z) = 0}, 


and A’ = A|G’ the part of A over G’. Then A’ is an unbranched covering of 
G". It is an n-dimensional submanifold of C x G’, and we have the canonical 
projection 7: A — G. If (uo, zo) € A’ is a point, there is a small neighborhood 
B = B(uo, Zo) C A’ that is mapped by 7 holomorphically and topologically 
onto a ball around zo in G’. We also call B a ball. The holomorphic map 
(nlg)! : 1(B) > C+" is a local parametrization of A’. A complex function 
f in B is called holomorphic if f o (7| B)? is holomorphic. In particular, the 
components of 7 itself are holomorphic functions on B. 


For holomorphic functions in B we have the same properties as for holomor- 
phic functions in a domain of C”. For example, the identity theorem remains 
valid, and we obtain the following results: 


4.7 Proposition. Assume that A, is a connected component of A’ and that 
M is an analytic subset of Ay. Then M = Ai, or M is nowhere dense in A}. 


4.8 Proposition. If f is a holomorphic function on A’, and A, a connected 
component of A’, then either f vanishes identically on A, or its zero set is 
nowhere dense in Aj. 


4.9 Proposition. Let A, again be a connected component of A’. Assume 
that M is a nowhere dense analytic set in A, and that f is a holomorphic 
function in A, — M that is bounded along M. Then f has a unique holomor- 
phic extension to Ay. 


Decompositions. We consider the interaction between the decomposi- 
tion of a pseudopolynomial into irreducible factors and the decomposition of 
its zero set into “irreducible” components. 


4.10 Proposition. Let G C C” be a domain and w(u,z) a pseudopolyno- 
mial over G without multiple factors. Then w is irreducible if and only if the 
intersection of its zero set A with C x (G — E) is connected for every nowhere 
dense analytic subset E C G which contains the discriminant set Du. 


PROOF: Since locally over G’ = G — Du the set A’ = A|G" looks like a 
domain in C”, a nowhere dense analytic set does not disconnect A’, locally 
and globally. Therefore, we may assume that E = Do. 


If w is not irreducible, every factor w; defines an analytic set A; over G — Dw. 
The intersection of different A; is empty. So A|(G — Dw) is not connected. 
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If, on the other hand, A|G’ has the connected components A;, i = 1,...,8, 
with s > 0, then for any point z € G—D,, there is a ball B C G—D,, around z 
such that A;|B splits into graphs of holomorphic functions f; : j = 1,..., Si 
In each case we form the pseudopolynomial w; = (u — fi)---(u— fs,)- The 
zero set of this w; is exactly A;|B, and it determines w; and vice versa. So 
over the intersection of two different balls the pseudopolynomials must be 
the same, and thus we obtain global holomorphic functions w; in G — Du. If 
z € Da, then there is a neighborhood W of z such that A;|(W — Du) c A|W 
is a bounded set. So the coefficients of w; are bounded over this neighborhood 
and extend holomorphically to G. We also denote this extension by w;, and 
for reasons of continuity it follows that w = w,---ws,. m 


Tf the w; are the irreducible factors of w, we call their zero sets A; the irre- 
ducible components of A. The sets A! = A;|G’ are the connected components 


of A|G’. 


4.11 Proposition. Assume that w*,w are pseudopolynomials without mul- 
tiple factors over a domain G and that A* = {w* = 0} C A= {w = 0}. Then 


* 


w* is a factor of w. 

PRooF: Let D denote the union of the discriminants of w* and w. It is 
a nowhere dense analytic set in G. Over G — D we decompose the two 
unbranched coverings into connected components. There we have A* = 
A, U---UAs+ and A= A, U---U A, with s* < s. This yields pseudopolyno- 
mials over G — D that extend to pseudopolynomials w1,...,w, over G, with 


wW* = wy +--+ Wee and w =w: ws. This implies the result. E 


The following result is proved analogously. 


4.12 Proposition. Assume that w is free of multiple factors and that A = 
{w = 0} is the disjoint union of two nonempty sets M', M" that are closed in 
CxG. Then there are pseudopolynomials w',w" over G with M' = {w' = 0}, 
M" = {w" = 0}, and w' w" =w. 


PROOF: The construction is first carried out outside Du. We set G’ = 
G — Du and use the fact that every nonempty open subset of A’ = A|G’ 
must be a union of connected components of A’. If w = w ,--+w, is the 
decomposition into irreducible factors, then we may assume that there is an 
s* with 0 < s* < s such that for w = w1---w,» and w” = wy+41-+-Ws We 
have M'|G’ = {(u,z) E C x G’ : w'(u,z) = 0} and M"|G’ = {(u,z) € 
Cx G’ : w"(u,z) = 0}. 


It is now essential that in a continuous family f(u, z) of holomorphic functions 
of one variable u the zeros depend continuously on the family parameter z 
(“continuity of roots”). We omit the proof here. If we apply this fact (and 
the equations A= M’ U M”. w = w : w"), we get that the sets M’|G’ and 
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M" |G’ are not empty (ie., 0 < s* < s) and that their closures in C x G are 
M’, respectively M”. m 


Projections. In the next section we will investigate zero sets of several 
holomorphic functions. Here we begin with the simplest case, the common 
zero set N of a pseudopolynomial w over G C C” and an additional holomor- 
phic function f in a neighborhood of A = {(u,z) € Cx G : w(u,z) = Of. 
Our method involves the projection of N to G. 


4.13 Proposition. Assume that f = f(u,z) is a continuous function on A 
that is holomorphic outside of C x D., and does not vanish identically in a 
neighborhood of any point of A. Then the projection of N={f =w =0} to 
G is an analytic set N! = {f = 0}, where f is a holomorphic function in G 
that does not vanish identically. 


Proor: Ifz e€ G—D,, we have a ball BC G- D, around it such that 
over B our w has the form w(u, z) = (u — filz))---(u— fs(z)). The function 
f does not vanish identically on any graph u = fi. Consequently, 


f(z) = f(fi(2),2)--- F(fs(2), 2) 


does not vanish identically. In the usual way we obtain the holomorphic 
function f in the entire set G — D,,. It is bounded along Du. So it extends 
to a holomorphic function in G. m 


Now consider the following situation: Assume that G is a domain in C” and 
that w is a pseudopolynomial over G without multiple factors. Let f be a 
holomorphic function in a neighborhood of A = {w(u,z) = 0} C C x G that 
does not vanish identically on any open subset of A and define 


N := {(u,z) EC xG : w(u,z) = f(u, z) = Of. 
Denote by N’ the projection of N to G. 


We want to give a definition for “unbranched points” of N. The difficulty is 
that there may exist such unbranched points of N lying in the set of branch 
points of w. 


4.14 Proposition. For any point a € N’ there is an arbitrarily small 
linear coordinate change in 21,.-.,2n such that thereafter the line parallel to 
the z-axis through zo intersects N ‘ in zo as an isolated point. 


In such coordinates there is a neighborhood U(zo) C G, a domain G' in 
the space C"-! of the variables z’ = (22,...,2n), and a pseudopolynomial 
w'(z1,z') over G’ such that {(z1,2'/)€ Cx G” : w!(z1,2/) =O} =N'NU. 


PROOF: A “small” linear change of the coordinates 21,...,%n Means here 
that the transformation is very near to the identity. Since f does not vanish 
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identically, after a small generic coordinate transformation the line parallel 
to the z-axis through zo intersects N’ in zo as an isolated point. And then 
it is also clear that U, G’, and w’ with the desired properties exist. n 


Let us now assume that we have chosen a point Zo € N’ and suitable coordi- 
nates as above, and that U, G’, and w’ have also been chosen. 


Definition. In the given situation, a point (u,z) € NM (C x U) is 
called an unbranched point of N if z € N’ — C x Dw and there is a 
neighborhood V = V(z) C N’—C x Dw with a holomorphic function g 
on V such that NN (C x V) is the graph {u = g(w) : w € V}. (Figure 
TII.2 shows the situation.) 


o examples of unbranched points N 
Cx Dy 


Figure III.2. Branched and unbranched points of N 


4.15 Theorem. Tn the given situation, in every neighborhood of an arbi- 
trary point (u1, z1) of NN (C x U) there are unbranched points of N. 


PROOF: We may assume that zı € N’ — (C x Dau). Then we take a small 
neighborhood W = E x Uj of (u1, z1) such that the following hold: 


1. UV, CU — (C x Dw). 
2. (u1, Z1) is the only point of A above 2; in W. 
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3. The set A N W is defined by a pseudopolynomial w* over U4. 


Setting Ni C N'N Ui to be the image set of WM N under the canonical 
projection 7 : W — Uj, take U1 so small that Ni = N’ NTA. 


We restrict w* to Nj and replace possible multiple factors by one factor at a 
time. So we obtain a new pseudopolynomial wı without multiple factors over 
Ny such that 


NOW = {(u,z) € E x Ni :ui(u,z) = 0}, E a suitable disk. 


Arbitrarily near to (ui,z1) we can find points (v2,z2) € N NW lying over 
Ni — Da. All of these points are unbranched points of N , since we can find 
neighborhoods W2(u2,z2) C W and U2(z2) C Ui with the same properties as 
W and U,. Now choose U2 so small that it contains no point of Du, and that 


w| N’ NU; decomposes into linear factors. Then every sheet of Al (N ’ N U2) 
with the property that it contains points of N is a graph over N’ Ñ U2. 7 


Exercises 


1. Prove that every symmetric polynomial in ui, ...,us can be written asa 
polynomial in the power sums Sp :=uk +... +u*. 

2. Calculate the discriminant of a cubic polynomial. 

3. Let D :=D,(0) C C and f be a holomorphic function in an open neigh- 
borhood of D without zeros in OD. If f has in D the zeros ¢1,...,¢€5 
(some of them may be equal), then 


Lf OPQ. Som 
om |, f(¢) a Qe 


4, Let f : Dx P” — C be a holomorphic function in the variables 
U, 21,- .- 32n- Assume that f is u-regular of order s and that for every 
z € P” the function u +> f(u,z) has exactly s zeros uj(z),...,Us(z) 
(with multiplicity) in D. Show that the coefficients of the “pseudopoly- 
nomial” w(u, z) :=[ [f(u — u;(z)) are holomorphic. 

5, Prove the ‘‘continuity of roots”: Let f(u,z) be u-regular at the origin. 
Show that there is an r > 0 such that if g(z) is a function defined in a 
neighborhood of O with |g(z)| <r and f(g(z), z) = 0,then g is continuous 
at O. 

6. A complex function f on an analytic set A in a domain G C C” is called 
holomorphic if it is locally the restriction of a holomorphic function in 
the ambient space. 

(a) Let A :={(w,z) € C? : w? — z3} be the Neil parabola. There is 
a bijective holomorphic parametrization of A given by w = t and 
z =t?. Describe the holomorphic functions on A as functions of the 
parameter £. Is there a meromorphic function on A that has a pole 
at œ with main part t”? 
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(b) Show that the analytic set A = {(w, 21,22) € CÌ : w? = 129} is 
not regular at the origin. Consider the holomorphic map (fi, t2) > 
(t1t2, t?, t2). It is a “two-to-one” map. Describe the local holomorphic 
functions on A in ty, t2. 
7. Prove that there is a topological holomorphic map from @* onto A := 
{ (wz) © C? : w? = 229}. 
8. Prove that there is no topological holomorphic map from @* onto the 
“elliptic surface” A := { (wy) € C? : w? = (2? -1)(2? —4)}. 
9. Define the pseudopolynomial w € O(C?)[u] by w(u, 21,22) :=u? — u -z1 
and determine the discriminant set and the irreducible components of 
A := {w= 0}. Let f on A be defined by f(u, 21, 22) <= 22 . (u — 1). 
Consider N := {f = w=0} C C? and determine the projection N’ c C? 
and the set of unbranched points of N. 
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Embedded-Analytic Sets. We wish to study general analytic sets. 
Since it is easier to work with pseudopolynomials than with arbitrary holo- 
morphic functions, we introduce the notion of “embedded-analytic sets.” 
These are subsets of the common zero set of finitely many pseudopclyno- 
mials, and they are not a priori analytic by definition. But later on, it will 
turn out that they are indeed analytic. 


Assume that G C C®-4 = {z' = (Za41;-++s2n)} is a domain and that 
wilzi; z’), = 1,...,d, are pseudopolynomials over G without multiple fac- 
tors. The zero sets of the single w; intersect transversally* in C x G. We 
denote by D C G the union of the d discriminant sets belonging to the wi. 
We call it the union discriminant set. We put 


A ={(z1,.--,24,%) | w;(2z;32') = 0, fori = 1,...,d and z’ € G}. 


Over any ball B C G — D the set A\B consists of finitely many disjoint 
holomorphic graphs. Every graph is contained in a connected component Z 
of A|(G — D). We call the closure of Z in A an irreducible embedded-analytic 


component of A. 


Definition. If A is defined as above, any union of finitely many ir- 
reducible embedded-analytic components of A is called an embedded- 
analytic set of dimension n — d. 


4 Two submanifolds M, N c C” intersect transversally at a point z € MON if 


the entire space is spanned by vectors that are tangent to M or N at z. In our 
case the common zero set of the pseudopolynomials w; contains enough vectors 
to span C”. Therefore, we say that these zero sets intersect transversally. 
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By definition any embedded-analytic set A can be decomposed into finitely 
many irreducible components. 


The surrounding set A > A is not uniquely determined. Sometimes we can 
make A smaller by throwing away those irreducible factors of w; that do not 
vanish identically on A. Then the w; are uniquely determined by A. 


5.1 Proposition. Assume that A is an embedded-analytic set in Ac C4xG 
and that f is a holomorphic function in a neighborhood of A that does not 
vanish identically on any open subset of A. If N =z € A: f(z) =O}, 
then for any point zo E€ N there is an arbitrarily small linear change of the 
coordinates z! such that the affine space parallel to the (z1,...,2Za41)- “azis” 
through zo intersects N in an isolated point. If zı € N is any point near 
zo, then there are unbranched points of N arbitrarily near zı. At all of these 
points N is a submanifold of dimension n —d — 1. 


PROOF: We proceed as in the proof for the last theorem of the previous 
section. The procedure to find unbranched points will be denoted by (*). 


First we construct the projection f of f, which is holomorphic in G. For this 
observe that if D is the union discriminant set of the polynomials w,...,wa 
and z’ € G — D, we always have the same number of points z1,- ..,Zs in A 
over z’. We set f(z’) = f (z1) ... f (Zs) and obtain f, which is holomorphic on 
G — D. Since it is bounded along D, we can extend it holomorphically to G. 
Therefore, the projection set is N’ = {f£ (z) =0}. 


Assume now that zọ € N’. Then, after an arbitrarily small linear coordinate 
change in the variables z’, the line L parallel to the zg;1-axis through zo 
intersects N’ in an isolated point. Then by Weierstrass’s theorem we can 
find a neighborhood U =U (z6) C G, a domain G’, and a pseudopolynomial 
w'(za+1, Z”) over G’ without multiple factors such that UMN’ is equal to the 
set {z =(2a41,2") EC x G! : wo" (za41,2”) =0), with z” = (za42,-..,2n)- 


Since the space C4 x L intersects N at zo in an isolated point, it remains to 
prove the existence of unbranched points. We apply (+) to NM (C? x U) and 
prove in the same way as before that for points zı E NM (c4 x U) there are 
unbranched points of N arbitrarily near to zı. Of course, at these points N 
is a submanifold of dimension n — d — 1. m 


For the following we use the same notation and hypotheses as above. 


5.2 Theorem. Let N’ C G be the projection of N. For every point zo = 
(2,25) € N C C4 x G, after a suitable linear change of the coordinates z' 
there is a neigborhood U = U(zh) C G, a domain G' in the space of the 
variables 2a42,-..;2n, and a pseudopolynomial w over G! without multiple 
factors such that: 


I, N' NU= {w =0}. 


so RAR gi RT E pga 0 
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2. N A (C? x U) is an embedded-analytic set of dimension n —d — 1. 


PROOF: We use the notation and results from the proof above. Thus the 
first statement is clear. We set wz,1 :=W. Restricting the w; to C4 x (N'NU) 
and projecting them down to C? x G’, we get pseudopolynomials w;(z;; z”) 
over G”. Then NN (C4 x U) is in the joint zero set of w4,...,waii. Let 
A be the union of those irreducible components of this set that contain the 
unbranched points of N. Since N is the closure of unbranched points, it 
follows that N N (C! x G) CA. By the mapping theorem that we prove 
in the next paragraph, every irreducible component of A is in N. So we have 
the desired equality. E 


Images of Embedded-Analytic Sets. Assume that G =C? x Gc 
C” is a domain and A C G an irreducible embedded-analytic set over G. 


5.3 Mapping theorem. Let Gı =C% x Gi CC™ be a domain, A, CG, 
an embedded-analytic set over G1, F a holomorphic mapping from a neigh- 
borhood of A C G into Gy such that WU] C A, for some nonempty open 
subset U C A, Then F(A) C 


PROOF: We denote by D C G the union of the discriminant sets of the 
wi(z;, z’) that define the surrounding set A for A. It is sufficient to prove 
that F (AN (C4 x (G’ —D)))c A. Since we can connect two points of 
AN (C? x (G’ — D ) )by a chain of arbitrarily small balls, it is enough to give 
the proof for such a ball. So we may replace A by a ball in C”? and may 
assume that F is defined in a neighborhood of B. 


Let A; be an embedded-analytic set in 


Ay = {@1(w1,w’) = = Wa, (wa, W) = O} 
Then @;° F|y = 0, and by the identity theorem @; 0 F|g = 0. So EE Cc 48 


For an arbitrary point v € Gi we choose a small transformation of the 
coordinates in C% such that A; is also embedded in a set AY = {wf =...= 
wy, =O}. The transformation can be made arbitrarily small, and we can do 
it so that oo 
Ain AYNA (CH x {v}) =A N (C4 x {v}). 

Then A, is given by the infinite set of holomorphic equations w; = 0, wy = 0, 
v € G4. If F maps a nonempty open part of B into 4, then by the identity 
theorem w; o F =wy o M = 0, and consequently NJ < 4. This completes 
the proof. m 
Remark. Assume that A is an analytic set in a domain G C C” and that 
Zo is a point of A. If Zo is a regular point of dimension n — d, then there is a 
neighborhood U = U (zo) C G such that ANU is an embedded-analytic set. 
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In fact, there is a neighborhood U with holomorphic functions fi, ..., fa such 
that N(fi,...,fa) =A NU and the rank of the Jacobian is d everywhere. 
We may assume that 


i=1,...,d 
det CES | j — 1,...,d ) # 0. 
Then the transformation F(z, ...,2n) = (f1 (2), ...,fa(@), za41,-..,2n) maps 
a neighborhood of Zo biholomorphically onto a neighborhood of the image 
point. If the inverse is given by 
z= F-'(w) = (gilw),.--,ga(w), Wati,-+-,Wn), 


then A is given by the equations 


zi gi(0,...,0, Zd41,-++5 Zn); 


za = ga(O,...,0, 2a41,---,2n)- 


So A NU is an embedded-analytic set. 


Local Decomposition. We use embedded-analytic sets to show that an 
arbitrary intersection of analytic sets is again an analytic set. 


First we consider the following situation. Let G C C” be a domain and zp € G 
a point. Assume that at zo a set Gof local analytic functions f is given such 
that 


1. For every f € Othere is a connected open neighborhood U (zo) C G 
with f € OV) and f £0. 
2. f (Zo) =0. 


We want to construct a “maximal” analytic set S* in a neighborhood 
U*(zo) C G such that for each zero set N of finitely many elements f € Z 
there is a neighborhood V = V (zo) C G with S* NV CN NV. Then S* is 
uniquely determined near zo and can be considered as the common zero set of 
the functions f € © It may be nontrivial even if the domains of definition of 
the functions f tend to the point zo. For example, if Z is the set of the func- 
tions fp(z) :=27/(1—nz1), defined on Un := {z € C” : Re(z1) <1/n}, then 
S* is the analytic set {z; = 0} in an arbitrary neighborhood of O, whereas 
the intersection of the Un does not contain any neighborhood of the origin. 


We employ the results from the beginning of this section several times and 
carry out an induction on the codimension of the embedded-analytic sets 
obtained from the functions f € F. 


5. Irreducible Components 139 


(A) We begin with one arbitrarily chosen function f € Z. The equation f = 0 
gives an analytic setř S of codimension 1. We decompose § into irreducible 
components S; in a neighborhood U (zo) (given by pseudopolynomials in C x 
G”), and we choose the neighborhood U so small that the S; stay irreducible 
in the whole neighborhood. 


(B) Next we try to obtain codimension 2. If every function f € Z vanishes 
identically near zo on S;, we leave S; unchanged (and have it as a codimension 
1component for our 5*). Otherwise, there is an f’ € Z that does not vanish 
identically in any small neighborhood of zọ on 5;. We apply Theorem 5.2: 
After an arbitarily small linear change of the coordinates z’ the set $;n {f" = 
0} is a finite union of irreducible embedded-analytic sets S;; of codimension 
two, which stay irreducible if we pass to some smaller neighborhood of zo. The 


Si; are embedded in the zero set of two pseudopolynomials wit (21; 23, +++5%) 
and w4j (22; 23,..+s2n). 


(C) Now codimension 3 follows. For this we need consider only the S;;. 
Leave $;; unchanged if every f vanishes on S;; (and get codimension 2 
components for S*). Otherwise, find an f” € Z not vanishing identically 
on S;;, and (after an arbitrarily small coordinate change of the variables 
z = (z3,...,2,)) the set Są; N{f” = O} is the union of a finite set of 
irreducible embedded-analytic sets 5;;,, given in the zero set of three pseu- 
dopolynomials wit F (zy: ZA, +++52n), A=1,2,3. 


(D) Continuing, it is possible to obtain components of codimension 1, 2, 

. n — 1,and finally one reaches dimension 0. If there is a 1-dimensional 
component S = S;,.4,_, such that not every f € Z vanishes on S, we 
have to replace S by the one-point set {zo}. Then the procedure stops. Only 
finitely many steps were necessary. 


We obtained a finite system .% of local holomorphic functions f, F f”,... 
and a finite system A of irreducible embedded-analytic sets 5;, Sij, Sijks +: 
and may assume that they all are defined in one neighborhood U (zo) C G, 
that every S € A of dimension d is embedded in a set C"~¢ x G',, and that 
the union discriminant sets Dg C Gh} C C4 belong to the embedding of S. 
The necessary linear coordinate change in z’ can be made at the beginning 
of the procedure, i.e., once for all steps of the procedure. 


If S € A is an irreducible embedded-analytic set that has an open part in the 
union of the other sets of A, then it also has an open part in an irreducible 
S’ e A, S £ S. It follows by the mapping theorem that it is completely 
contained in S’. Then we simply throw it away and denote the new system 
again by A. After finitely many steps we have that the intersection of every 


5 An exact definition of dimension and codimension of analytic sets will be given 


later. Here we use embedded-analytic sets, for which the dimension has already 
been defined. An analytic hypersurface is obviously embedded-analytic. 
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S with the union of the rest of A is nowhere dense in S. Moreover, the points 
of S over Ds are nowhere dense in S. 


We denote by S* = Usea S the union of all remaining components. Then 
S* is given by the finitely many holomorphic functions f € .%. Therefore, 
it is an analytic set. If  C -% is an arbitrary finite subset, then in a small 
neighborhood of zo every f € vanishes at every z E€ S*.So S* C NCA). 
Obviously, S* is uniquely determined by this property. 


Finally, we want to show that the decomposition into irreducible embedded- 
analytic sets is unique. For that we use the notion of regularity for points of 
embedded-analytic sets just as in the analytic case. Clearly, the intersection 
of two different S, € A contains no regular point. So the points of every 
S € Aare regular if they are not in such an intersection and not over Da. 


We denote the set of regular points of S* by S* and set § =SNS* for SEA. 
Then for S € A the sets £ are the connected components of S*. Since the 
set S* is uniquely determined in a neighborhood of Zo, this is also true for 
its connected components. And since the closure of S is S, the irreducible 
embedded-analytic components § are also uniquely determined near Zo. 


5.4 Theorem. The intersection of (even infinitely many) analytic sets is 
an analytic set and is locally afinite union of components that are irreducible 
embedded-analytic sets. This decomposition is locally uniquely determined. 


PROOF: Let fA, :: €//be a family of analytic sets in a domain GC C”, 
and Zo € A :=(),-,A, an arbitrary point. We consider the system .” of all 
local holomorphic functions f such that: 


1. f is defined in an open neighborhood U of zo (depending on f). 
2. f £0 near Zo. 
3. There is an: € J such that f vanishes near zo on A,. 


As above, Zo is contained in an analytic set S* that is the union of irreducible 
embedded-analytic sets S and that is given by a finite subsystem .% C F. 


If z is a point of A that is sufficiently near Zo, then every f € .% is defined at 
z and vanishes on some A, and consequently at z. This shows that A C S* in 
a neighborhood of zo. On the other hand, let z be a point in the intersection 
of S* with a small neighborhood of zo. Any analytic set A, is given by finitely 
many holomorphic functions fi; ..., w that belong to the system .”. Then 
by construction every f vanishes on every embedded-analytic component § 
of S*,in particular at z. Therefore, S* C A, for all .. Thus S* is contained 
in the intersection A of the A,, and we have the equality A = S* near Zo. 
Since S* is an analytic set that has a unique decomposition into irreducible 
embedded-analytic sets, this completes the proof. 8 
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Analyticity. Now we are able to prove the following result, which we 
announced at the beginning of the section: 


5.5 Proposition. Every embedded-analytic set A in a domain C? xG C C” 
is an analytic set. 


PROOF: As in the last part of the proof of the mapping theorem, it follows 
that the embedded-analytic set A is given as the joint zero set of infinitely 
many holomorphic functions. Theorem 5.4 shows that A is an analytic set. = 


Consequently, every analytic set has locally a unique decomposition into ir- 
reducible analytic components. 


The Zariski Topology. We prove that the system of all analytic sets 
has the properties of the system of closed sets of a topology. 


5.6 Theorem. The system A d all analytic sets in a domain G C C” has 
the following properties: 


1. G and the empty set belong to A. 

2. If Ai,...,4,€ A, then also A =Ui_, A; € A. 

3. IfI is an index set and {A,:t€ I} a collection of analytic sets in G, 
then A =f er A, is also an analytic set in G. 


PROOF: 
(1)G is defined by the zero function, and Ø by the constant function 1. 


(2) Let z € A = A, U---U Aj. Then in a neighborhood U(z) there are 
holomorphic functions f;,; : i = 1,...,4 j = 1,..,d,, such that for all i we 
have 

UNA; =N(fit,...,fi,a,)- 
It followsthat UMA =N(fij, . Slain Ji =1,... sdi). 


3) This is Theorem 5.4. 8 


So the analytic sets are the closed sets of a topology in G. We call this 
topology the (analytic) Zariski topology of G. It plays an important rule in 
complex algebraic geometry. 


Global Decompositions. Assume that G C C” is a domain and A C G 


an analytic subset. We call A irreducible if the set of regular points A C A is 
connected. It follows that A has the same dimension d at all regular points. 
This number d is called the dimension of A and is denoted by dim(A). Every 
irreducible embedded-analytic set is also an irreducible analytic set. 


5.7 Theorem. Every analytic set A has a unique decomposition into count- 
ably many irreducible analytic subsets A,. The covering #@ = {A; : i = 
1,2,3,..-} is locally finite. 


142 III. Analytic Sets 


PROOF: We decompose A into connected components. Let A’ be such a 
component. It has dimension d in all of its points. 


We consider a point Zọ € A that lies in A’. In a neighborhood U = U(zo) C 
G we have a decomposition of A into finitely many irreducible embedded- 
analytic components “*!’...,A,. By Af we denote the set of points of A; 
that are not over the union discriminant set. Some d-dimensional Af meet 
A’. Their union A* is contained in A’ and dense in A’NU. Hence, the closure 
of A* in U is equal to A’ NU. But A* is an analytic set. 


From this it follows that A’ is an analytic set, that only finitely many A’ 
intersect U, and that the union of all 4’ is A (as it is locally). Since the 
topology of G is countable, it follows that the set of the A’ is countable. © 


5.8 Corollary. If A is irreducible and A = Ai U Ao, where Ai, A2 are 
arbitrary analytic sets, then A = Ay or A = Ag. 


Sometimes this condition is used as the definition of irreducibility. 


5.9 Proposition. Let A,B C G be irreducible analytic sets. If there is an 
open set U C G such that A nU #4 Ø and AnU C BANU, thenAcC B. 


Proor: This is an immediate consequence of the mapping theorem. n 


Another corollary is the following: 


5.10 Identity theorem (for analytic sets). Let A,B C G be irreducible 
analytic sets. If there is a point zo € AN B and an open neighborhood U = 
U(zo) C G with A nU =BNU, thenA =B. 


5.11 Proposition, Let A,B C G be analytic subsets with A C B. If A 1s 
irreducible, then A is contained in some irreducible component of B. 


PROOF: Let B =|), Ba be the unique decomposition into irreducible 
components. We can choose an open set U C G and a finite set {A1,-.. Ai} C 
A such that UNA Æ Ø is irreducible and UN B = (UNB,,)U---U (UNB,,). 
ThnUnA=UQAnB —~UNanBy u...U(UnAn B),). Thus there 
is an index j such that U NA =U NAN?M, so UNA CUMB),. It follows 
that A is contained in P), . F 


Now we can generalize the notion of the dimension to arbitrary analytic sets. 


Definition. If A C G is an analytic set with irreducible components 
Ai, then dim(A) :=sup; dim(4;) is called the (complex) dimension of A. 
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In general, the dimension of an analytic set can be oo. But if G1 Cc G is a rel- 
atively compact subdomain, then only finitely many irreducible components 
intersect G,. So the dimension of A N G4 is finite. 


An analytic set is called pure-dimensional of dimension d if all its irreducible 
components have the same dimension d. 


Exercises 


1. Let A be an analytic set near the origin in C”. Assume that every ir- 
reducible component of A has dimension > 1. Show that there exists 
a neighborhood U = U(O) such that A NU is the union of irreducible 
one-dimensional analytic sets containing 0. 

2. Consider A := {(21, 22) € C? : 23 =2$+2?2}. Show that A is irreducible, 
but A has a nontrivial decomposition into irreducible components in a 
small neighborhood of the origin. 

3. Let Aj, A2 C C” be analytic sets. Prove that ‘Ay — Ag is analytic. 

4. Let {A; : i € N} be a locally finite family of irreducible analytic sets in 


a domain G C C”. Suppose that A; ¢ A; for i # j and prove that the 
A; are the irreducible components of their union. 


6. Regular and Singular Points 


Compact Analytic Sets. Our goal is to prove the following simple 
proposition. 


6.1 Proposition. IfGC C” is a domain and A C G an irreducible compact 
analytic set, then A consists of a single point. 


We first prove a lemma. 


6.2 Lemma. [ff is a holomorphic function in a neighborhood of A, then 
fla is constant. 


PRooF: We assume that the dimension of A is n — d. Since A is compact, 
there is a point zo € A where |f| takes its maximum. After a linear coordinate 
change there is a neighborhood U = U(zo) C G and a domain G’ C on-a 
such that AM U is an embedded-analytic set over G‘. Denote by D C G* the 
union discriminant set. Over every z” € G — D our ANU has s points. The 
point Zp lies over some z € G’ and we may assume that it is the only point 
of ANU over zg. 


It remains to construct the elementary symmetric functions associated with 
flany over Œ - D. For this, if z),...,z, are mapped onto z”, we define 
fi(z”) := o4(f (z1), ...,f(2s)). These functions are holomorphic on G’ — D 
and bounded along D. So they extend to holomorphic functions in G‘. The 
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absolute value of every extension takes on its maximum at zg. By the max- 
imum principle each such is constant in G‘. Since the values of f can be 
reconstructed from the values of the fi, it follows that f is constant over Q’, 


in particular in some open subset of A. Since A is connected, it follows that 


f is constant on A and then by continuity also on A. m 


PROOF of the proposition: All coordinate functions z; must be constant on 
A. So A is a single point. " 


A consequence is that every compact analytic subset A C G consists of only 
finitely many points. 


Embedding of Analytic Sets.Assume that A C G is an analytic set 
in a domain G C C”, that O € A, and that the plane P = {za41 =V = 
zn = 0} intersects A in an isolated point. 


6.3 Theorem. In a neighborhood U (0) the set A is an analytic subset of 
an embedded-analytic set of dimension n —d that is defined over a domain G' 
in the space of variables Z! = (Za41,- -. 2n). If the set d (n—d)-dimensional 
regular points is dense in A, then A is itself an embedded-analytic set. 


Remark. No coordinate transformation is necessary for this statement! 


PROOF: By definition, A is the zero set N(fi,-..,fn) of finitely many 
holomorphic functions in a neighborhood of O. Since An P = {0} is isolated, 
there is an / such that f; does not vanish identically in any neighborhood 
of O on the z-axis. Consequently, fi is zı-regular, and we can apply the 
Weierstrass preparation theorem, which implies that A is locally contained 


in the zero set of a pseudopolynomial w(21; z2, ..., Zn): 
Now we proceed by induction on d. In the case d > 1there is nothing to prove. 
F d > 1we consider the projection 7 :C” > C°™ with z a! = (z2,..., Zn): 
To fa,..-,fn there are associated as usual holomorphic functions fas woody 
of z’ such that 

m({w = fe =.= fy =0}) =4 := {z' : f2(v) =... =f p(z) =0) 


in some neighborhood of 0. 


The intersection of P’ = {z’ : z441 =... = zn =0} with A contains 0 as an 
isolated point. So we have for A the same situation, but with one dimension 
fewer. By the induction hypothesis it follows that there are pseudopolynomi- 
als w2,...,wq such that A locally is contained in the set {w2(z2;2”) = ...= 
wa(Za; z”) = 0}. By exchanging zı with z2, we obtain a pseudopolynomial 
w1ı(z1; z”) such that A is contained in {w1 =w2 =...= wa =0 
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If the regular points of dimension n —d are dense in A, we can take the union 
A* of those irreducible components of the embedded analytic set that contain 
such a regular point. Then A* and A are identical. This completes the proof. 
| 


Remark. This result is also known as the ‘‘embeddingtheorem of Remmert 
and Stein.” 


Again we consider a domain G C C”, an analytic set A C G, and a domain 
G' C C4 such that 7(G) C G (where m :z > z’ =(2¢41,.-+32n)). Suppose 
that there exists a domain G* C G such that for every z’ € G’ there exists a 
neighborhood U = U(z') CC G’ with (C? x U) n G* cc (C4 x U) MG and 
(C? x U) NA C G*. Then the following holds. 


6.4 Proposition. If the set of regular (n — d)-dimensional points of A is 
dense in A, then A is an embedded-analytic set over G”. 


PROOF: We take an arbitrary point z} € G”. It follows from the hypotheses 
that the set (C? x {zj}) NA is compact and analytic. Therefore, it consists 
of finitely many points. Each of these points has a neighborhood such that 
the restriction of the set A to this neighborhood is an embedded-analytic set 
over a neighborhood of z5. By multiplying the pseudopolynomials by the same 
distinguished variable belonging to our various points we obtain d uniquely 
determined pseudopolynomials over a neighborhood U'(z4} C G” such that 
ANn(C? x U’) is just their joint zero set. But these pseudopolynomials glue 


together to form global pseudopolynomials over G’. m 


Regular Points of an Analytic Set. Assume again that G C C” is 
a domain, and A C G an analytic set. 


6.5 Theorem. For any zo € A there is a fixed neighborhood U (zo) € G 
with finitely many holomorphic functions fi,..., fẹ whose joint zero set is 
ANU such thatfor all d at every regular pointz € AnU of dimensionn—d 
the rank of their Jacobian at z is equal to d. 


It is remarkable that this statement is also true for a singular point zo of A. 


PROOF: After applying a linear coordinate transformation in C” we can 
find a neighborhood U = U(zo) C G such that A NU is a finite union of 
irreducible embedded-analytic components. To give these in the canonical 
form a further coordinate transformation is not necessary. We denote by 
A’ the union of all (n-— d)-dimensional irreducible components of A n U 
and choose pseudopolynomials w1, ...,wg of minimal degree such that A’ is 
contained in the common zero set of the w,. 


Let D c A’ be the set of points that lie over the union discriminant set 
Da. Its dimension is equal to n — d — 1. Now we carry out the proof in 
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several steps and construct sets Di, Do,...,Dn-a4i1 = Ø with Disa C Di 
and dim(D;) = n—d—i. We begin with Dı :=D. The Jacobian of w1,... ,wa 
has rank d in A’ — Dı (implicit function theorem). 


Next we decompose Dı into irreducible components C and choose, if possi- 
ble, in each Cy a point 2), where A’ is regular. We can make U so small that 
only finitely many C, occur in U. Then we apply another linear transforma- 
tion in C” that is near the identity such that in a small neighborhood of any 
z the set A’ can be written as an (n— d)-dimensional holomorphic graph 


{z 4 = Pri(Zat1s- u 12n) for i= 1,. -n d}. 


Finally, we apply a linear transformation that is very near the identity to 
the variables z1,...,a such that for every 4 and every point z in A’ above 


(23,1; ...,2A) the first d coordinates of z are distinct. 


Now we use Proposition 6.4. In the new coordinates (and in a slightly 
smaller neighborhood, which we again denote by U) the set A‘ is again an 
embedded-analytic set contained in the common zero set of pseudopolynomi- 
als w1,...,Wg. We choose č; with minimal degree. We can assume that the 
components of D, are still irreducible in U, and that the points 2) are still 
in U. In a neighborhood of zà we have a decomposition 


Dili; Zdi- Zn) = (4 — fra(Zapi.-..,2n)) WR e(Z15- 2.5 Zn); 


with wy (za) # 0. So the Jacobian determinant of w1,...,0q¢ with respect 
to the variables “!>... ,24 does not vanish at any za. We denote the zero 
set of this Jacobian in Dı N U by De. It has dimension n — d — 2, and 
Wis... Wd, 1,... a have rank d on A‘ — Dg. 


Now apply the same procedure to Do and obtain an (n-— d — 3)-dimensional 
Ds and continue in this way until reaching Dn-a+1 = Ø. 


By putting all of the pseudopolynomials together, in a small neighborhood 
U of 2 we get holomorphic functions f1,...,fa;fat1,..-,fn (with N = 
(n—d+1).d) whose rank is d in every regular point of A’ 7 U. Since the 
pseudopolynomials always were chosen with minimal degree, it follows that 
A’ =N(fi,...,fn) near Zo. 


Now set At = ANU —A’. It is the union of the remaining irreducible com- 
ponents of ANU. We may assume that U is so small that At is the common 
zero set of finitely many holomorphic functions gi,...,9s in U. Multiplying 
the f; by the g, yields finitely many holomorphic functions in U that de- 
scribe the set ANU. No point of A’ N AF is a regular point of A. For every 
z € A‘ — At there is a gj that does not vanish there. So the rank of the 
Jacobian of the f: .g; is equal to d at every nonsingular point of A’ — At. 
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The same procedure can be used for every d and the corresponding A’, and 
consequently, in finitely many steps we obtain a neighborhood of zo and 


holomorphic functions in this neighborhood with the desired properties. m 


The Singular Locus. From the preceding theorem we conclude the 
following: 


6.6 Theorem. The set Sing(A) of singular points d an analytic set A is 
again an analytic set. 


PROOF: The intersection of two irreducible components of A belongs to 
Sing(A). The union S of all these intersections is an analytic set. 


Assume that Zo is a point of an irreducible component A’ of A and dim(A’) = 
n — d. Then there is a neighborhood U = U(z9) C G with holomorphic 
functions f,,...,fx vanishing exactly on A’ 7 U such that their Jacobian 
has rank d in each of the regular points. Let S* be the analytic set of all 
points of A NU where all d x d minors of the Jacobian vanish. Clearly, S* is 
contained in Sing(A’) N U. On the other hand, at any point of Sing(A’) NU 
the Jacobian of f;,...,fx cannot have rank d. So Sing(A’) DU = S*, and 
Sing(A’) is analytic in G. 


The union of S and the sets Sing(A’) for all irreducible components A’ is the 


set Sing(A). It is analytic, since the union is locally finite. m 


The set Sing(A) is called the singular locus of A. 


Extending Analytic Sets.Let G C C” be a domain. 


6.7 Lemma. Let zo = (z, ...,z@) C C” be an arbitrary point and E = 
{z : z =2, fori =1,..,d} an affine plane of codimension d containing 
Zo. IfA C G is an irreducible analytic set of positive dimension that is not a 
subset of E, then there is an open dense subset C C C? such that 


felis .. 25%) = (21 — 4°) F... Fea(2a — 2) 


does not vanish identically on A for every c = (c3, ...,Ca) € C. In particular, 

for any hyperplane Ho C C” containing E there is a hyperplane H arbitrarily 
close to Ho and also containing E such that dim(A;) < dim(A) — 1for every 
irreducible component A, of ANA. 


PROOF: We define y :C* + O(C") by (c) := fe. This is a C-linear map, 
and V := {c € CË : fela = 0} is a linear subspace. Suppose that V = C?. 
Then (z; — zP) a = 0 fori = 1,...,d, and therefore A C E. This is a 
contradiction, and consequently, V must be a proper subspace of C2. For any 
c in the open dense subset C :-=C4-—V, fe does not vanish identically on A. 


Thus He := {z : felz) = 0} is a hyperplane containing £. n 
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Our main tool for extending analytic sets is the following. 


6.8 Proposition. If E = {z € Œ : z1 =. =z =0} is an (n—d)- 
dimensional plane and A an analytic set inG—E, whose irreducible compo- 
nents all have dimensionn —d+l withO <1 < d, then the closure A of A in 
G is an analytic set inG. 


Proor: The proposition is of a local nature. We may assume that A is 
irreducible and 0 € ENG. It is enough to construct a continuation of A into 
a neighborhood of 0. 


Let c = (0,...,0,¢¢11,-..,¢,) be an arbitrary point of E N G. We consider 
the following family of (d — 1)-dimensional planes through c- For 


=1,...,.n-d+l 


A= [aj =1,...,d—-l 


Mn-a+1.a-1 (C) 


we have the linear map La :C%! — C74 and define 


P(e, A) := c H{(w, La (wh) : w e CA}. 


So P(c, A) consists of vectors w = (w1,..., Wa—1, Wd—I41,-..,Wn) with 
d-i 
watts = È` ay.Wj fori=1,...,1, 
A d- 
Wd—-l+i = cana +Y aij w, fori =] +1,...,n-d +1. 


=İ 
Then every P(c, A )meets E exactly inc = (0,...,0,¢a41,.--;€n). If O is the 


zero matrix, then P(c) := P(c, O) is the plane C% x {(0,...,0, cay, -..3€n)}- 


In the next chapter we will introduce Grassmannian manifolds and a topology 
on the set of linear subspaces (with fixed dimension) of a given vector space. 
In our case it follows that a neighborhood of c + Po is given by the set of all 
planes P =c+P with P@ (Ox C”) =C”. This shows that every (d—1)- 
dimensional plane through c that is near P(c, O)is of the form P(c, A). 


We choose real numbers 0 < rı <r2 andr >0 so small that the “shell” 
S = {z = (z',z”) e Ct! x CAH ry < |I2'|| < r2 and |z”| <r} 


is a relatively compact open subset of G. Only finitely many irreducible com- 
ponents A, of A enter S. We can find a hyperplane H, containing E that 
intersects the A, not at all or in codimension 1. Let A,, be the finitely many 
irreducible components of Hı MA, that enter S$. We can find another hyper- 
plane #2 containing E that intersects all A,, at most in codimension 2. We 
continue this procedure running through the irreducible components of the 
A,, © Hə. After finitely many steps we have n — d +! hyperplanes such that 
their intersection P is a plane P(c,A ) that meets AMS in at most finitely 
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many points. By the above lemma we can choose this plane arbitrarily near 
Po :=P{c). 


Now apply a linear coordinate transformation very near to the identity that 
leaves E invariant and maps our plane P(c,A) onto Po and replace the 
transformed shell S by a new shell S’ (in the new coordinates) that is a little 
bit smaller such that S’ is contained in the old (transformed) $. This can be 
done so that OS’N PENA =Ø. 


Earlier we proved that A is an embedded-analytic set in a neighborhood of 
the points of the intersection A N Po N S over a domain G” in the space of 
variables zq—141,---32n- So there is a small closed ball B c C”74+ around 
the origin such that (ct! x B) NAS’ OA remains empty, every irreducible 
component of (C4! x B} A S'NA enters Py N S’, and every plane through 
a point of B and parallel to Po intersects A N S’ in at most finitely many 
points. 


c 
Zd—l+1;---3Žd 
0 
AN Bo 
T2 
Z15+++52d—l 


Figure 111.3. Intersecting A with Bo and Po 


Now, the set By := {z' € C4! = ||z'l| < r2} x B is a neighborhood of 
the origin in C”, and each of our parallel planes through points of B — E 
meets AM Bo in a compact analytic set and therefore in at most finitely 
many points (cf. Figure 111.3). At all of these points the set A is locally 
an embedded-analytic set over B. By multiplying the pseudopolynomials by 
the same distinguished variable that we obtained for the different intersection 
points over the same base point in B— E, we have that An (C~ x (B—£)) is 
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an embedded-analytic set over B — E. The coefficients of the corresponding 
pseudopolynomials over B — E are bounded along Æ. Hence, they can be 


analytically extended to B. This means that AN (Bo — E) has a unique 
analytic continuation to Bo. P| 


The proposition just proved is also true if A C G— E is an analytic set, whose 
irreducible components all have dimension greater than n — d, since we can 
write A as a finite union of pure-dimensional analytic sets. As a consequence 
we have the following theorem. 


6.9 Theorem of Remmert-—Stein. Assume that G C C” is a domain, 
K CG an (n-— d)-dimensional analytic subset, and A an analytic subset of 
G — K all components of which have dimension > n —d. Then the closure A 
of A in G is an analytic set in G. 


PROOF: If zp  ¢€ K is a regular point, then K can be transformed in a 
neighborhood of zo to a plane E. So A is analytic in a neighborhood of zo 
and therefore in all regular points of K. We can replace K by the set Kı of 
singular points of K, which is analytic again and has lower dimension. By 
the same argument we show that A is analytic at all regular points of Kı. 
Continuing in this way we prove that A is analytic in G. a 


This theorem first was proved by R. Remmert and K. Stein; see [ReSt53}. 


The Local Dimension. We show how our results are linked with the 
classical dimension theory of analytic sets. 


Let Gc C” be a domain, A C G an analytic set, and Zo € A a point. There 
is an open neighborhood U = U(z) C G such that U N A is a finite union 
of irreducible analytic components Aj,...,“*!. If we choose U small enough, 
then the A, are uniquely determined. 


Definition. In the given situation the uniquely determined number 


dim,,(A) := ymax /dim(Ay) 


’ 


is called the (local) dimension of A at Zo. 


The set A has dimension 0 at zo € A if and only if there is an open neigh- 
borhood U =U(zo) C G such that UN A = {zo}. 


6.10 Proposition. Let k :=dim,,(A) le positive. Then k is the smallest 
number with the property that there are holomorphic functions "D>... fk in 
a small neighborhood U of Zo such that zo is isolated in AN N(fi,-.., fr): 


Proor: If dim,,(A) =k, then there must be at least one k-dimensional 
irreducible component A’ of A at Zo. 
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If f is any holomorphic function near zo, then either f|a = O (and therefore 
AnWN(f) still k-dimensional) or A' O N(f) is (k — 1)-dimensional. So at least 
k functions are required. 


On the other hand, by Lemma 6.7 we can find a holomorphic function fi 
near Zo that does not vanish identically on any irreducible component A’ of 
dimension k at zo. It follows that A' N N(f1) has dimension k — 1 for all 
such components A’. We can repeat this process, and after k steps we reach 
dimension zero, so that zo is isolated in AM N(fi,. -3 fk) : 


Definition. If A has dimension k at Zo, then any system {fi,..., fk } of 
holomorphic functions with ANN (fi, ...5 fx) = {zo} is called a parameter 
system for A in zo. 


6.11 Ritt’s lemma. Let B C A be closed analytic sets in a domain G C 
C”. Then B is nowhere dense in A if and only if dim,(B) < dim,(A) for 


every z € B. 


PROOF: Let the criterion be fulfilled, and z be an arbitrary point of B. 
Then there exists an open neighborhood U of zọ in G and a parameter system 
{fi,.-.,fe} on U for B at Zo. Since dimz, (A) > k, it is not possible that zo is 
isolated in ANN (fi, ..., fx). This means that (A—B)NN(fi,.--sfg)QNW £ 2 
for every neighborhood W = W (zo). So B is nowhere dense in A. 


On the other hand, let B be nowhere dense in A, and Zp a point of B. In a 
small neighborhood U of Zo we have unique decompositions into irreducible 
components: 


BAU =B,U...UB, and A=A,U--.U A). 


Every component B; is contained in a component Aju), and for any open 
neighborhood W = W (zo) we have (A; — B;) 7 W £ Ø, because otherwise, 
there would exist points z € W N B; where B is dense in A. So dim(B;) < 
dim(A;q)) for all j. It follows that dim,,(B) <dim,,(A). . 


Let G c C” be a domain, A C G an analytic set, and Zo € A a point. If 
dimz, (A) = k, then the number n — k is called the codimension of A at Zo. 


6.12 Second Riemann extension theorem. Suppose that n > 2 and 
that the analytic set A C G has everywhere at least codimension 2. Then any 


holomorphic function f on G — A has a holomorphic extension to G. 


PROOF: We may assume that A is irreducible of codimension d > 2. If zo 
is a regular point of A, then there is a neighborhood U of zo such that UNA 
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is biholomorphically equivalent to an open subset of a linear subspace E of 
codimension d. By the theorem on removable singularities (see Section II.1) 
f can be holomorphically extended to Zo. 


We repeat this procedure. Beginning with the set Sing(A), which has codi- 
mension d + 1,after finitely many steps only a set of isolated points remains. 
Since f can also be extended to these points, we obtain the desired result. m 


Exercises 


1. Let A}, Ag C C” be analytic sets. Show that dim(A1 N A2) > dim(A1) + 
dim( A2) n. 

2. Assume that G c C” is a domain and f a nonconstant holomorphic 
function on G. Prove that there is an at most countably infinite set 
Z CC such that A, := {z € G : f(z) =c} is regular for c € C - Z. 

3. Let GC C?” be a domain and A C G an analytic set. Prove that for any 
k > 0 the closure of the set Ak := {z € A : dim,(A) = k} is either 
empty or is a pure k-dimensional analytic subset of G. 

4. Let G C C” be a domain and fi.. ..,fm holomorphic functions on G. 
Denote by N the common zero set N(fi,...,fm). Show that if the rank 
of the Jacobian of fi,...,fm at some point zo € N is equal to r, then 
there is a neigborhood U =U (zo) C G and a closed submanifold M C U 
of dimension less than or equal to n — r such that UNA CM. 

5. Let A be an analytic set in a domain G C C”. For every point Zo € A 
the set Izo(4) := {(f)z9 € Oz, : fla = 0} is an ideal in O,,. Show that 
there are a neighborhood U of zo and holomorphic functions f1»... , fp 
on U such that: 

(a) ANU =N(fi,.-.,fx)- 
(b) I,,(A) is generated by the germs (f1)z,,..-+(fe)ao- 
Show that the vector space 


Ta (A) = {w Ec” S wr fe. (Zo) = 0 for every f € Taq A) $ 


v=1 
has dimension n—rkz, (f1; ..., fe). It is called the Zariski tangential space 
of A at Zo. 

6. Let A be defined as in Exercise 5, and suppose that zo is a regular point 
of A. Show that T,,(A) is the set of tangent vectors &(0) (see Section 
1.7), where a : F — C” is differentiable, a(1) C A, and a(0) = zp. 

7. Let A be an analytic set in a domain G Cc C”, and let Zo € A be an 
arbitrary point. The embedding dimension of A at zo is the smallest 
integer e such that there is an open neighborhood U = U(ao) and a 
closed submanifold M c U of dimension e with ANU C M. It is denoted 
by embdim,,(A). Prove that z ++ embdim,(A) is upper semicontinuous 
on A, and that embdim,,(A) = dimc(Zz,(A)). 

a, Consider the analytic set A = {w =exp(1/z)} € {(w,z) E C? : z #0}. 
Determine the closure of A in C4. 


Chapter IV 


Complex Manifolds 


1. The Complex Structure 


Complex Coordinates. Let X be a Hausdorff space, i.e., a topological 
space satisfying the Hausdorff separation axiom. Sometimes such a space is 
also called a separated space or a 2'2-space. Hausdorff spaces are the most 
common in topology (forexample, every metric space is a Hausdorff space), 
but non-Hausdorff spaces do arise, in particular in algebraic geometry. The 
space C” with the Zariski topology is not Hausdorff. 


We think that a space X is too big if there exists a discrete subset with the 
cardinality of the continuum. Therefore, we demand that the topology of X 
have a countable base. In this case X is said to satisfy the second axiom 
of countability. Obviously, C” has a countable basis. A metric space has a 
countable basis if and only if it contains a countable dense subset. 


A Hausdorff space X is called locally compact if every point x € X has a 
compact neighborhood. If X is compact, then it is also locally compact. If 
X is locally compact, but not compact, then X can be made compact by 
adjoining just one point (Alexandrov's one-point compactification). Every 
Hausdorff space that is locally homeomorphic to an open subset of C” is 
locally compact. So, for example, every Riemann domain over C” is locally 
compact. 


Definition. An open covering ¥ ={V, :v €N } of a Hausdorff space 
X is called a refinement of the covering Y ={U, :.€ 7} of X if there 
is a map 7 :N —-T (the refinement map) with 


V, C Urg) for every v € N. 
The refinement map is not uniquely determined, but we can fix it once and 
for all. 


A covering ¥ = {V, :v € N} is called locally finite if each x € X has a 
neighborhood U =U (x) such that U meets only finitely many Y,. 


Definition. A Hausdorff space X is called paracompact if every open 
covering Y of X has a locally finite open refinement W. 


Every compact space is paracompact. Furthermore, every locally compact 
space with countable basis is paracompact. 
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For the moment we only assume that X is a Hausdorff space. 


Definition. An n-dimensional complex coordinate system (U,p) in X 
consists of an open set U C X and a topological map y from U onto an 
open set B c C”. 


Ifp e X is a point, then every coordinate system (U, p) in X withp € U 
is called a coordinate system at p. The entries z; in z = (p) are called the 
complex coordinates of p (with respect to (U, p)}). 


If f is a complex function in U, we can consider it as a function of the complex 
coordinates 21,...,2n, by 


(21,-..,2n) Fop n... Zn) 


Two (n-dimensional) complex coordinate systems (U,y~) and (V, 4%) in X are 
called (holomorphically) compatible if either U n V =Ø or the map 


pop t:v(UNV) > p(UNV) 


is biholomorphic (see Figure IV.1). 


Figure IV.1. Change of coordinates 


The sets By :=4(U N V Jand By :-=y(UN V )are open subsets of C”. F z; 
(respectively w;) are the complex coordinates with respect to ẹ (respectively 
yw), then compatibility of the coordinate systems means that the functions 
zi =2%(wi,...,w) and w; =w;(z1,...,2n) are holomorphic. 
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A covering of X with pairwise compatible n-dimensional complex coordinate 
systems is called an n-dimensional complex atlas on X . Two such atlases A, 
and Az are called equivalent if any two coordinate systems (U,g) € A, and 
(V, Y) € Az are compatible. An equivalence class of (n-dimensional) complex 
atlases on X is called an n-dimensional complex structure on X. It contains 
a maximal atlas that is the union of all atlases in the equivalence class. 


Definition. An n-dimensional complex manifold is a Hausdorff space 
X with countable basis, equipped with an n-dimensional complex struc- 
ture. 


Every complex manifold is locally compact and paracompact. 
Examples 


1. The complex n-space C” is an n-dimensional complex manifold. The 
complex structure is given by the coordinate system (C”, id). 

2. If X is an arbitrary n-dimensional complex manifold, then any nonempty 
open subset B C X is again an n-dimensional complex manifold. For 
p © B there is a coordinate system (U,y) in X atp. Then (UN B, lunes) 
is a coordinate system in B at p. All of these coordinate systems are 
compatible. 

3. Let G C C” be a domain and X C G a k-dimensional complex sub- 
manifold. Of course, X is a Hausdorff space (in the relative topol- 
ogy) with countable basis. For zọ € X there are open neighborhoods 
W = W(z) C Gand B = BO) c C” and a biholomorphic map 
F : W —> B such that 


F(W OX) = {(w1,---;Wn) E€ B : Wk = = Wn = OF. 


Let pr :C” — CF be the projection (w1,. .., Wn) œ (w1,. .., Wp). We 
define U :=W NX andy := pr oF :U > C*. Then (U,y) is a k- 
dimensional complex coordinate system in X at Zo. 

If (Va) is another coordinate system, with Yy =pr o E, then 


pow '(wi,. Wk) = pr'o Fo F~! (w,. .., Wp, 0,...,0) 


is holomorphic. So we get a complex structure on X. 

4. Finally, let (G,r) be a Riemann domain (over C"). Then G is a connected 
Hausdorff space, and for every p € G there is an open neighborhood 
U = U(p) such that B := 7(U) is open and y :=r|y : U — B is 
topological. Then (U, y) is a complex coordinate system. If y = r|y is 
another coordinate system, then for x € U N V we have y(x) = (z) = 
n(x) =:z and 

gow (z) =y(r) =z. 
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Therefore, the coordinate systems are compatible. We get a complex 
structure on G. One can prove that G has a countable basis (cf. [Gr55], 
§2]). So every Riemann domain over C” is an n-dimensional complex 
manifold. 


Holomorphic Functions, Let X be an n-dimensional complex mani- 
fold. 


Definition. A complex function f on an open subset B C X is called 
holomorphic if for each p € B there is a coordinate system (U,y) at p 
such that f og”! : (U N B )— C is holomorphic. 


If z1,. .-,Zn are the complex coordinates with respect to (U,p), then 
(za, tae Zn) = f o yp lta, oat 1 2n) 


is a holomorphic function in the ordinary sense. If zy = 2,(wi,...,Wn), where 
Wi, ...,W, are the complex coordinates with respect to a coordinate system 
(V, #), then 


Foy (Wry ste) = f o pHa (Wr, vos Wn) ees zaw stn) 


is also holomorphic. So the definition of holomorphy is independent of the 
coordinate system. We denote the set of holomorphic functions on B by O(B). 
It is a @-algebra with unit element. 


Example 


Let GC C” be a domain and X C G a k-dimensional complex submanifold. 
We consider a complex coordinate system (U,y) in X, where U is the inter- 
section of X with an open set W c G and » =pr of, with a biholomorphic 
map F : W —> B c C” such that F(U) = {we B : weg =... =w, =O}. 
If f is a holomorphic function on G, then 


filxog (w,. Wk) = foF'(wy,. -., Wk, O,. ..,0) 


is holomorphic. Therefore, f|x is a holomorphic function on the complex 
manifold X. 


1.1 Identity theorem. Let X be connected. If f,g are two holomorphic 
functions on X that coincide in a nonempty open subset U C X, then f 59. 


Proor: Let W ={xr €X : f(x) =g(x)}. Then W° ¥ Ø, since U C W. 


Assume that there exists a boundary point zo of W” in X and let (U,v) be a 
coordinate system at a with (zo) =O. Then all derivatives of f oy~! and 
gow! must coincide at O. It follows that the power series of these functions 
around the origin are equal. But then f = g in a whole neighborhood of zo. 
and this is a contradiction. 
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If there were a point x€ M :=X - W" that was not an interior point of M , 
then x would be a boundary point of W”. This shows that M must be open. 
Since X is connected, M has to be empty. m 


1.2 Maximum principle. Let X be connected, f € O(X), anday eX a 
point such that |f| has a local maximum at xo. Then f is constant. 


PROOF: The functions f and g := f(zọ) are both holomorphic on X. If 
(U, p) is a coordinate system at zo and B := (U), then fo := f o y7! is 
holomorphic on B, and | fo| has a local maximum at zo := (xo). Thus there 
is an open neighborhood B’ = B’(zo) C B such that fp is constant on B’ and 
f is constant on U’ :=y~'(B’). So flu = glu, and by the identity theorem 
f =g;ie., f is constant. m 


1.3 Corollary. If X is compact and connected, then every holomorphic 
function on X is constant. 


PROOF: The continuous function |f| takes its maximum at some point of 
X . Now the corollary follows from the maximum principle. n 


1.4 Corollary. There is no compact complex submanifold of positive di- 
mension in C”. 


PROOF: Let X C C” be acompact connected submanifold. Then the stan- 


dard coordinate functions z,|x must be constant, for v = 1,..,n. This 
means that X is a single point. If X is not connected, it is a finite set of 
points. m 


Remark. Another proof is given in Section 111.6. 


Riemann Surfaces. An (abstract) Riemann surface is by definition a 
1-dimensional connected complex manifold. 


Example 


The complex plane C and every domain in C are Riemann surfaces. Recall 
the Riemann surface of vz, 


X = {(w,z) E C? : w? =z, z £0}. 


Since X is a Riemann domain over C, it is a 1-dimensional connected complex 
manifold. From the projection r := prə|x :X — C we get complex coordinate 
systems (U, p) with ¢ := r|y and sufficiently small U. 
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The function f :X — C with f(w,z) := w is a global holomorphic function 


Example 


The Riemann sphere Č =C U {oo} is a compact connected Hausdorff space. 
We have two coordinate systems (C, p) and (C — {0}, y) with p(z) =z and 
p(z) =1/z. On @* =CN(C — {0}) we have pow '(z) = 1/z, and this is 
holomorphic. So C is a compact Riemann surface. Every global holomorphic 
function on C is constant, but there are nontrivial meromorphic functions, 
for example f(z) =z (with one pole at œ). Here a meromorphic function on 
X isa function f that is holomorphic outside a discrete subset P C X and 
satisfies 
lim|f(z)| =œ for every p €E P. 


The points of P are called the poles of f 


Holomorphic Mappings. Let F : X — Y be a continuous map be- 
tween complex manifolds. 


Definition. The map F defined above is called holomorphic if for any 
p € X there is a coordinate system (U, y) in X at p and a coordinate 
system (V,w) in Y at F(p) with F(U) c V such that 


YoF og :¢(U) + ¥(V) 


is a holomorphic map. 


1.5 Proposition. The map F :X — Y is holomorphic if and only if for 
any open subset V C Y and any f € O(V) it follows that fo F € O(F~\(U)). 


The proof is an easy exercise. 


The category of complex manifolds consists of a class of objects, the complex 
manifolds, and a class of sets such that to any pair (X,Y )of objects there is 
assigned a set O(X, Y ) (which may be empty), the set of holomorphic maps 
between X and Y. In a general category this set would be called the set of 
morphisms from X to Y. 


For (G,F) € O(Y, Z) x O(X, Y ) we always have the composition Go F € 
O(X, Z) such that the following axioms hold: 


1. If H o G and GoF are defined, then (Ho G)oF =Ho(GoF). 
2. For any manifold X we have the identity map idx E€ O(X,X) such that 
idy oF =F and F oidx =F, if the compositions are defined. 
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Another example for a category is given by the topological spaces and contin- 
uous mappings. If we replace in our definitions above the field C by R and the 
word “holornorphic” by “differentiable”, we get the category of differentiable 
manifolds and differentiable mappings. From every n-dimensional complex 
manifold we obtain a 2n-dimensional differentiable manifold by “forgetting 
the complex structure.” 


A holomorphic function f : X — C is obviously a holomorphic mapping. 
More generally, in the case of a Riemann surface a meromorphic function f 
on X may be viewed as a holomorphic mapping f :X — C. 


Definition. A biholomorphic map F :X — Y is a topological map 
such that F and F~? are holomorphic. If there exists a biholomorphic 
map between X and Y, then the manifolds are called isomorphic or 
biholomorphically equivalent, and we write X = Y. 


Remark. If X is a complex manifold and (U,y) a complex coordinate 
system with y(U) = BCC", then y :U > B is a biholomorphic map. 


Cartesian Products. Assume that Xj,...,X, are complex manifolds 
of dimension n;,...,7%. Then the set X =X, x ...X Xm carries a natural 
topology generated by the sets U = U x = x Um, Ui C X; open for i = 
1,...,m. One sees immediately that X is a Hausdorff space with countable 
basis. 


Given complex coordinate systems (U;, y;) in X;, for i = 1,...,7m, one defines 
a coordinate system (U, y) for X by 


(a1, 53) =(¥1 (z1), vee 59m (Lm)) EC? act tm | 


It is clear that two such coordinate systems are compatible. So we obtain an 
n-dimensional complex atlas and a complex structure on X. The projections 
Pi :X — X; are holomorphic maps for i =1,...,7. 


A simple example is C” =C x ...x C. 


n times 
The Cartesian product of two complex manifolds X,, X> satisfies the follow- 
ing universal property: 


Given any complex manifold Y and any two holomorphic maps F :Y > X, 
and G: Y — Xə, there exists exactly one holomorphic map H : Y > X1x Xo 
with F =p,0H and G =p2od, 


Although trivial in our case (we set H := (F,G)), this property becomes 
important in more general categories. 
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Analytic Subsets.Let X be an n-dimensional complex manifold. 


Definition. A subset A C X is called analytic if for each point p € X 
there are a (connected) open neighborhood U = U(p) and finitely many 
holomorphic functions fi,...,fm on U such that 


UnA={qEeU : fila) = 0 fori=1,...,m}. 


We call A an analytic hypersurface if we can always take m = 1. 


From the definition it follows that A is a closed subset of X. Locally, an 
analytic set in X is the same as an analytic set in an open set B c C”. So 
most properties of analytic sets in C” can be transferred. 


1.6 Proposition. If X is connected and A C X analytic, then either A = 
X orA is nowhere dense and X —A is connected. 


PROOF: Assume that A Æ X .If A is somewhere dense in X , then A contains 
interior points (because it is closed in X ). Since X is connected, the interior 
of A has a boundary point p € X —A (same argument as in the proof of 
the identity theorem). We take a connected neighborhood U = U(p) such 
that ANU = {q E€ U : fila) =- — fm(g) = 0}. Then U contains an 
open subset V (consisting of interior points of A) where fi,...,fm vanish 
identically. By the identity theorem they vanish on the whole set U, and p 
cannot be a boundary point of the interior of A. This is a contradiction, and 
it follows that A is nowhere dense. 


If X —A is not connected, it can be decomposed into two nonempty open 
subsets U1, U2. The function f :X - A C with f(z) = Oon U: and f(x) = 1 
on Uz is holomorphic and bounded. By Riemann’s extension theorem (which 
can be applied locally) there exists a holomorphic function f on X that 
coincides with f outside A. Since f can take only the values 0 and 1,it is 
locally constant. But on the connected manifold X every locally constant 
function is constant. This is a contradiction. . 


Let f1,...,;f/m be holomorphic functions that are defined on an open subset 


U C X. Letp €U be a point and (V,y) a complex coordinate system in X 
at p. The mapping f = (fi; ..., fm) :U — C™ is holomorphic, and we define 


oTt i= seoa 
Je(p; Y) = (M85 wm j a ). 


This is something like a Jacobian matrix of f at p, but it depends on the 
coordinate system 7. Since 
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ME uy = Meee ee D yg) 
= D Mee) ip eet yp), 
k=1 ’ 
we have 


Je(p; y) = Jelp e) Joo- ((p))- 
This shows that 


rkplfis fm) = rk Jeg, fm (P) 
is independent of the chosen coordinate system. 


Definition. An analytic set A C X is called regular (of codimension 
d) at a point p € A if there are an open neighborhood U = U (p) c X 
and holomorphic functions fi,...,fa on U such that: 
1.ANU={qeU : fiqg)=...= alq) = 0}. 
2. rkp(fi;- sfa) =d. 
The number n — d is called the dimension of A at p. 


If A is regular at every point, A is called a complex submanifold of X 


1.7 Proposition. An analytic set A is regular of codimension d atp E A 
if and only if there is a complex coordinate system (U,p) in X at p with 
g(U)=BCC" and pPUNA)= {w EB : Wn-a41 =... = W, =O}. 


If A is a complex submanifold of X , then A itself is a complex manifold. 
PRooF: Let (U, y) be an arbitrary coordinate system at p and W := %y(U). 


Then A := (ANU) is an analytic subset of W that is regular of codimension 
dat Zo :=~(p), and there exists a biholomorphic map f from W onto an open 


neighborhood B = B(0) C C” with f(z) = O and f(A) = {W : Wn-d41 = 
.._ Ww, =O}. We take y :=f ov. 


If A CX is a submanifold, then A inherits a natural complex structure from 
X. This can be demonstrated in the same way as in the case X = C”. 7 


Example 


Let F :X — Y be a holomorphic map from an n-dimensional manifold into 
an m-dimensional manifold. Then 


Gr = {(£x,y) EX x Y : y =F(z)} 


is called the graph of F. 
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Let pọ € X be a point and g := F (po) € Y. We choose coordinate systems 
(U,p) in X at po and (V,W) in Y at go, with F(U) C V.Then (U x V,p x Y) is 
a coordinate system in X x Y at (po, qo) € Gr. Writing Yo F =(fi,...,fm) 
we get 


Gr A (U x Vj={(y xv) (z, w) : frog (z2) -wi =0 for i =1,...,m}. 


So Gr is locally defined by the functions gi (p,q) := fi(p) —wio (q), for i = 
1,...,m. Since rk(p,,99)\9! 5 --- 59m) =m, we see that Gr is an n-dimensional 
submanifold. 


The diagonal Ax C X x X is a special case, which is given as the graph of 
the identity: 
Ax ={(z, x£) EX xX :2=x'}, 


Example 


Let A = {(w, 21,22) € CÌ : w? = 2129}. The projection p : (w, 21,22) + 
(21,22) realizes A as a branched covering over C? that is the zero set of 
the pseudopolynomial w(w; 21,22) = w? — 2122. Outside the discriminant set 
Do = {(21, 22) : 2122 = 0} it always has two regular leaves over C?. So A is 
everywhere 2-dimensional and regular outside Dwu. It is even regular outside 
the origin, since Vw(w, 21, 22) vanishes only at (0,9, 0). One can show that O 
is, in fact, a singular point; e.g., by using Exercise 8.2 in Chapter I. 


The map ¢ : C? > A with 9(ti, te) :=(tite, t?, t2) is surjective. We call it a 
uniformization. The Jacobian 


to ti 
Jeltist) = 2 0 
0 2ta 


vanishes exactly at (0,0). The image point (0,0,0) = (0,0) is then called a 
nonuniformizable point. 


Analogously to the situation in C” one proves that the set Sing(A) of singular 
points of an analytic set A is a nowhere dense analytic subset. The set A is 
called irreducible if A — Sing( A) is connected. To every analytic set A C X 
there is a uniquely determined locally finite system of irreducible analytic 
sets (Ax )aca such that A is the union of all these irreducible components Ax. 


Differ entiable Functions. Let X be an n-dimensional complex man- 
ifold, B c X an open set. A function f : B + C is called differentiable 
(respectively smooth), if for every complex coordinate system (U,g) with 
UNB £ ø the function f o y7? is differentiable (respectively infinitely dif- 
ferentiable) on y(U N B). We denote the R-algebra of real-valued smooth 
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functions on B by &(B) and the C-algebra of complex-valued smooth fuc- 
tions by £ (B,C). 


1.8 Proposition. Jn every complex manifold X there is a sequence of com- 
pact subsets (K,) with K, C (Kynsi)° and JU, Kn =X. 


PROOF: Since X is locally compact with countable basis, we can find a 
countable basis (B.)ven of the topology of X such that each B, is compact. 
We take Kı := By. If nı isthe minimal number such that Kı C ByU---UBp,, 
then kı > 2, and we take K := B,U...UB,,, and so on. m 


We call (Kn)nen a compact exhaustion of X 


1.9 Proposition. Let an open covering Y ={U, : 1 €I} of X be given, 
and two real numbers r,r’ withO < r' < r. Then there is a locally finite open 
refinement Y ={V,:AEL} of UY such that the following hold: 


1. For each A € L there exists a complex coordinate system (Vy, px) in X 
with paa) = B, (0). 
2. The open sets p3 (Br {0)) also cover X. 


PROOF: We use a compact exhaustion (K,) and define Mı := Kı and 
Mn := Kpn -(Ky-1)° for n > 2. Then (Mn) is a covering of X by compact 
sets. 


We consider a fixed M = M,,. For each x € M there is an index | =1(x) € I 
and an open neighborhood V = V(x) C U,N((Kn41)° —Kn-2). We can make 
V so small that there is a complex coordinate system y : V > B,(0) with 
v(x) =0, and we define V’ := y7!(B,.(0)). The set M is covered by finitely 
many neighborhoods V; 3,- -Vf m, like our V’. Then 


V :={Vagw on EN, iG =1,...,my} 


is the desired covering. 8 


Definition. A (smooth) partition of unity on X is a family (y,),c7 of 
smooth real-valued functions such that: 

1. g = 0 everywhere. 

2. The system of the sets supp(y,) is locally finite. 


3. ver Pı = 1. 


1.10 Theorem. For any open cowering Y ={U, : 1 € 1} of X there is a 
partition of unity (y.) with supp(y,) C U.. 
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PRooF: We have a locally finite refinement ¥ ={V, :  € L} of W and 


complex coordinates pa : Va — B,(G) as in Proposition 1.9. If 1, :C” — R is 
a smooth function with 0 < ¥(z) < 1, y(z) =E 1 on B (0) and ¥(z) = 0 on 


C” — B, (0 ) we define a smooth function Ya on X by pa =Yo¥a on Va and 
w(x) = 0 otherwise. 


Let r :L — I be a refinement map (with Vy C Ur). Then W = {W, 
LET} with W, := Uzeri) Va is an open refinement of Y with W, C U.. 
In addition it is locally finite, because for 7 € X there is a neighborhood 
P = P(x) such that POV) 4 a only for à € Lo, Lo C L finite. But then 
POW, # @ only fore =7(A), A € Lo. 


We define ¢, := Laert) Ya. The sum is finite at every point. So ¢, is 


smooth and has its support in W,. Every 7 € X lies in a set py (By (0)), 
where ypa is positive. Therefore, ¢ := >>, ~ is well defined and everywhere 
positive. Now we can define the partition of unity by p, :=¢./¢. z 


1.11 Corollary. LetU C X be an open set and V CC U an open subset. 
Then there exists a function f € E(X) with fly =0 and f\ıx-v) = 1. 


PROOF: The system {U, X —V} is an open covering of X . Let {y1, p2} be a 
partition of unity for this covering. Then supp(yi) C U, supp(y2) C X - V, 
and yi Fyz = 1. We take f := p2. a 


Tangent Vectors. Let X be an n-dimensional manifold and a € X an 
arbitrary point. 


Definition. A derivation on X at a is an R-linear map v : E(X) => R 
such that 


uff- g) = olf] - g(a) + f(a) vlg) for fig E E(X) 


If c is constant, then v[c] = 0 for every derivation v. 
1.12 Proposition, Iff € &(X) and f|u =0 for some open neighborhood 
U =U (a) C X, then v| f] =0 for every derivation v at a. 


PROOF: We choose a function g € &(X) such that g/v =0 for some open 
neighborhood V = V(a) CC U and g\(x-v) = 1.Then g.f = f, and from 
the derivation rule it follows that 


vif] =vlg . f] =ulg] . F(@) +9(@) olf] =9. 
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1.13 Corollary. Iff,g are twofunctions of E(X) with flu =g|u for some 
open neighborhood U =U(a) C X , then v[f] = vlg] for every derivation v at 
the point a. 


It follows from the corollary that we can restrict derivations to locally defined 
functions and work with coordinates. If p = (z1,...,2n) :U + C” isa 
coordinate system at a and z, =z, + iy, then we define partial derivatives 
at a by 


ð _ ð _ 
(=), [f] = (f o p7) (pla) and (E). [fl := (f ° 97t)yp lela), 
for i = 1,...,n. The partial derivatives depend on the chosen coordinate 


system, but once we have made our choice, every derivation v at a has a 
unique representation’ 


7 ð i ð 
with a; =v[z;] and b; = vly:] for i = 1,...,n. 
In C” the space of derivations is isomorphic in a natural way to the space of 
tangent vectors. But what is a tangent vector on a complex manifold X ? We 
start with a differentiable path a : I — X , where I C R is an interval with 
0€, and a(0) =a. Let (U, p) be a coordinate system in X at a. Then we 
can write y o a =(a1,....a,) and get the tangent vector 


Unfortunately, this vector depends on the coordinate system. But a tangent 
vector at a should somehow be completely determined by a pair (p ,c ), where 
y is a coordinate system at a andc =(c),...,¢) E€ C” an arbitrary vector. 


In this sense the tangent vector to a is given by the pair (p, (yo ay (0)). If 
we take another coordinate system y, then 


(yo a) (0) = (2 ° a)'(0) ,Jyop-: ((@))' 


Therefore, we call two pairs (y,c) and (w,c’) equivalent if the Jacobian of 
w og! at pla) transforms c into ce’, i.e., if 


C=C . Jpop (Yla). 


An equivalence class is called a tangent vector at a. The set T,(X) of all 
tangent vectors at a is called the tangent space. It carries the structure of a 


complex vector space, which can be defined on representatives: 


1 For the proof use the fact that every smooth function f on a domain G c 
C” has near zo € G a unique representation f(z) = S7?_, gw (za, — s2) + 


Elaa he (2) (yo — y?) with gu (zo) = fev (Zo) and hu (zo) = fy, (z0). 
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(~,€1) + (~,c2) := (~,¢1 + 2), 
A (pc) = (y,A-Ce). 


The Complex Structure on the Space of Derivations. If 
f =g + ih is a complex-valued smooth function on the open set B c X and 
v a derivation at a € B, then we define 


olf] :=vlg] + i vih]. 


1.14 Proposition. For every c € C” and every coordinate system y at a 
there is a unique derivation v at a such that 


vif] :=c .V(f oy ')(y(a))* for every holomorphic function f 
The derivation v depends only on the equivalence class of (p, c). 


PROOF: If a coordinate system y = (21,...,2n) with z, = 2, +iy, anda 
vector c = a + ib are given, then v can be defined by 


7 a Z ð 
v= Yo (ar) Ee a) 

v=l1 a v=1 a 
If f is a holomorphic function, then fy, =ifz, and fr, = fz,. Consequently, 


n 


ulf] =X (as +ib (f oe a (Pla) =e: Vif o gll). 


vol 
The uniqueness follows from the equations v[x,] + iv[y,] =vlzv] =e. 
If the pair (y, c) is equivalent to (Y, c’), then 
eY fou (wa) = e Jeou (WA) Vee Myla)! 
c- V( fp ‘(ela)’. 
Therefore, v is determined by the equivalence class of (p, c). 7 


The assignment (p, c )+> v induces a real vector space isomorphism between 
the tangent space T,,(X) and the space of derivations at a. It followsthat the 
tangent space has complex dimension n. The pair (y, e,) is mapped onto the 
derivation (0/0z,)a, and (¥, ie,) onto (8/3yv)a- 


1.15 Proposition. A complex structure on the space of derivations ata is 
given by 


J(v)(f] =i.vlf} for every holomorphic function f . 


1. The Complex Structure 167 


PROOF: Obviously, J is R-linear, and J o J(v) = —v. m 


If v corresponds to the tangent vector given by (y,c),then J(v) corresponds 
to (p, ic). One must distinguish carefully between the real number J(v)[f] 
and the complex number i .v[f] if f is a real-valued smooth function. 


The differential operators (0/0z,)_ and (0/0Z,)q are not real-valued deriva- 
tions, and therefore they do not correspond to tangent vectors. But they are 
nevertheless useful. If v is a derivation, then 


of] = Souls op a, + 5 b(fop ')y, 
= Dia (foe. +(fop")z.) 

D3 op a = o pT) 

= Tel oeh, Pa 


f c, =a, tib, for v =1,...,n. 


Therefore, every (real-valued) derivation can be written in the form 


n a " 7a 
r= De (sz) +L (a) 
v= a v=1 v 


a 


The Induced Mapping. Let F :X — Y be a holomorphic map be- 
tween complex manifolds. Let z € X be an arbitrary point, y := F(x) € Y. 


Definition. The tangential map Fs = (Fy) : Tz(X) > T,(Y) is 
defined by 


(F.v)[g] :=v/g° F], for derivations v and functions g € &(Y). 


The map F, is linear, acting on tangent vectors as follows: 


FY: (y,¢) > (Y, c . JpoFoy-1(P(2)) t), 
if % is a coordinate system at x, and # is a coordinate system at y. 


Now we have an assignment between the category of complex manifolds (with 
a distinguished point) and the category of vector spaces, To any manifold 
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X and any point a € X there is associated the tangent space T,(X). To 
any holomorphic map F : X — Y with F(a) = b there is associated the 
homomorphism F, : Ta(X) > T,(¥). This assignment has the following 
properties: 


(idx). = idx), 
(GoF), = G.oF, Gf G:Y — Z is another holomorphic map). 


Such an assignment is called a covariant functor. If it interchanged the order 
of the maps, it would be called a contravariant functor. 


Remark. For historical reasons the elements of the tangent space are called 
contravariant vectors and the elements of its dual space covariant vectors. 
But the tangent functor behaves covariantly on the tangent vectors and con- 
travariantly on the covariant tangent vectors in Ta( XY. One should keep this 
in mind. 


Immersions and Submersions. We are particularly interested in 
the case where the (local) Jacobian of a holomorphic map F : X — Y has 
maximal rank. If n = dim(X) and m = dim(Y), then the rank is bounded 
by min(n, m ). Only two cases are possible: 


Definition. The holomorphic map F is called an immersion at z if 
rk(F,) =n < m, and F is called a submersion at x if rk(F.) =m > n. 
In the first case (F'.)z is injective; in the second case it is surjective. 


We call F an immersion (respectively submersion) if it is an immersion (re- 
spectively submersion) at every point z g X. 


Remark. If F:X — Y is an injective immersion, then for every x € X 
there are neighborhoods U(x) c X and V(F(x)) C Y such that F(U) is a 
submanifold of V. In addition, if X is compact, then F(X) is a submanifold 
of Y. We omit the proof here. 


1.16 Theorem. Let zo € X be a point, yo :=F (xo). The following condi- 
tions are equivalent: 


1. F is a submersion at Xo. 

2. There are neighborhoods U = U(ao) C X and V = V(yo) C Y with 
F(U) c V,a manifold Z, and a holomorphic map G:U — Z such that 
x ++ (F(x2),G(x)) defines a biholomorphic map from U to an open subset 
of Vx Z. 

3. There is an open neigborhood V = V (yo) C Y and a holomorphic map 
s :V => X with s(yo) = zo and Fos =idy. (Then 8 is called a local 
section for F.) 


aaki ERD iae 


1. The Complex Structure 169 


PROOF: (1) => (2): We can restrict ourselves to a local situation and 
assume that U = U (0) C C” and V = V (0) c C™ are open neighborhoods, 
and F :U > V a holomorphic map with F(0) = 0 and rk(Jp(0)) =m. 


We write Jp(0) = (Jp(0), J4(0)), with Jp(0) € Mm,m(C) and J#(0) € 
Mm,n-m(C). Choosing suitable coordinates we may assume that det J/,(0) # 
0. We define a new holomorphic map F :U + V x C"-™ c C” by 


F(z’ z") = (F(z',z"), z”), forz’ e C™, z” e œ”, 
Then 


t H 
Jz(0) = ( 7x(0) P(o) ) , and therefore det Jz(0) £ 0. 


By the inverse function theorem there are neighborhoods U (0) C U and 
W(Q) c C” such that F :U — W is biholomorphic. 


We observe that Z :=C"—™ is a complex manifold, and G := pr, U+Z 
with (z', z”) +> z” is a holomorphic map such that (F,G) = F is biholomor- 
phic near 0. 


(2) = > @) :If U, V, Z, and G are given such that F(U) C V and (F,G) : 
U — WC V x Z is biholomorphic, then s : VY — X can be defined by 


s(y) := (F, G) (y, G(a0)). 


Then (F, G)(s(yo)) = (yo, G(z0)}) = (F,G)(zo), and therefore s(yo) = zo. 
Furthermore, (FG) © s(y) = Fg) o (EG) t (y, G(z0)) = (y,G(xo)). Thus 
Fos(y) =y. 


(3) => (1): F s is a local section for F, with s(yo) = zo, then F,os,(v) =v 
for every v € T,,(Y). Thus it follows immediately that F, is surjective. m 


1.17 Corollary. f F :X — Y is a submersion, then for each y € Y the 
fiber F~*(y) is empty or an (n— m)-dimensional submanifold of X. In the 
latter case Ty (F71 (y)) = Ker((F4)s) for al x € Ft (y). 


PROOF: We consider a point zo € X. Let M :=F (yg) be the fiber over 
Yo := F (zo). Then we can find neighborhoods U =U (zo) € X, V = V(yo) C 
Y ,a manifold Z, and a holomorphic map G : U > Z such that (F,G):U — 
W c Vx Z is biholomorphic. It followsthat MNU = (F, G)! ({yo} x Z)QNU 
is a manifold of dimension n — m. 


Since F|M is constant, we have F, |Tzo(M) = 0. This means that T, (M) C 
Ker(F,). Since these spaces have the same dimension, they must be equal. , 
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Gluing. Assume that X is a set that is the union of a countable collection 
(X_)ven of subsets such that the following hold: 


1. For every y € N there is a bijection py : X, — M,, where M, is an 
n-dimensional complex manifold. 
2. For every pair (yy) € Nx N the subset p(X L NX,) is open in M,, and 
the map 
Po O Pr”: Gy (XLAXy) + p(X X,) 


is biholomorphic. 

3. For every pair of points a € X, and b € X, with a # b there are 
open neighborhoods U(y,(a)) C My and V(y,(b)) C Mp with yy (U)A 
gy, (VY) = 0. 


1.18 Proposition. Under the above conditions there is a unique complex 
structure on X such that the X, are open in X and the py : Xy — My, are 
biholomorphic. 


PROOF: We give only a sketch of the proof and leave the details as an 
exercise for the reader. 


A subset U C X is called open if p, (UN X») is open in M, for every y. Then 
the collection of open sets has the properties of a topology on X . In addition, 
for every open set W C M, the set y7!(W) is open in X. Consequently, 
the maps pv :X, — Mz are homeomorphisms. From the last hypothesis it 
follows that the topology on X is Hausdorff, and since the collection of the 
X, is countable, it has a countable basis. 


If U C M, is open and y :U — C” a coordinate system, then Y := oy, : 
yg, (U) > C” is a coordinate system for X. One checks easily that two 


such coordinate systems are biholomorphically compatible. So we obtain a 
complex structure on X. u 


One says that X is obtained by gluing the manifolds M,. Another way 
to describe this process is the following. Let there be given a collection of 
complex manifolds M,, open subsets M,, C M,, and biholomorphic maps 
Pvu : Myv > Mop Gncluding puy = idm,). Consider pairs (x,v) with 
x € M,. Then (a, y) is called equivalent to (y, p) if 


zE Mo ye Mu and z = Pvp ly) 


The set X of equivalence classes is the result of the gluing process. Of course, 
one has to add a condition that ensures the Hausdorff property. 


Exercises 


1. Let M be a compact connected complex manifold with dim( M) > 2 and 
N C M a closed submanifold of codimension greater or equal to 2. Show 
that every holomorphic function f :M -N > C is constant. 
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2. Let X be a Riemann surface. 
(a) If f is a meromorphic function on X , and P the set of poles, show 
that ( 
~ 1, g f(z) forx eX -P, 
f(a) = oe) forxe P 


defines a holomorphic map f: X >C. 
(b) Prove that every holomorphic map f :X —> C that is not identically 
oo defines a meromorphic function on X. 
3. Let f : X — Y be a nonconstant holomorphic map between Riemann 
surfaces, £o € X , and yo := f (zo) € Y. Prove that there is a k > 1 such 
that there are complex coordinates p :U(zo) + C and 4% :V(yo) > C 


with: 
(a) (zo) =0, Ylyo) =0. 
(b) FU) cV. 


©) po fog (z) =2*. 

4. The general linear group GL,,(C) is an open subset of the vector space 
M,C). Prove that the special linear group SL,(C) := {A € M,(C) 
det(A) = 1} is a submanifold of GL,,(C). Calculate the tangent space 
Te (SL,(C)) c Te(GLn(C)) = M,(C), where E = E,, is the identity 
matrix. 

5. Let f :X — Y be a holomorphic map and Z C Y a closed submanifold. 
Show that if 

Im((fa)e) + Ty(2)(Z) =T lY) 
for every x € f~'(Z), then f~1(Z) is a submanifold of X . 

6. The holomorphic maps f :X — Z and g : Y > Z are called transversal 

if for every (xy) € X x Y with f(z) =9(y) =:z the following holds: 


Im((fx)2) + Im((g-)2) =T.(4)- 
Prove that the fiber product 


X xz Y :={(z,y) €X xY : f(x) =fly)} 


is a complex submanifold of X x Y. 
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Lie Groups and Transformation Groups. Assume that G is a 
set that has the structure of a group and at the same time that of an n- 
dimensional complex manifold. The inverse of g € G will be denoted by g—!, 
the identity element by e, and the composition of two elements g1, g2 € G by 
9192- 


Definition. We call G a complex Lze group if the following two prop- 
erties hold: 
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1. The mapping g > g~' (from G to G) is holomorphic. 
2. The mapping (91, 92) > gige (from G x G to G) is holomorphic. 


There are many examples of complex Lie groups. The simplest one is the 
space C”, where the composition is vector addition. Another example is the 
group C* with respect to ordinary multiplication of complex numbers. 


The most important example is the general linear group 
GL,(C) := {A € M,(C) : det A #0}. 


2 
Its complex structure is obtained by considering it as an open subset of C” . 
The multiplication of matrices is bilinear, and the determinants appearing in 
the calculation of the inverse of a matrix A are polynomials in the coefficients 
of A. 


Every matrix A € GL,(C) defines a linear and therefore holomorphic map 
a :C” > C” by 

Ga(z):=z. A’. 
Then ®4n(z) =z: (AB)' =z- (BtA*) =z .B*) -AŻ = ©, (@p(z)). E En 
is the identity matrix, then ®g,, = id. Furthermore, if A is any matrix with 
a =id, then A must be the identity matrix, since a (e;) =e; . At is the 
transpose of the ith column of A. 


We want to generalize this situation. Let X be a complex manifold and G a 
complex Lie group. 


Definition. We say that G acts analytically on X (or is a complex 
Lie transformation group on X ) if there is a holomorphic mapping ® : 
Gx xX =X with 


(9192, 2) — (91, ®(g2, x)) for 91,92 E G,TEX. 


The holomorphic map x ++ ®(g,x) is denoted by ®,. We say that G acts 
effectively or faithfully on X if 6, =idx implies that g =e. 


Often we write gz instead of ®(g,z) or ®,(x). A point z € X with gz =z 
is called a fixed point of g. We say that G acts freely if only the identity 
element e € G has fixed points in X . The general linear group GLa (C) acts 
analytically and faithfully on C” put not freely. 


Let {wi,...,Wan} be any basis of C” over R. Then 


T := Zw +... ¢ Zwon 


is a subgroup of the (additive) group C” generated by w1,- ..,W2n- The group 
T acts on C” by ®(w, z) :=z tw. This is an example of a free action. 
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Fiber Bundles. Let X and F be complex manifolds and G a complex 
Lie group acting analytically and faithfully on F. 


Definition. A topological (respectively holomorphic) fiber bundle over 
X with structure group G and typical fiber F is given by a topological 
space (respectively a complex manifold) P and a continuous (respectively 
holomorphic) map 7 :P + X, together with 

1. an open covering Y ={U, :. El} of X, 

2. for any ų¿ € Í a topological (respectively biholomorphic) map 


Pu im 1 (U,) >U, x F 


with pr, oy, =7, 
3. for any pair of indices (1, x) € 7 x I a continuous (respectively holo- 
morphic) map ges : U, O Us —> G with 


Pi 0 pr (T, p) = (2, Jun (a)p) 
for x EU, =U, QU, andp € F. 


The maps y, are called local trivializations and the maps gx a system of 
transition functions. 


Since G is acting faithfully, we get the following compatibility condition: 
Jirga =H OD Uy = UNUNU. 


Then Qu =e and Jri = 9- 


Now let a system of transition functions (g,,) be given such that the com- 
patibility condition is satisfied. Using the gluing techniques mentioned at the 
end of Section 1,a suitable bundle space P, a projection m : P > X, and 
local trivializations can be constructed as follows: 


Identifying (z, p) and (£, g.<(z)p), we can glue together the Cartesian prod- 
ucts U, x F and U, x F over U,,. Due to the compatibility condition this 
works in a unique way over U,,.,. The obvious projection from P to X is 
continuous. Therefore, P is a fiber bundle over X with structure group G 
and typical fiber F. If the transition functions g,, are holomorphic, then P 
carries the structure of a complex manifold, and the projection and the local 
trivializations are holomorphic. So P becomes an analytic fiber bundle in 
that case. 


Example 


Let X be an n-dimensional complex manifold. There is an open covering 
UY ={U, :ı € 1} together with complex coordinate systems 


yp, :U, > B, CC” 
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We take C as typical fiber and @* as structure group, acting on C by multi- 
plication. Then we can define transition functions gis : Uss -+ C* by 


gun (2) = det J popz' (ex (a). 


The compatibility conditions are satisfied because of the chain rule and the 
determinant product theorem. So by the gluing procedure described above 
we get a holomorphic fiber bundle over X that is called the canonical bundle 
and is denoted by Kx. 


Equivalence. Let mp : P + X and tg :Q~ X be two topological or 
holomorphic fiber bundles over the same manifold X , with the same fiber F 
and the same structure group G. We assume that there is an open covering 
Y ={U, :L€ I} of X such that there are trivializations p, : np (U,) > 
U, x F andy, :ng (U.) > UL x F. 


Definition. A fiber bundle isomorphism between P and Q is a topo- 
logical (respectively biholomorphic) map h : P > Q with tg°h=7p 
such that for any ų¿ € J there is a continuous (respectively holomorphic) 
map A, :U, + G with 


poho pr (z, p) = (z,h.(2)p). 
The bundles are called equivalent in this case. 
We give a description of bundle equivalence in the context of transition func- 


tions. Let (g/„) be the system of transition functions for P with respect to 
Y, and (g/’.) the corresponding system for Q. Then we have 


(z, hi(T)gi (pP) = Wohogp, (z, 9..(x)p) 
Yo hogz (z, p) 
Y o pr" (£, he (£)p) 
(£, gix (2)hs(2)p}. 


Since G is acting faithfully, it follows that 


(C) Agi, =h over Ui. 


Two systems of transition functions (g/,,) and (gi) with respect to the 
same covering are called topologically (respectively analytically) equivalent 
or cohomologous if there are continuous (respectively holomorphic) maps 
h, :U, — G satisfying condition (C). 


Equivalent fiber bundles have equivalent systems of transition functions. On 
the other hand, it is easy to see that fiber bundles constructed from equiv- 
alent systems of transition functions are themselves equivalent. Now we will 
demonstrate that the latter remains valid in passing to finer coverings. 


pe 
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Let us assume that there are given systems of transition functions g’ = (g!) 
and g” = (g//.) with respect to a covering Y = {U, :. € 1}. We call them 
equivalent as well if there is a refinement ¥ = {V, :v E N} of Y (with 


refinement map 7 :N > I ) and a collection of maps h, : V, — G such that 
hug tvyi) = Ir v)r(u) hy, on Vog Cc U7 (yr (u)s for ally, we N. 


To show that the systems are equivalent in the old sense, we define h, :U, => 
G by 


he=Geayhuldeqy) © on U, A Vp 


In fact, h, is well defined, since on U, N V, we have 


n , -1 
hy = Ir(v)r(p) Me (arare) 
and therefore g” hy (Few) 


-1 
a inv) = (0) hy (dirga) . Then on U,s N Vp we 


~ “1, 
hiGin = Ira Mu (rcn)) Jik 
Z Jir(p) He Ir (uy) 


= Ir Inr(u) hu lIr) 1 
= gikhy. 
The bundles are equivalent! 


If two bundles are given with respect to two different coverings, then they are 
called equivalent if they are equivalent with respect to a common refinement, 
for example, the intersection of the coverings. Then everything works as above. 


Complex Vector Bundles. Let X be an n-dimensional complex 
manifold. 


Definition. A complex topological (respectively holomorphic) vector 
bundle of rank r over X is a topological (respectively holomorphic) fiber 
bundle V over X with C” as typical fiber and GL,(C) as structure group. 
In the case r = 1 we are speaking of a complex line bundle. 


If :V — X isthe bundle projection, then we denote by Vy the fiber r+ (x). 
It has the structure of an r-dimensional complex vector space. A trivialization 
@:2-1(U) > U x C” is also called a vector bundle chart. For any x € U the 
induced map ®, : Vz, — C” is a vector space isomorphism. 


Definition. Let V be a holomorphic vector bundle over X. If U c X 
is an open subset, then a continuous (differentiable, holomorphic) cross 
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section (or simply section) in V over U is a continuous (differentiable, 
holomorphic) map s :U — V with 70s = idy. 


We denote by T (U, V) (or O(U, VY} the vector space of holomorphic cross 
sections in V over U, by &(U, V) the space of differentiable sections, and 
by @°(U, V) the space of continuous sections. 


The vector bundle V is called globally generated if the canonical map 
IT(X, V) > Vz with s +> s(x) is surjective for every z € X. 


Let (U,, ®.)ver be a collection of vector bundle charts ®, : nm 4(U,) + U, x C” 
for V, and gis :U,s > GL,(C) the system of transition functions, given by 


®, o7 (z, z) = (x,2%- g.x(2)*) for (x, 2) E Uis x U”. 
If s is a holomorphic section in V, then 
$, o s|y, (£) = (x, s.(2)) 


defines a system of holomorphic maps s, : U, — C”, and we obtain the 
compatibility condition 


s(x) = 5, (2) Gun(t)* on irc: 
On the other hand, any such system (s,) defines a global section s. 
Example 


We can define vector bundles by giving a system of transition functions. The 
construction of the bundle space is carried out with the same gluing technique 
as for general fiber bundles. 


If X is an arbitrary n-dimensional complex manifold, and (U,, ¢.),er a com- 
plex atlas for X , then 


Gur (£) = Ty opz Yu ()) € GLn(C) 


defines a system of transition functions with respect to Y = {U,,4 € I}. 
The corresponding vector bundle T(X) is called the tangent bundle of X. 
It results from gluing (x,c) € Us x C” with (z,c; gixl(£)*) € U, x C”, for 
x € U.,. Therefore, we can identify the fiber (T'(X)) with the tangent space 
T,(X). The local trivializations ®, :T(X)|v, — U, x C” are given as follows: 


For a € U, the trivialization ©, maps a tangent vector v € Ta( X), represented 
by (y.,c),onto the pair (a,c) € U, x C”. If we denote the equivalence class 
of (¢,,¢) at a by [p., c], we obtain 


, o Dz! (a,c) =O, (fpr, 6) = Bello € Irla) "]) = (0, €- guela) *) 


A holomorphic section in T(X) is also called a holomorphic vector field. 
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Definition. Let V, W be two holomorphic vector bundles over X. A 
vector bundle homomorphism between V and W is a fiber preserving 
holomorphic map 7 : V — W such that for any x € X a linear map 
Ne : Vz > Wz is induced. 


The map ņ is called a vector bundle isomorphism f ņ is bijective and 
n,n! both are vector bundle homomorphisms. 


A holomorphic vector bundle V of rank r over X is called trivial if it is 
isomorphic to the bundle X x C”. This is equivalent to the existence of a 
frame {£1,. .. £r} of holomorphic sections & € r(X, V) such that for every 
x € X the elements €)(2),...,€,() € Vz are linearly independent. In this 
case V is globally generated. But there are also nontrivial bundles that are 
globally generated. 


2.1 Proposition. A holomorphic map n : V — W is a vector bun- 
dle homomorphism if and only if for each pair of vector bundle charts 
® :V|y > U x C” and Y :W|y + U x C° there is a holomorphic map 
h :U + M,,,(C) with 


P-t ono (2,2) =(2,.z .h(x)*). 
We omit the elementary proof. 


Standard Constructions. Let X be an n-dimensional complex man- 
ifold. We can think of a vector bundle over X as a parametrized family of 
vector spaces. Therefore, numerous constructions from linear algebra carry 
over to the theory of vector bundles. 


1. The direct sum: If V, W are two vector bundles over X , then the direct 
sum, or Whitney sum, V W :=V xx W carries a vector bundle structure 
that is defined as follows: 


Let Y ={U, :ı € I} be an open covering of X such that there are vector 
bundle charts ®, :V|u, > U, x C” and Y, :W|u, > U, x C*. Then a vector 
bundle chart 


(VeW)|v, ={w,w)E Vx W : ryw) =tw(w) € U,} => U, x Cr 
can be defined by 
(v, w) > (rv (v); pro o ®, (v), pra o U,(w)). 


If gx, respectively A, are transition functions for V, respectively W , then 


the matrices 
ft Gur 0 
Gig = ( 0 he. ) 
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are transition functions for V@W. The fiber of the Whitney sum is given by 
(V BW)e =Vz x Wz. 


2. The dual bundle: Let 7 : V — X be a holomorphic vector bundle of 
rank r with trivializations , :7~'(U,) > U, x C” and transition functions 
gax. Gluing the sets U, x C” together by means of the transition functions 
g!'„ := Gf, leads to the dual bundle 1’ : V' > X. Denote the associated 
trivializations over U, by Y.. 


We will show that for every x € X there is a natural isomorphism 
(V2 => (Vz) =Home(Vz, C). 
Given elements z € U., v € Vz, and A € (V’)«, we define 


Mu) := (Pe) (Wje(A)' € C, 
using the vector space isomorphisms (®,)z : Vz + C” and (W,)2 : (V, —> 
Cc". 
For x € U,NU, we obtain 


(Er) (v) (Pral A) 
(®.)a 0 (6,);" 
= (®,)e(v) Ialt)" » [(Wi)e(d) - en (2)]* 
CAROK glr) -gun (2) t. (W.)2(A) 
(®,)e (v) - (Y.)a(A)- 


This shows that the definition of (v) is independent of the trivializations. 


o (@,)o(v) [Valeo U)e' 0 Ye) 


x 


3. Tensor powers of a line bundle: Let 7 :F —> X be a line bundle with 
transition functions gix :U,, — @*. 


Definition. Fork € N, the tensor power F* is the line bundle defined 
by the transition functions 9*,. 


We give an interpretation of F* using the dual bundle 7’ : F’ -> X. As- 
sume that there is an open subset U C X and a holomorphic function 
f:@)'U) => C. F y, : (F) 


p, o yR (z, z) =(2,2-+G..(2)~')), then we have a power series expansion 


foyr (z, z -Y anla) 


on h, . Over U, N Up AU 


the following holds: 
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(oe) 


foz =f ow t(x, 2+ gun(2)~*) = So (a(g), 


v=0 


and therefore a,,, =ar, .gi.. This means that a, =(a,,,) is a cross section 
in F* over U. So every holomorphic function f on F’ that is homogeneous of 
degree k on the fibers is a section in F*. In particular, F? can be identified 
with the space Ly(F}, C) of k-linear functions f : F} x ...x FL oC. 


For el,...,e, € Fy the tensor product e1 ® ...® ep € (F*), is defined by 


(e1 D R ekX(ài, wae Ak) 7=24(€1) tte An (x): 

The tensor power ¢®-..@e of an element e € F, is denoted by e* for short. 
Finally, we define F~* :=(F)F & (FFY. 

4. The tensor product: Let p : V — X be a vector bundle of rank r with 


transition functions G, :U,, => GL,(C), and m :F — X a line bundle with 
transition functions g,,. (with respect to the covering Y ={U, :1e€T}). 


Definition. The tensor product V ® F is the vector bundle of rank r 
given by the transition functions 


Gin Gun Ui > GL, (C). 


Let ®, :V|uv, => U, x C” and y, : F’|y, + U, x C be local trivializations. If 
f :F"lu > V|v is a holomorphic map which is linear on the fibers, then over 
U, QU we have 


D, of ovr (æ, 2) = (2,2 m (2)), 
where 7, :U, QU — C” is a holomorphic map. Over U, NU, NU we calculate 
$, o foy (z, z) =®,0fo pri (z z. gin(@)*) = (£, (2) -2 gala), 
and on the other hand, 
$. o f o pp (2,2) = 8, 0 DR (E, Ne (2) 2) = (2, me(Z)- Grn (2)* 2). 


It foll that 
mows raa NAT) = Ne (2) . (Guc(@) .Gux(2)) ¢. 


Consequently, n = (n, ) is a cross section in V & F, and we obtain for every x 
an isomorphism 
(V8 F), S Home (FY, V). 


For v € V, and e € F, the tensor product v Qe € (V® F), is defined by 


(v @e)(A) :=A(e) .v. 
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Lifting of Bundles. Let f :X — Y be a holomorphic map between 
complex manifolds and p : V —> Y a vector bundle of rank rT. 


Definition. The lifted bundle, or pullback, f* V over X is defined by 
FV :=X xy V:={(a,v) © X x V : f(x) = plv)}. 


The bundle projection p: f*V — X is given by p(z,v) :=2. 


The fiber of f*V over x € X is given by (f*V)« = Vez). Therefore, the lifted 
bundle is trivial over the preimage sets f—'(y). 


One has the following commutative diagram: 


fy Sov 
p 4 4 p 
x bY 


if Y ={U, :. € I}is an open covering of Y such that V is trivial over U,, 
then Y := {0, =f~'(U,) :¿ € I } is an open covering of X such that f*V 
is trivial over U,. 


If @, :V|v, => U, x C is a trivialization for V,then we can define a trivial- 
ization $, : f*V|g, +U., x @ by 
©, (zx, v) = (x, (®.) ¢a2)(v))- 


If G,, are transition functions for V with ®, o #3! (x, w) = (2, w .Gix(z)*), 
then 


È, o 2 (x, w) = (2, (8, 0&2") p(a)(w)) = (ew: Gin(F(2)) '); 
i.e., f*V is given by the transition functions G, of. 


If ¿e [(U, V )is a holomorphic section over some open subset U C Y, then 
€ can be lifted to a section € € T(U, f*V) given by 


E(x) := (£, €(F(2))). 


Subbundles and Quotients. 


Definition. Let 7 : V — X be a vector bundle of rank 7. A subset 
W Cc Vis called a subbundle (of rank p ) of V if there is a pdimensional 
linear subspace E C C”, and for any x € X an open neighborhood U = 
U(x) and a trivialization ® : V|y + U xC” such that ®7'(Ux E) =Wy. 


One sees immediately that: 
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1. Wz = W NV, is always a pdimensional linear subspace of Vz. 
2. W is a submanifold of V. 
3. W is itself a vector bundle. 


Example 


Let V be a vector bundle of rank r on X and Y c X a submanifold. If we 
denote the natural injection Y => X by j, then V|y :=/*V is a vector bundle 
of rank r on Y. We apply this to the tangent bundle T(X). 


Choose an open covering Y = (U,) ez such that there are complex coordinate 
systems p, = (zj,...,24,) for X in U, with the following properties: 


LUN Y={eh,, =... = 24 =O}. 
2. 2], ---,Z4 are complex coordinates for Y 


A trivialization ®, :j*T(X)ly,qy => (U, N Y )x C” is given by 
(y, le, ¢]) = (y, e). 


A tangent vector v belongs to T,(Y) C T,(X) if and only if there is a differ- 
entiable path a :J + Y with a(0) =z and (¢,°a)'(0) =c. This is equivalent 


to the statement that c =(c,,...,¢g,0,...,0). Therefore 
@-1(U, x {e € C? : capi = =e = OF) TY), 
and T(Y) is a subbundle of j*T(X). 
FG, := (Oz) /0z% | v,p =1,...,n) are the transition functions for T(X), 
then 


. 0) 
G, o j(Z) = Gun (Z’, 
e= a Ii (z, 0) 

where gix = ((3zt/3zf)ly | v,e = 1,...,đd), are the transition functions for 
T(Y), and gf, (z', 0) = ( (3z; /ð3z5)(z',0) | vy =d+ 1,...,n). 

Let V be a vector bundle of rank r. If W C V is a subbundle, then we define 
the quotient bundle V/W by (V/W), := Vz/Wz. We have to show that 
there are trivializations for V/W. If Æ C C” is a subspace such that there 
are trivializations ® :V|y ~U x C" with W|y =®~'(U x E+), then we can 
choose a subspace F c C” with ESF =C" and define  :(V/W)|y > U x F 


by = 
®(v mod W ):= prp(®(v)), 


where pr, :E @ F — F is the canonical projection. 


Using trivializations as above one obtains transition functions 


[9n  # 
Gir — ( 0 hik ) 
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for V such that gıx are transition functions for W, and h,, are transition 
functions for V/W. 


Example 


The quotient bundle Nx(Y) := j*T(X)/T(Y) is called the normal bundle of 
Yinx. 


Exercises 


1. Let G be a complex Lie group that acts analytically on a complex man- 
ifold X . Then for every x € X the stabilizer G, := {g E G : gx =x} 
is a closed Lie subgroup of G, i.e., a subgroup and a (closed) complex 
submanifold. 


Prove that there is a unique complex structure on G/G, such that the 
canonical projection m : G > G/G, is a holomorphic submersion. 

2. Let m : V — X be a complex vector bundle of rank r. For x € X let Zz 
be the set of bases of V,. Prove that the disjoint union of the Bz, zE X, 
carries the structure of a fiber bundle over X with structure group and 
typical fiber equal to GL,(C). 

3. Lety : V — W be a vector bundle homomorphism over X . Suppose that 
rk(ps) is independent of £ € X . Prove that 


Ker(y) := U Ker(yz) and Im(ẹ) := U Im(pr) 
ztEX zEX 


are subbundles of V, respectively W. Show that Im(y) = V/ Ker(y). 

4, Let X =C be the Riemann sphere. Determine the transition functions 
for T(X) for the canonical bundle Kx and for the normal bundle of {oo} 
in X. 

5. Let f :X — Y be a holomorphic map. Prove that there is a uniquely 
determined vector bundle homomorphism f’ :T(X) > f*T(Y) with 
(fx =(f«)x for z € X. 

6. Letp : V —> X be a holomorphic vector bundle. Show that there are 
vector bundle homomorphisms h :p*V + T(V) and k :T(V) > p*T(X) 
over V with Im(h) = Ker(k). 


3. Cohomology 


Cohomology Groups. Let X be an n-dimensional complex manifold 
and m : V — X a complex vector bundle of rank 7. Assume that there is an 
open covering Y ={U, :.€ 1] fX. 


We consider sections in V on the sets U, and on intersections U.s :=U,NU., 
respectively Uska = U, O Uk N Ux. 


# 
3 
` 
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Definition. A 0-dimensional cochain with values in V (with respect 
to Y) is a function s that assigns to every + € T a section s, € C(U,, V). 
The set of 0-dimensional cochains is denoted by C°(Y, V). 


A |-dimensional cochain (with values in V )is a function € that assigns to 
every pair (1, K) E IxT a section és € [(Uin, V) The set of 1-dimensional 
cochains is denoted by C1(%,V). 


Finally, a 2-dimensional cochain (with values in V )is a function A that 
assigns to every triple (1, x,y) € I x Ix I a section A,,, € TU, V), 
and the set of all these 2-dimensional cochains is denoted by CU, V). 


Assume that a 0-dimensional cochain s is given. One may ask whether the 
sections s, € [(U,, V) can be glued together to a global section s € T(X, V). 
For that it is necessary and sufficient that s, = sk on U,,. This can be 
expressed in another way: If we assign to every O-cochain s a l-cochain 6s by 
(8). 1= 8x — Sı, then s defines a global section if and only if 6s = 0. 


Definition. The coboundary operators 
6: CHU, V) => CHUY, V) and 6: CUY, V) > C7(X,V) 
are defined by 


(ðs) = 8ks (on U,x ), 
(68) vv = Ekv = Ew + burs (on Unev ). 


A cochain s € C°(&Y, V ) (respectively € € C1(Y, V)) is called a cocycle 
if 6s = 0 (respectively 6 = 0). The sets of cocycles are denoted by 
ZU, V) (respectively Z(Y, V)). 


Remarks 
1. The sets of cochains and the sets of cocycles are all complex vector spaces. 
2. We can identify Z°(Y, V) with T(X, V). 
3. A l-cochain € is a cocycle if and only if the following compatibility con- 
dition holds: 


Ew = bux tev on Oey. 


4. Sometimes we need cocycles of degree 2. We call an element A œ 
C?(&%, V )a cocycle if the following compatibility condition holds: 


Neu = Aiwu - Airu + Arv on U,kvu 


The set of all these cocycles is denoted by 27(Y, V). 
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A coboundary is an element of the image of the coboundary operator. The sets 
of coboundaries are again vector spaces, denoted by BHY, V) =dC°(Y, V) 
and B?(Y, V) :=6C'(W, V). For completeness we define B? (Y, V) :=0. 


3.1 Proposition. B'(Y, V) Cc Zi(%,V) for i =0,1,2. 

PROOF: The case i = 0 is trivial. For £ =ds € B'(Y, V) we have 
bug + Env = (Sr — 8) + (Sv — Sx) = Sv — 8 = Ew 

For A =6n € B?(Y%,V) we have 


(Mu — Meu + Tw) 

= (Nsp — Mu + Nun) 
+ (Mev — Tey + Thr) 

= Nyu — Nsu + Mev = Aevp- 


Awu = Axy + Nur 


Definition. H’(%,V) := Z'(W,V)/B(@, V) is called the ith coho- 
mology group of V with respect to %. 


We have H°(Y%, V) =I(X, V), independently of the covering, and we have 


{E € CY, V) : Ew = Er + Ekv} 
~ fé: Js e CY, V) with bin = Sk- si} 


HY, V) 


The canonical map from Z'(%, V) to H(X, V) will be denoted by q. 


We do not want to elaborate on H?, because we need it only in very special 
cases. 


Refinements. Let ¥ = {V, : n € N} be a refinement of Y. Then 
there is a refinement map T : N — I with V, C Urn): It induces maps 
To :CO(Y, V) => C°(¥,V) and n : CHY, V) 3 CY, V) by 


(708)n := OMA and (718) nm = (E-(n)r(m)) Vin . 


Then 6(7os) = 71 (6s), and if 6€ = 0, then also 6(m£)} = 0. Therefore, T 
induces a map 7* : HHY, V) > H'(¥,V) by 


7*(q(€)) = a(71§). 


By the remarks above it is clear that 7* is well defined, and it is a vector 
space homomorphism. 
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3.2 Proposition. The map r* is independent of the refinement map T and 
is injective. 


PROOF: Let o :N — I be another refinement map and € a cocycle with 
respect to Y. We have to show that 7,€ — 01€ is a coboundary: 


(mE — 716) nm = Ern) (m) ẹVam = bo(n)o(m)|Vam 
(Er(nyo(n) + €o(n)r(m)) — (Eo(njr(m) + &r(m)o(m)) 
fr (n)o(n)|Vam — Sr(m)o(m)|Vnm ° 


We define n € C°(V,V) by 
Tn = Erino) | Va . 


Then 4E — o1€ = ôn. 


Now we consider a cocycle £ with respect to WY such that 1E = ôs for some 
s€C°(¥,V). We want to see that € itself is a coboundary. 


On Y OU, we have 
Er(n)r(m) = Erin) + bur(m) = bur(m) = Eer(n): 
Since Er(nyr(m)|Vam = (8m — 8n)}|Vam, it follows that 
Eur(m) — $m >= bur(n) — Sn on Vam N U,- 


Therefore, we can define h, on U, by hi|u,nvn ‘= &ir(n) — Sn. This gives an 
element h € C°(Y,V), and on U,,, N Vp we have 


h, = Ax = (Evr(n) = Sn) = (Erin) = Sn) = Eir(n) +Erin)s = Er. 
This means that £ =d6(—h). So 7* is injective. . 


We have seen that if ¥ is a refinement of X, then HHX, V) can be identified 
with a subspace of H'(¥,V). Therefore, we form the union of the spaces 
H'(®%, V) over all coverings Y and denote this union by H!(X, V). We call 
it the absolute, or Cech, cohomology group of X with values in V. 


Acyclic Coverings. Let X be a complex manifold and p : V > X a 
vector bundle over X. 


The covering X is called acyclic, or a Leray covering for V, if H1(U,,V) =0 
for every . € I. 

IFY = {V, :n €N fis another covering, then U.N¥ -={U.NV, :n Ee N} 
is a covering of U,, and since H1(U,N Y, V) is a subspace of H1(U,, V), we 
have also H1(U,N V,V) = 9. 
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3.3 Theorem. fY ={U, :ı e I} is acyclic ad Y = {V, :n€EN} 
is a refinement, with refinement map tT : N > I, then t* : HY, V) > 
H'(¥,V) is bijective. 


PRooF: We start with any € Z'(¥,V) and define 1 e Z(UNY,V) by 


nk, -=NnmlU.AVan> for all n,m with UL AY #2. 


Since X is acyclic, there is an element g € C°(ULNY, V) with 7 = 69. 
Then nm + gh? = gh on U, N Vam, and therefore gh — gf yg) ga on 
Ur N Vam- 
Now we define £ € ZHK, V) by &xlunava = gP — gh, and he @(Y, V) 
by h, =? Cony =V N U(n)): 
Then on Vian. we have 

(1€-—1)nm = Ernim) — nm | 
git) Iom) _ (gle (n)) L gE) 
gE) — gh ™) 


= hn —hm- 


So n =T1& + Sh, and 7* is surjective. 


3.4 Corollary. /f Y is an acyclic covering of X, then 
H(X, V) =H'\(@,V). 


PROOF: We have H(X, V) C H!(X,V). If a is an element of H'(X,V), 
then there is a covering ¥ with a € H'(¥,V). Now we can find a common 
refinement W of Y and ¥. Then H1(¥,V) C H'(W,V) = H(Z,V}, and 
therefore a € H'(Y,V). " 


Generalizations. The simplest case of a vector bundle over X is the 
trivial line bundle Ox :=X x C. Therefore, the associated Cech cohomology 
group H'(X,Ox) plays an important role for the function theory on X. 


The trivial fiber bundle X x @* is not a vector bundle, but it is not so far from 
that. Ifa :P —> X is a general analytic fiber bundle, then a section in P over 
an open set U C X is a holomorphic map s :U > P with 79s =idy. If the 
typical fiber of P is an abelian complex Lie group, then the set T (U, P ) of all 
sections in P over U carries in a natural way the structure of an abelian group. 
In the case of the bundle OX :=X x C* we have a canonical isomorphism 


r(U, Ox) = OV) -={f e O(U) : f(x) £0 for every z € U}. 
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This is a multiplicative abelian group. 


If @ ={U, : « € 1} is an open covering of X, then we can form cochains 
E i(i, K) En E€ O*(U,,). The set C1(W,O%) of all these cochains forms a 
(multiplicative) abelian group, and we can define the subgroups ZHY, O%) 
and B!(Y, O%) of cocycles and coboundaries: A cochain £ is called a cocycle 
if Ey = €ieEs, ON Ux», and £ is called a coboundary if there are functions 
s, € O*(U,) such that éx =s,s,' on U,,. 


Since all the groups are abelian, we have the quotient group 
HU, Ox) := ZU, OBY, Ox), 


which we call the first cohomology group with values in O% (with respect to 
the covering Y). Just as in the case of vector bundles we can pass to finer 
coverings and finally form the Cech cohomology group H'(X, O$). 


There is a nice interpretation for the elements of H!(X, 0%). Every cocycle 
with values in OX defines a line bundle over X, and this bundle is independent 
of the covering. Two cocycles £’ and £” define equivalent line bundles if and 
only if there are functions k, with & = ¿heh ', i.e., if and only if the 
cohomology classes of £ and £” are equal. Therefore, H) (X,O%,) is the set of 
isomorphy classes of line bundles over X. This group is also called the Picard 
group of X and is denoted by Pic(X}. The group structure is induced by the 
tensor product. The identity element corresponds to the trivial bundle Ox 
and the inverse to the dual bundle. 


In the same way as above we can form cohomology groups of any fiber bundle 
P whose typical fiber is an abelian group. If the fiber of P is a nonabelian 
group, things become a little bit more complicated. We can define cocycles 
with values in P, but they do not form a group. In the set Z71(Y, P) of 
cocycles we can introduce an equivalence relation by 

E ~g” i> 3A, with €, =h giha. 


é 


The set H'(Y, P ) of all equivalence classes is called the cohomology set with 
values in P (with respect to @). Usually it is not a group, but there is a 
distinguished element, represented by the cocycle € with €,, = 1 for all c, x. 
Passing to finer coverings and forming the cohomology set H1(X, P ) causes 
no problems. The most important nonabelian case is the cohomology set 


H'(X,X x GL,(C)), 


whose elements correspond to the isomorphy classes of vector bundles of 
rank r over X . The distinguished element is represented by the trivial bundle 
X xC. 


In the definition of the cohomology groups of fiber bundles P over X with 
an abelian group as typical fiber we used only the fact that T(U, P) is an 
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abelian group for every open set U C X, and that we can restrict sections 
over U to open subsets V C U. Having this in mind we can define another 
sort of cohomology group. 


Let K C C be a subgroup with respect to the addition, for example K =Z, R, 
or C. For an open set U C X we define the (abelian) group K(U) by 


K(U) := {f :U > K : f is locally constant}. 


Then K(U) is an abelian group. If V C U is an open subset and f an element 
of K(U), then fly € K(V). If U is connected, then K(U) S K. 


We can define groups of cochains C°(¥ ,K ), C1! (32, K ), and C?(@ , K ) just 
as we did it for vector bundles. If € is an element of C'(%,K), then £x € 
K(U.,,,). Cocycles, coboundaries, and cohomology groups are defined in the 
usual way. For example, we have 


fein € K(U,«) and Gy =C, + Cnv} 


i o de: E Ain) and Gy =o, + Cav} 
H (U,K) = {c : de, € K(U,) with cn =e, =e} ` 


The Singular Cohomology. We want to give a short overview of co- 
homology groups of topological spaces and their relation to Cech cohomology 
as defined above. For proofs see [Gre67}. 


For q € No the set 


n 
A, := {x = (zo, a.n) eR! . Soa; = l, r; > o} 


i=0 


is called the q-dimensional standard simplex. The O-dimensional simplex is a 
point, A; a line segment, Ag a triangle, and so on. 


Let X be a topological space. We assume that all spaces here are connected 
and locally connected. A singular q-simplex in X is a continuous map o : 
A, > X. If X is a complex manifold and if there is an open neighborhood 
U = U(A,) and a smooth map o : U > X with Gla, = g, then ø is 
called a differentiable q-simplex. A singular q-chain in X is a (formal) linear 
combination nia, +... +go,% of singular q-simplices with n € Z. The set 
S,(X) of all singular q-chains in X is the free abelian group generated by the 
singular q-simplices. 


For a q-simplex o and i = 0,...,q the (q — 1)-simplex c; : Ag-1 > X is 
defined by 


O;(Xo,- -+;Eq—1) :1=0 (£0, - --1 Vi-1, 0, £i, ..yZq-1)- 


It is called the ith face of o. 


Ss En i ara aA AAE ee hdd e eta 
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The (g—1)-chain 00 := $7?_,(—1)*9; is called the boundary of o. The bound- 
ary operator ô induces a homomorphism 


0:8 _(X) > Sa- (X), 
and it follows easily that ô o ô =0. 


Definition. The group Hy(X) := {c € S4(X) : de =0}/05,41(X) is 
called the qth singular homology group of X. 


In general, Ho(X) is isomorphic to the free abelian group generated by the 
connected components of X . Since we assume all spaces to be connected, we 
have Ho(X) = Z. If X is an n-dimensional complex manifold, then H,(X) =0 
for q > 2n. 


Now for q > 0 we define the group of singular q-cochains to be 
S?(X) :=Homz(S,(X), Z). 
Then the coboundary operator ô :S7(X) > S4%t1(X) is defined by 
Of lc] := fc], for f € SIX) and c € S,41(X). 


Obviously, we have 606 = 0. We can define cocycles (elements f of S4(X) 
with ôf =0) and coboundaries (elements of the form ôg with g € S¢-!(X)). 


Definition. The group H%(X) :={f € S4(X) : df =0}/6S9-1(x) 
is called the qth singular cohomology group of X. 


From above it is clear that H°(X) & Z. 


A topological space X is called contractible if there is a point zọ € X anda 
continuous map F : [0,1}xX > X with F(0, z) =z and F(1, £) = zo. In that 
case H'(X) = {0}. The space X is called locally contractible if every point 
of X has arbitrarily small contractible neighborhoods. Among the connected 
topological spaces there is a big class of spaces (including the so-called CW- 
complexes) that are locally contractible and have the following properties: 


1. H9(X) = A%(X,Z) for q =0,1,2,.... 
2. Every open covering of X has a refinement Y = {U, : 1 € I} that is 
acyclic in the sense that H!(U,, Z} =0 for every 1 € I. 


We call such spaces good topological spaces. For example, every (connected) 
complex manifold is a good topological space, and also every irreducible an- 
alytic set. 


Finitely generated abelian groups are classified as follows: 
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If G is a finitely generated abelian group, then there are uniquely deter- 
mined numbers r € No and ni,... ns € N with ni > 2 and ni\niz1 for 
i= 1,...,8—1 such that 


GZ’ @(Z/mZ) @--- P (Z/nsZ). 
The number r is called the rank of G, and Z” the free part of G. The sum 
of the Z/n,Z is called the torsion part of G. 
In many cases cohomology can be computed from homology: 


3.5 Theorem. If X is a compact good topological space (for example, a 
compact connected complex manifold), then H(X} is finitely generated for 
every q, and for q > 1 there is an isomorphism 


H4(X) & (free part of H,(X)) (torsion part of Hj_1(X)). 


The rank of H+(X) is called the first Betti number of X, and is denoted by 
bi (X). 


Now we give an application of Cech cohomology methods to singular coho- 
mology. Let X and Y be good topological spaces. 


3.6 Theorem (Künneth formula). 


H'(X x Y,Z) = H'(X,Z) @ H'(Y,Z). 


PROOF: We choose open coverings Y = {U, : . € I} of X and Y = {Vn : 
n € N} of Y such that all the U,, V, and all their pairwise intersections are 
connected. We write Win := U, xX Vp and Winjem := Win Wem = Uin X Vam- 
A cocycle Y% € Z1(Y x Y, Z) is given by constant maps Qinjem : Wenum > Z. 
We identify any cocycle £ € Z'(Y,Z) with a cocycle Ec ZHU x V,Z) by 
Enum = Ein, and also any 7 € Z'(¥,Z) with an Ñ € Z'(W x V,Z). This 
induces natural injections 


j:H(%L)3HYxV,Z) and jo: H'(V,Z) > HHU x¥,Z) 
with Im(j1) N Im(j2) = {0}, and therefore an injective map 
j: HU, Z) x HV, Z) > HHU x V,Z) 


by j(a, b) := jı (a) + j2 (b). 


Given a cocycle y € Z(Y x V,Z), for any + € I we define Y, € Z(Y, Z) by 
(Yi)nm := Yin m: The cohomology class of p, in HHY, Z) is independent of 
the index 1. We see this as follows. 
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(a) If U,, #4 Ø, then by the cocycle property we have 


Pinum = Wan am = Win an + Wan,em + Wem, m = Wane 


= Pinen = Pim, nm 


Setting (Pır)n = Yin un we get a O-cochain y,, € C°(¥,Z) with Yis = 
Wk — Yi. So the cohomology classes of Y, and Yw are equal in this case. 

(b) If U, = Ø, one can find a chain of sets Uy,,...,Uy, with U,,, # Ø, 
Uzia # Ø, and Uy,, Æ Ø (since X is connected), and from (a) it 
again follows that the cohomology classes of yw, and 7, are equal. 


Let wo be a representative of the common cohomology class of the w,. The 
assignment w ++ Yo induces a map p: H'(Y x V,Z) > H'(¥,Z). We will 
prove that for every class c € H'(WY x ¥,Z) there is a class a € H'(Y,Z) 
with jı(a) = c — j2 (p(c)), and consequently j(a, p(c)) = c. 


For each + there is an 7, € C°(¥,Z) with Yo = Y, — dy(n,), and we define 
ne Cu x Y, Z) by Nin = (M)n- 


Then 7 := Y ~ Yo — ôn € ZY x Y, Z) and 
y = Pı — (Pe — ôy (N.)) — ôy (N) = 0 for every +. 
Now we construct a 9 € Z'(Y,Z) with f= 7: 
For n € N define on € ZHY, Z) by 
(0n )ir = Yn,nn- 


Since Yin, m = 0 for all n, m, and +, in the case Vam 4 Ø we have 


Yem, em = Yenum t Yumem + Yrm, un = Yen wns 


and therefore 0m = 0n. If Vam = Ø, we can argue in the same way as above 
in (b), because Y is connected. 


So we have a ọ € Z'(Y,Z) with on = o for every n and 
Qin = Ynyen = Yen,en + Yan,em = Yennm (for arbitrary n,m). 


Therefore, @ = y and y = @+ vo + 6. This shows that j is surjective. m 


Exercises 


1. Let Y = {U1, U2, U3} be the covering of X := {z € C : 1< |z| < 2} 
given by U, := {x +iy : y < z}, U2 = {x + iy : y < ~a}, and 
U3 := {x + iy : y > 0}. Calculate HHX, Z). 

2. Prove that dime H! (C? — {0}, O) = œ, where © denotes the trivial line 
bundle over C2. Hint: Use Laurent series. 


n_e 
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. Show that H! (C, 0O) = 0. l l 

4. Show that Z = {U; :i=1,...,n} with U; := {z : z #0} is an acyclic 
covering of C” — {0} for O. 

5. Let X be an n-dimensional complex manifold such that H(X) = Z for 

q even, 0 < q < 2n, and H,(X) = 0 otherwise. Calculate the singular 


cohomology of X. 


eo 


4. Meromorphic Functions 
and Divisors 


The Ring of Germs. Let X be an n-dimensional complex manifold 
and z € X a point. Two holomorphic functions f,g defined near x are called 
equivalent at x if there exists a neighborhood U = U(x) with fly = glu. The 
equivalence class of f at x is called the germ of f at z. We denote the germ 
by fa and the set of all germs by Öz. 


Having fixed a complex coordinate system g : U> BC C” at x, we may 
identify the set Os with the ring Hn of convergent power series by 


fz ++ Taylor series of f o gy! at ylz). 


So ©, has the structure of a local C-algebra.” An element fz € Ox is a 
unit if and only if f(x) 4 0. Of course, Oz is also noetherian and a unique 
factorization domain. 


4.1 Proposition. Let f,g be holomorphic functions near zo € X. If the 
germs fzo, gao are relatively prime in Ozo, then there is an open neigborhood 
U = U (xo) C X such that fxs, 9x are relatively prime in O, forz €U. 


Proor: We can work in C” and assume that ro = 0 and that fo and go 
are Weierstrass polynomials in z1. Since fo and go are relatively prime in Hn, 
they are also relatively prime in H? _ |21]. If Q is the quotient field of Hy-1; 
it follows from Gauss’s lemma that fo and go are relatively prime in Qlaz]. 


We can find a linear combination 
h=a- fo +b- 9o, 


where a,b € Hn-1l21], and A € (Hn-1)* is the greatest common divisor of fo 
and go. If U =U’ xU” CC x C”-1 is a sufficiently small neighborhood of 
the origin, the power series a,b converge to pseudopolynomials over U” and 
h to a holomorphic function on U” that does not vanish identically. 


2 A commutative C-algebra A with unity is called a local C-algebra if the set m of 
nonunits forms an ideal in A and the composition of canonical homomorphisms 
Co A —> A/m is surjective. 


: 
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Let w = (w;, w”) be a point in U. If pw is a common factor of fw and gw, 
then it divides hw, which has degree 0 as a polynomial in z1. So yy does not 
depend on zı and does not vanish identically in z2,..., Zn. Therefore, gy is 
zı-regular of order 0, and by the preparation theorem it is, up to a unit, a 
Weierstrass polynomial of degree 0; i.e., pw is already a unit. 


This shows that fw and gw are relatively prime. m 


Analytic Hypersurfaces. Let X be an n-dimensional complex man- 
ifold. We consider analytic hypersurfaces A C X. Then locally A is given 
as the zero set of one holomorphic function f. We always assume that f 
does not vanish identically and therefore A is nowhere dense in X. If locally 
A = {(21,..-,2n) |: Zn = 0}, then every holomorphic function g vanishing 
on A is of the form g(z1,...,2n) = 2n- 9(21,---,2n)}. We will generalize this 
result to the arbitrary case. 


4.2 Proposition. Every hypersurface A C X is a pure-dimensional ana- 
lytic set of dimension n — 1. 


Proor: After choosing appropriate coordinates, we may assume that A is 
contained in an open set U C C” and f is a Weierstrass polynomial w in 21 
without multiple factors such that 


A= N(w)= {z€ U : w(z) = 0}. 


Since N(w) is a branched covering over some domain G C C"~?, every irre- 
ducible component of N(w) has dimension n — 1. m 


4.3 Theorem (Nullstellensatz for hypersurfaces). Let AC X be an 
analytic hypersurface and xo an arbitrary point of A. 


1. There exists an open neighborhood U = U (xo) C X and a holomorphic 
function f on U such that: 
(a) UNA={xeEU : f(x) =O}. 
(b) If h is a holomorphic function on a neighborhood V = V (zo) C X 
with hla = 0, then there is a neighborhood W = W (xo) CUNV and 
_a holomorphic function q on W such that hlw =q- (flw). 

2. If f is any holomorphic function defining A in U and h is again a holo- 
morphic function on a neighborhood V = V (xo) vanishing on A, then 
there exists a k € N and a holomorphic function ¢ on a neighborhood 
W =W(ao) CUNY such that h*|w = ¢- (fjw). 


PROOF: Again we work in C” and assume that xo = 0. Let f be an ar- 
bitrary defining function for A near the origin. After choosing appropriate 
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coordinates we find a unit e and a Weierstrass polynomial © in zı such that 
f =e .@. We choose a neighborhood U =U’ x U” of the origin such that: 


1. ANU = {(2,2/) EU : O(z,2') = Of. 
2. There is a prime factorization © =w ...w7? on U. 


We define w := - ..u;. This is a pseudopolynomial without multiple factors 
that also defines A in U. 


F h is a function vanishing on A, which we may assume to be defined on U, 
then by the division formula there is a holomorphic function q near the origin 
and a pseudopolynomial r with deg(r) < deg(w) such that near O, 


h=q-:w+r. 


Since w has no multiple factors, the greatest common divisor of w and 0w/Oz1 
is a not identically vanishing holomorphic function g of z2, ...,2n, and we can 
find pseudopolynomials 91,92 with 


Ow 
g =n w+ G2" a. 


We may assume that everything is defined on U. Suppose that there is a 
zo € U” such that w(¢,z9) € C[¢] has a multiple zero Co. Then w(Co, Zp) = 
Ow /Oz1(Go,2) = 0, and therefore g(z,) =0. Hence, if g(z’) 4 0, then w(¢, z') 
has exactly s :=deg(w) distinct zeros. Since h| yj.) =0, h(¢,z') has at least 
these s distinct zeros. Using this fact and the division formula, it follows that 
r(z') =0 for z’ € U” — N(g). Therefore, by the identity theorem r = 0 and 
h =q-w. Taking f =w yields the first part of the theorem. 


Let k :=max(k1, tae ski} Then 
he =w g =0-¢. 
This proves the second part of the theorem. m 


Every local holoniorphic function f that satisfies the conditions of the first 
part of the Nullstellensatz will be called a minimal defining function for A. 


Now let A be an irreducible analytic hypersurface in X , and h a holomorphic 
function on some open subset U C X with h|(aquy =0. For zo € UNA there 
exists a neighborhood V =V (xọ) C U and a minimal defining function f for 
A on V. Then 


ordA,so(h) :=max{m € N : 3q with h = f” .q near zo}. 


It follows from the Nullstellensatz that ordA,so (A )= 1,and from the unique 
factorization into primes that it is finite. Furthermore, it is independent of f, 
because if fı, fo are two minimal defining functions, then we have equations 


RP. o 


| 


Saar E a ad a ae 
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fi = qı fe and fe = qz fı. It follows that fı = qıq2fı and therefore Ad - 
92) =0. So qı and qz must be units. 


For every point x9 € A there is a neighborhood U = U(z,) such that 
orda,2(h) > orda,.,(h) forex EUNA. 


4.4 Proposition. if A is irreducible, h holomorphic in a neighborhood of 
A, and h|4 =0, then the number orda.2(h) is independent ofx € A. 


PROOF: Let xo € A be an arbitrary point. In a neighborhood U of xo there 
exist a decomposition AN U = A, U...U A; into irreducible components 
and minimal defining functions f, for A,. Since h vanishes on every A), 
there exist kı, ...,kı E€ N and a holomorphic function q on a neighborhood 
V =V (zo) C U such that 


h= fë... fë .q and (fa)zo T Ieq for À =1,...,1. 
Since (fiJo; -- -» (freq are irreducible, it follows that (fx)z, and gz, are rel- 


atively prime for \ = 1,...,/. But then (f\)s and y, remain relatively prime 
for x sufficiently close to xo, say in a neighborhood W (zo) C V. 


Let n(x) := ord,,,(h). It is necessary to consider two cases: 


(a) If A is irreducible at zo, then / = 1,and it is clear that n(x) = n(zo) for 
rEWwna. 


Consequently, x +> n(x) is a locally constant integer-valued function on the 
set A of regular points of A. Since A is globally irreducible, A is connected 
and n(x) globally constant on A. Let n* € N be the value of this function. 


(b) If1> 1, then f := f....f; is a minimal defining function for A at zo. 
With m :=min(k,,...,k;) we have 

h= fP- fh q= f” o, 
where o is a holomorphic function near xo. Therefore, n(ao) > m. 


We assume that m =). In every small neighborhood of xo there are regular 
points x € A) that do not belong to A, for u 4 A. Then n(x) =n*,and fy is 
a minimal defining function for A at x. Since h = fe -g, with a holomorphic 
function q, and (fx)« fgs, it follows that n(x) = kx. 
So m < n(ao) < n(x) =n* =k, =m, and therefore n(xp) =n*. 
Now we define 

orda(h) := { gensan value of ordA z(h) if hla =0, 

otherwise. 

One easily sees that 


orda (hiho) = ord, (hı) + ord4 (h2) 
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Meromor phic Functions. Let X be an n-dimensional complex mani- 
fold. We consider holomorphic functions that are defined outside of an ana- 
lytic hypersurface. In the l-dimensional case these are holomorphic functions 
with isolated singularities. 


Definition. Let A C X be an analytic hypersurface. A complex-valued 
function m on X — A is called a meromorphic function on X if for any 
point x € X there are holomorphic functions g,h on an open neighbor- 
hood U =U(x) C X such that N(h) C A nU and m =g/h on U -A. 


Obviously, 7 is holomorphic on X — A. In particular, every holomorphic 
function f on X is also meromorphic on X. 


Different meromorphic functions may be given outside of different analytic 
hypersurfaces. If ma :X — A, — C are meromorphic functions on X , then 
mı +mz and mj, .mz are meromorphic functions on X , given as holomorphic 
functions on X — (A; U Ag). 


If m :X -A — C is a meromorphic function, for p € A we have two 

possibilities: 

(a) There is a neighborhood U =U(p) C X such that m is bounded on U- A. 
Then there is a holomorphic function M on U with m|y_a =m|y—a, and 
p is called a removable singularity for m. 

(b) For any neighborhood V = V(p) C X and any n € N there is a point 
x E€ V —A with |m(x)| >n. If m = g/h near p, then h must vanish at 
p, because otherwise we would be in situation (a). Now there are again 
two possibilities: 


(i) If g(p) £ 0, then limg.,p|m(x)| = +00, and we have a pole at p. 

(ii) The other possibility is g(p) = 0. This cannot occur in the case n = 1, 
since it may be assumed that the germs gp and hp are relatively 
prime, but it is possible for n > 1. The behavior of m is extremely 
irregular in that case: We take any c € C. Then gp —c-hp and h, are 
relatively prime, and therefore there exists a sequence (xy) of points 
in N(g—ch)—N(h) with lim,_,. x, =p. This means that m(z,) =c 
for every v. We call p a point of indeterminacy in this case. 


In the case n = 1a meromorphic function is a function that is holomorphic 
except for a discrete set of poles. For n > 1 we have the polar set 


P(m) :={p€ X :m is unbounded in any neighborhood of p /. 


The polar set consists of poles and points of indeterminacy. We show that 
P(m) is an analytic hypersurface. 


Let p € X be an arbitrary point and U =U({p) C X a connected neighbor- 
hood, where 7n is the quotient of g and k and N(h) C A. We may assume 
that p € A and gp, h, are relatively prime. Then 


macika 


iia 
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m bounded nearp <> 3, (holomorphic near p ) with g =y.h 
<= hl gp 
<> hp is a unit 
<= hip) £0. 


So P(m)NU ={x €U : h(x) =o}. 


If Z CX is an irreducible hypersurface, then we define ordz(m) as follows: If 
m =g/h near z, then ordz (mM) := ordz,.(g) —ordz,¢(h). If we choose gz, hz 
relatively prime, this definition is independent of g and h. Now it follows 
exactly as above that ordz (m) is constant on Z. 


4.5 Identity theorem for meromorphic functions. Let X be connected, 
m:X —A— C a meromorphic function, and U C X a nonempty open set 
such that mly_4 =0. Then P(m) = and m =0. 


PROOF: The set X — P(m) is connected, m is holomorphic there, and U — 
(AU P(m)) is a nonempty open subset of X — P(m). By the identity theorem 
for holomorphic functions it follows that m=0o0n X — P(m). But then m 
is globally bounded and P(m) =@. 7 


The set (X) of meromorphic functions on X has the structure of a ring 
with the function m = 0 as zero element. We set 


MIXY = MIX) - {0} 


= {m€.@(X) :m vanishes nowhere identically} 


If m € &(X)* has a local representation m = g/h, the zero set N(g) is 
independent of this representation. Therefore, we can define the global zero 
set N(m), which is an analytic hypersurface in X . Outside of P(m)UN(m), m 
is holomorphic and without zeros. Therefore, 1/m is also holomorphic there 
and has local representations 1/m = h/g. So 1/m is also meromorphic, and 
consequently .#(X) is a field. For this it is essential that X is connected! 


4.6 Levi's extension theorem. Let AC X be an analytic set that has at 
least codimension 2, and let m be a meromorphic function on X — A. Then 
there exists a meromorphic function M on X with M x-a =m. 


PROOF: Since the statement is true for holomorphic functions, we may 
assume that P(m) # Ø. So it is an analytic hypersurface in X — A. By the 
theorem of Remmert—Stein, Q :=P(m) is an analytic set in X . By Riemann’s 
second extension theorem the holomorphic function m on (X — Q) -A has 
a holomorphic extension ™ to X - Q. 


Let p € ANQ be a point. We have to show that M is locally meromorphic at 
p. We choose an open neighborhood U =U(p) C X and a function g € O(U) 
such that: 
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1.QnU cN{Q}. 
2. N(g) =N,U...UN, is a decomposition into irreducible components. 


Since dim(A) < dim(N;), there are points a, € N; — A and neighborhoods 
V; =Vi(ai) C U- Asuch that M =p,/q; on V;—Q and N(qi) C QOV; c N(q); 
i.e., gla(q:) = 0. 


From the Nullstellensatz it follows that there is a number s; € N and a 
holomorphic function r; such that g =r, .q;. Then M =p;rig~** near a,. 
This means that there exists an s € N such that g* .M is holomorphic near 
âl,- ak 


Thus N :=(U — A) P(g°M) is empty or an analytic hypersurface that is 
contained in N(g)—A. In the latter case it is a union of irreducible components 
of N(g) — A, and this is impossible, since every such component contains 
a point a, So N must be empty, and g*m is holomorphic in U — A. By 
Riemann’s second extension theorem there is a holomorphic extension h of 


Pos 


g°M on U. Then g~*h is meromorphic on U with (g~*h)|y_a =M. m 


Divisors. Let X be a connected complex manifold, m € #(X)*, and 
Z CX an irreducible analytic hypersurface. If Z C P(m), then ordz(m) is a 
negative integer, and if Z C N(m), then ordz(m) € N. In all other cases we 
have ordz(m) =0. 


If P(m) =U,er P. and N(m) =Uyez Na are the decompositions of the polar 
set and the zero set into irreducible components, then the formal sums 


(m), :=S"(-ordp(m)) .P, and (m)o := X- ordy,(m) Ny 


LEI AEL 


are called respectively the divisor of poles and the divisor of zeros of m. 
Finally, div(m) :=(m)o — (m ), is called the divisor of m. From the remarks 
above it is clear that 


div(m) = 5 ordz(m) - Z, 
ZCX 
where the sum is over all irreducible hypersurfaces Z in X 


Definition. Let (Z,).cr be a locally finite system of irreducible ana- 
lytic hypersurfaces Z, € X. If for every 1 € I a number n, € Z is given, 
then the formal linear combination 


D = r, Z, 


vel 


is called a divisor on X. 


The divisor is called positive or effective if n, > 0 for every 1 € J. 
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Divisors can be added or multiplied with integer constants in an obvious way. 
Therefore, the set A(X) of all divisors on X has the structure of an abelian 
group. 


As we just have seen, there is a map div :.4@(X)* — G(X). Since we have 
div(m mz) =div(m,) + div(m2), div is a group homomorphism. 


Sometimes it is useful to generalize the notion of a divisor a little bit. Let 
(Aer be a locally finite system of (arbitrary) analytic hypersurfaces in X, 
and (n, ) ez a system of integers. Then for every 1 € I we have a decomposition 


A, = U Ay, 


AXEL, 


into irreducible components. The system {4;, : 4 € J,r, € L,} is again 
locally finite, and we define }7,-7 n, A, :=) er Daer 2 AN. 


With this notation it is possible to restrict divisors to open subsets: If U C X 
is open and D = 7, n, . Z, a divisor on X , then 


Du:= So m+ Z,.0U. 
t with Z,NUZFS 


4.7 Proposition. f AC X is an analytic hypersurface and f a minimal 
defining functionfor A in an open set U withU NA £ Ø, then 


div(f*) =k- A nU. 
The proof is more or less straightforward. 
Now let an arbitrary divisor D on X be given. Then for any point p € X there 


is an open neighborhood U =U (p) CX, a finite system {Z; :i=1,...,N) 
of irreducible hypersurfaces Z; C U, and a system of numbers n; € Z such 


that 
N 
Diy = X m- Zi 
i=1 


In addition, there is a neighborhood V = V(p) C U such that there exist 
minimal defining holomorphic functions f; for Z; in V. Then 


N N 
i=1 4=1 


In this way every divisor is locally the divisor of a meromorphic function. 
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Associated Line Bundles. Let X be a connected n-dimensional com- 
plex manifold. If Z c X is an analytic hypersurface, then there is an open 
covering Y ={U, :1€1} of X with the following property: 


F U, NZ # Ø, then there is a minimal defining function f, € O(U.) for Z. 
Setting f, := lif U, N Z =Ø, in U,, we get the two relations 


fe =9x: fr and Îr =r. f 
with suitable holomorphic functions g,,, and gx.. Then 
fe (1 —GxGne) =0 on Ui. 


Since f, does not vanish identically, it follows that g..gx. = lon U.,. This 
shows that gx € O* (Ux) and gx. = g; . Furthermore, on Ui... we have the 
compatibility condition 

Gir Ger = Hà- 


The system of the nowhere vanishing functions g.. = f./f.< defines a holo- 
morphic line bundle on X, which we denote by /Z]JIt is easy to show that 
this definition does not depend on the covering and the functions f,. 


4.8 Proposition. 


1. There is a section sz €T(X,[Z] with Z ={x€ X : sz(x) =O}. 
2. [Z ]is trivial over X — Z. 


PROOF: The system of holomorphic functions f, defines a global section sz 
with {x € U, : sz(x) =0) ={z € U, : f(z) =0) =U, NZ. Then it is clear 
that /{4¥_z is trivial. m 


We can generalize the concept of associated line bundles to the case of divi- 
sors. If D is a divisor on X, then there is an open covering Y ={U, :L€I} 
of X, and meromorphic functions m, on U, with D|u, = div(m,). It follows 
that the functions m, 

Jir = Mn 
are nowhere vanishing holomorphic functions on U,,,. They define a line bun- 
dle, which we denote by /D]If D =k. Z, then [DJ=[Z]*. If D =D, + v2, 
then {DJ—[D,] Q [D2]. Thus the map 


6 : G(X) > Pic(X), ô(D) := isomorphy class of [D], 
is a homomorphism of groups. 


49 Theorem. The sequence o group homomorphisms 


M(x)" 2, g(X) + PiX) 


ii ha SH NRE Be RBM 
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is exact. 
PROOF: (1)Let m £ 0 be a meromorphic function. Then [div(m)] is given 
by only one transition function m/m = 1.Therefore, 6 odiv(m) = 1. 


(2)Let D be a divisor on X with 6(D) = 1. We assume that D|y, =div(m,) 
and [D] is represented by gix =m./m,. Since /D fs trivial, there are nowhere 
vanishing holomorphic functions k, with A, .g,, = 1.h, on U,,. Then 


h,.m,=h,-m, on U,,. 


Therefore, a meromorphic function m on X can be defined by m|y, :=h,-m,. 
Obviously, div(m)|y, =div(m,.) = D|v,, and therefore div(m) = D. = 


Meromorphic Sections.Let X be a connected n-dimensional complex 
manifold. Any analytic hypersurface Z C X leads to a line bundle /Z fo- 
gether with a global holomorphic section sz that vanishes exactly on Z. The 
construction of sz fails in the case of an arbitrary divisor D and its associ- 
ated line bundle /D ] Therefore, we introduce the notion of a meromorphic 
section. 


Definition. Let m :L — X be an analytic line bundle and A C X an 
analytic hypersurface. A holomorphic section s € [(X — A, L) is called 
a meromorphic section over X in L if for every point x € X there is 
an open neighborhood U = U(x) C X, a function h € O(U), and a 
holomorphic section ¢ € T (U, L ) such that: 

lh-s=t ovrU-A. 

2. N(h) CANU. 


If we have a system of trivializations y, :7~1(U,) — U, x C and transition 
functions g,,, then we have the following description of s. 


For x € U, — A we define s,(z) by y,0 s(x) = (x, si(x)). Then s, = gix’ Sk OD 
U.. — A. If we choose the U, small enough, there are holomorphic functions 
h,, t, on U, such that h, .s, = t, over U, — A and N(h,) C A NU,. This 
means that s, is a meromorphic function on U,. We could have as well said 
that a meromorphic section is a system (s) of meromorphic functions with 
Sı = ır Sre 


If Z is an irreducible hypersurface, then ordz(s,) =ordz(s«}, and we denote 
this number by ordz(s). The sum 


div(s) := 5y 


ZCX irreducible hypersurface 


ordz(s).Z 


is called the divisor of the meromorphic section s. 
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Now we have the solution for our problem: Let D be the divisor on X given 
by D\y, =div(m,). Then [D] is described by the transition functions gix = 


mmt, and the system of the m, defines a global meromorphic section sp 
of [D with div(sp) =D. 


So far our definitions seem to be purely tautological. But for example, they 
allow us to determine the space of holomorphic sections of /D jin terms of 
meromorphic functions on X. For that we need the following notation: If 
Dı, Dz are two divisors on X, then Dı > Dg if and only if Dı — Dz isa 
positive divisor. 

4.10 Theorem. Let D =} znz .Z be a divisor on X . Then there is a 


natural isomorphism{m € 4(X)* : div(m) > - D} 5 Tr(X,/D]). 


PROOF: Let sp be the global meromorphic section of / D with div(sp) = D. 
Then for any meromorphic function mon X alsot :=m-sp is a meromorphic 
section of / D]. 


If m is a meromorphic function with div(m) > - D, then 
div(t) =div(m) +div(sp) =div(m) +D > -D +D =0. 
This means that ¢ is a holomorphic section. The map m ++ m- 8p is obviously 
injective. 
Let t E€ T(X,[D]) be given. F Djy, =div(m.), then 


mM, 
t, = - tk- 
Mg 


Hence tım7! =t,mz! on U,,, and there exists a meromorphic function m on 
X with mlu, =t,m;_'. Therefore, div(m)|u, = div(t,) — div(m,) > —D|v,- 
So the map is an isomorphism. 7 


Example 


Let X =C be the Riemannian sphere and D =n‘ œ. Then 
P(X, [D]) = {me M(XY : ord(m) > —n and ord,(m) > 0 otherwise}. 


The holomorphic sections in [D] are just the meromorphic functions on X 
that have a pole of order at most n at œ. 


Exer cises 


1. Let x be a point in a complex manifold X and let fr, Gz be nonunits in Oz. 
Prove that fx, and gs are relatively prime if and only if dim(N(f,9)) < 
n—2. 
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2. Let G c C” be a domain, A C G an analytic hypersurface, U c G an 
open subset with UN A 4 Ø, and f : U > C a minimal defining function 
for A. Prove that Sing(A) NU = {ze U : f(z) =0 and Vf(z) =O}. 

3. Consider the meromorphic function m(z,, z2) := 22721 on C?. Show that 
the closure X of the graph {(z1,2z2,w) : z1 A 0 and w = m(z1, z2)} in 
C?xC is an analytic hypersurface. Determine a minimal defining function 
for X at (0,1, co). 

4. Classify the singularities of m(z1, z2) :=sin( 21 )/ sin( 21 22). 

5. Let L — X be a holomorphic line bundle. Prove that L = / D ]for some 
divisor D on M if and only if L has a global meromorphic section s Æ 0. 

6. Let X be a compact Riemann surface. Show that for every nonconstant 
meromorphic function f on X the numbers of zeros and poles are equal 
(counted with multiplicity). 


5. Quotients and Submanifolds 


Topological Quotients. Let X be an n-dimensional complex manifold 
and ~ an equivalence relation on X. If x,y € X are equivalent, we write 
x~ y or R(a,y). For x €X let 


X(x) :={yE X :y~a}={yEX : Ry,x)} 


be the equivalence class of x in X. These classes give a decomposition of X 
into pairwise disjoint sets. The set X/R of all equivalence classes is called the 
topological quotient of X modulo R. 


Let r :X — X/R be the canonical projection given by 7 :x => X(x). Then 
X/R will be endowed with the finest topology such that ~ is continuous. This 
means that U C X/R is open if and only if r7t(U) CX is open. We call this 
topology the quotient topology. 


A set A C X is called saturated with respect to the relation R if 


ml (n(A)) =A. 


5.1 Proposition. 
l. A saturated <= A=U 


zca X T). 
2. f U C X/R is open, then #-1(tA)is open and saturated. 
3. If WCX is open and saturated, thenn(W) C X/R is open. 


The proof is trivial. 


204 IV. Complex Manifolds 


5.2 Proposition. Let Z be an arbitrary topological space. A map f: 
X/R > Z is continuous if and only if f on :X — Z is continuous. 


This statement is also trivial, since (f o r) t(U) =a71(f7'(U)). 


Analytic Decompositions. If X is an n-dimensional complex mani- 
fold and R an equivalence relation on X , one can ask whether X/R carries 
the structure of a complex manifold such that 7 is a holomorphic map. As- 
sume that such a structure exists. Then X/R must be a Hausdorff space. If 
y :U + C* is a complex coordinate system for X/R, then U :=271(U) 
is an open saturated set in X, and f :=yon :U — C* a holomorphic 
map with f~+(f(x)) = m~*(x(x)) = X(x). So the fibers off are equivalence 
classes, and the equivalence classes must be analytic sets. If additionally 7 is 
a submersion, then rk,(f) = k for every x € U, and the fibers are (n — k)- 
dimensional manifolds. We now show that these conditions are also sufficient 
for the existence of a complex structure. 


Let X be an n-dimensional complex manifold and 2 = {Z, : €T} adecom- 
position of X into d-dimensional analytic sets. For x € X let (x) € I be the 
uniquely determined index with x € Z,(). Then there is an equivalence rela- 
tion R on X such that the equivalence class X (x) is exactly the analytic set 
Ziz); We consider the topological quotient X / RK and the canonical projection 
n :X — X/R and assume that the following conditions are fulfilled: 


1. X/R is a Hausdorff space. 

2. For any zo € X there exists a saturated open neighborhood U of X (zo) 
in X and a holomorphic map f :U > C”~@ such that 
(a) f-1(f(x)) = X(x) forall x € U. 
(b) rke(f) =n —d for x € U. 


5.3 Theorem. Under the conditions above, X/R carries a unique structure 
of an (n — d)-dimensional complex manifold such that x :X — X/R is a 
holomorphic submersion. 


PROOF: Let zo € X be given. Then there is an open neighborhood U of 
X(ao) in X with r~1(x(U)) =U, and a submersion f :U > C”~? whose 
fibers are equivalence classes X(x). É zo := f(zo), then there is an open 
neighborhood W = W (zo) C C”? and a holomorphic section s : W > U 
(with s(Zo) = zo and f o s = idw). For z € W we have f7! (z) = X(s(z)), 
and therefore 


m(n(s(W))) = U X(s@)) = U f2) = £w) 


zEW ZEW 


This is an open set, so m(s(W)) C X/R is open as well. We define a complex 
coordinate system p :7(s(W)) > C”~* by 
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o(n(s(z))) :=z. 


Then y(r(x)) =f(x). This shows that ¢ is well defined and continuous. It is 
also bijective, with y~'(z) =7(s(z)), and therefore a homeomorphism. 


Now let y be another coordinate system given by ¢(a(t(z))) :=z, where f is 
a local section for some suitable submersion g. Then 


poy '(z) = (m(t(z))) =f (t(z)) 


The coordinate transformations are holomorphic. : 


Properly Discontinuously Acting Groups. Let G be a complex 
Lie group acting analytically on an n-dimensional complex manifold X . Then 


R(z,y) :4=> Jg €G withy =gx 


defines an equivalence relation on X . The equivalence class X (z) = {yE X : 
Jg € G with y = gx} is called the orbit of x under the group action and is 
also denoted by Gx. The topological quotient X/R is called the orbit space 
and is also denoted by X/G. 


We consider a very special case. 


Definition. The group G acts properly discontinuously if for all x,y € 
X there are open neighborhoods U =U(s) and V =V (y) such that 


{g EG : JUNV # Ø} 


is empty or a finite set. 


Here the orbits Gx are discrete subsets of X and are therefore 0-dimensional 
analytic subsets. If the action is free, we want to show that all conditions are 
fulfilled for X/G to be a complex manifold and r :X — X/G a holomorphic 
submersion (which means in this case that r is an unbranched covering). 


5.4 Lemma. Let G act freely and properly discontinuously on X and let 
zo, yo E X Le given. 


1. If there is a go © G with yo = gozo, then there are neighborhoods U = 
U (xo) and V = V (yo) such that gU NV = Ø forg F go. In the case 
Yo = zo and go =e one can choose V =U. 

2. If 9x0 # Yo for every 9 © G, then there are neighborhoods U = U (zo) 
and V =V (yo) such that gU NV = Ø for everyge G. 


PROOF: At first we choose neighborhoods Vo(z£o) and Vo(yo) such that 


M := {gE G : go N Vo # Ø} 
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is finite or empty. There is nothing to prove if M = {go} in the first case 
or M =Ø in the second case. Therefore we assume that there are elements 
Q5--9N; N > 1,with M = {g90,91,-.-, gN} in the first case and M = 
{91,.-.,gn} in the second case. Then we define ya :=9)2o, for A = 1,..,N. 
Since G acts freely, ya Æ yo for A = 1,..,N. 


We choose neighborhoods Wa = W)(yx) and V = V(yo) C Vo such that 
Wy n V = Ø, and we choose a neighborhood U = U(zo) C Uo such that 
gaU CW), for à = 1,..,N. Then gU N V =Ø for g ¥ go in the first case, 
and g € G in the second case. H 


5.5 Theorem. Let G act freely and property dicontinuously on X. Then 
X/G has the unique structure of an n-dimensional complex manifold, so that 
n :X + X/G is an unbranched holomorphic covering. 


PROOF: Let U C X be an open set. Then m~*(z(U)) = Usec IU is an 
open set, and therefore z(U) is also open. For zo € X we can choose an open 
neigborhood U =U (zo) such that gJUNU = for g #e. Then r :U > x(U) 
is bijective. 

(1) We have to show that X/G is a Hausdorff space. Let z1, £2 € X be 
given, with 7(21) # n(x2). Then gzı # £2 for every g € G. There are open 
neighborhoods U =U (xı) and V =V (z2) with gU N V 4 Ø for every g € G. 
Then 7(U) and 7(V) are disjoint open neighborhoods of (x1) and 7(z2). 


(2) We verify the other conditions. Let zo € X be given and choose a small 
open neigborhood U =U (zo) C X such that n :U — 7(U) is a homeomor- 
phism and such that there exists a complex coordinate system y :U — C”. 
Then f :U :=x7}(x(U)) > C” can be defined by f(gz) := y(x), for a € U 
and g € G. It is clear from above that f is well defined. The fibers of f are 
the G-orbits, and on gU we have f(y) = (g~'(y)). This shows that f is 
holomorphic, and rk, (f) =n for every y € U. 


F U is small enough, then 7” 1(7(U)) =U, ec 9U, with pairwise disjoint sets 
gU that are topologically equivalent to z(U). So ~ is an unbranched covering. 
a 


Complex Tori. Let {w1, ...,won} be areal basis of C”. Then the discrete 
group T :=Zw +...+ Zwan acts freely on C” by translation. The set 


Awi=T+wa={wtw:wel} 


is the orbit of w. 


The group [ acts properly discontinuously on C”: Let Zo, Wo € C” be given. 
If wo = wo + Zo for some wo € F, choose 


5. Quotients and Submanifolds 207 


e<-z-inf{llull: wer- fot}. 


Then (wt B.(zo)) N Be(wo) = Ø, unless w = wo. 


If wo — Zo g T and 
e<d . dist(wo, F +20), 
2 
then (wt Be(z0)) N Be(wo) = Ø for every w. 


The n-dimensional complex manifold T” = TẸ := C"/T is called a complex 
torus, and I is called the lattice of the torus. 


The set P := {2 = tiwi H- #tonwo, : 0 < t; < 1) contains a complete 
system of representatives for the equivalence classes. Therefore, T” = a(P) 
is a compact space. The map 


Qrity e ritan) 
p 


tiwi +--+ tonWan b> (e 
induces a homeomorphism T” - St x ...x S?. 


2n times 


5.6 Proposition. H4(S!,Z) =Z. 


PROOF: Let U} i= {et : —1 <t < i}, U c= ferit . 3 
and U3 := ferme 74 t t< 1). Then Y ae ie is an acyclic open 
covering for S 1 with Ujo3 = Ø. Therefore, every triple £ = (a,b,c) € Z 
is a cocycle in Z'(Y, Z). It is a coboundary if and only if there is a triple 
(u,v, w) € Z? with 


a=v-u, b=w-u 


, and c=w-v 


3 


This is the case if and only if a + c = b. Since every cocycle has the form 
(a, b,c) = (0,6 —a - c0) +(a,a+¢,¢) = (b-a — c) .(0,1,0) +8(0,a,a tc), 
it follows that H1(Y,Z) is generated by the class of (0, 1, 0). a 
From the Kunneth formula it follows that H+(T”, Z) = z2”. and therefore 
the first Betti number of T” is equal to 2n. ; 


Hopf Manifolds. Let o > 1 be a fixed real number and n > 1. Then 
the (multiplicative) group T := {o* : k € Z} acts freely on C” — {0} by 
zo o-z. 


The action is properly discontinuous. To see this, we define the sets 
U, := {z2 € C” : r < |lal| < or}, forr > o0. 


Then the sets oU, are pairwise disjoint. If two points Z1,Z2 € C” — {0} 
are given, one can find an r > 0 and ak € Z such that zı € U :=U, and 
Z2 € V :=o*U,. The case k =0 is allowed. Now oU N V =ø, unless s = k. 
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So H = Hr := (C” — {0})/T is an n-dimensional complex manifold, and 
the canonical projection x : C” — {0} —> H is an unbranched holomorphic 
covering. H is called a Hopf manifold. 


(2 jl! z ) 
z> (exp TI ino Tall 


induces a diffeomorphism H — S! x S?”~}. Here $?”~* is the (2n — 1)- 
dimensional sphere in R?” =C” with 2n - 1> 3. 


5.7 Proposition. Fork > 2, H'(S*,Z) =0. 


The map 


Proof: We have S* = {x = (4,...,2%41) : |IXll = 1). Then Y = 
{U,, U2} with 


G = {XE SĂ : a<z dW 
Uz := {XES} :—1< r <a 


is an open covering of SF with contractible sets, and 


= {xe SF : -a< Tkp <a 


Z(YW,Z) =Z and C?(X,Z) =Z’. The 
MIZ) is given by ô(a, b) :=b — a. Then 
0. a 


is connected. Therefore, C!(Y,Z) = 
coboundary map 6 :C°(Y, Bj > 
obviously, B(X, Z) =Z and 


It follows that H1(H,Z) = MM x S?*-1,Z) =Z, and bı (H) =1. 


The Complex Projective Space.In X :=C"+! — {0} we consider 
the equivalence relation 


R(z,w) :+= JA € C* with w =z. 


The equivalence class L, of z is the set L, = Cz — {0},the complex line 
through z and 0 without the origin. So we have a decomposition of X into 
1-dimensional analytic sets. We can also look at these sets as the orbits of 
the canonical action of C* on X by scalar multiplication. 


Definition. The topological quotient P” :=X/R = (C”+! — {0})/C* 
is called the n-dimensional complex projective space. 
Let n :X =C”+! — {0} — P” be the canonical projection, with 7(z) := L, 
and let two points Z = (20,-..;2n), w =\“0 ...,Wn) be given. We have 


3A € C* with w; = àz; for i =0,...,n 
Wi 


11 


i = = for all 7,7 where the fractions are defined. 
j j 
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So 7(z) does not determine the entries zj, but the ratios z; : zj. Therefore, 


we denote the point x =7(20,. --, Zn) by (zo :.-. :2n) and call zo, . .., Zn the 
homogeneous coordinates of x. If zo, ...,Zn are homogeneous coordinates of 
x, then so are Az0,. .. Az, for every à E @*. 


If W cX is an open set, then 7~'(7(W)) =U) ec. A: W is a saturated open 
set in X , and therefore 7(W) is open in P". For example, this is true for 


—{O} 22:40) CX, i =0,... n. 


The sets U; := a(U;) form an open covering of P” 


~ 


U; := {z = (z0, - 32n) a 


We show that P” is a Hausdorff space: Let z,w € X be given, with L, 4 L. 
Then 


ze: Š and wt = 
lizi lwll 
are distinct points of $2°+! = {x € R?”+? = C”+1 : ||x|| = 1}. Therefore, 


we can find an £ > 0 such that B.(z*) Be(w*) = Ø. Then U := x(B,(z")) 


and V :=7(B-(w*)) are disjoint open neighborhoods of a(z), respectively 
n(w). 
Now let a point Zo = (26, ..., 2) € X be given. Then there exists an index 
i with z;° Æ 0, and zo lies in U;. We define f; :G, > C” by 
f: (zo ae Zn) = (2 eee Ži—1 Ži+1 Žr) 
Then 
— 5 Wi Zi 
f\(f(2)) = {weG,: -3 for jæi} 
Wy Zi 
= {wei w= gh 
Ži 
— mrz). 
If a point u = (uo,...,4,) € U; is given, we define a holomorphic section 
s :C" + U; by $(21,.-.,2n) t= (UiZ1,. - Wii, Ui, UZZ44,. «+ yUiZn). Then 
ug Ui-1 U 
s(2,.. ii tin an) = 
it u; ? u; yea = (uo,...,Un), 
and 
fi 08(21,...,2n) =(21,--+32n). 


Therefore, f; is a submersion, and rk,(f;) =n for every z. 


Altogether this shows that P” is an n-dimensional complex manifold and 
x :C™+! _ {0} > P” a holomorphic submersion. Since every equivalence 
class E, has a representative in the sphere S??+1, Pr = 7($2"+1) is compact. 
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Local coordinates are given by the maps y; :U; > C” with pior =f;. This 
means that 


alai ia) = (Song 


The set 
Uo ={(20 :-+-22n) © P” : z0 #0}=((1:ti 1... ita) : (hy. tn) € C°} 
is biholomorphically equivalent to C”. We call it an affine part of P”. If we 
remove Uo from P”, we get the so-called (projective) hyperplane at infinity 
Hy = {(2o:--+: 2n) €P” : 20 = 0} 
= {(0:tr:...:tn) :(t,--5tn) € C” — (0)). 


It has the structure of an (n — 1)-dimensional complex projective space. If we 
continue this process we get 


pr = ce u pe}, 
pe- = ¢nrti u pro? 
P? = C? u FP. 


It remains to study P? = {(zo :21) : (20,21) € C? — (0)). But this is the 
union of C = ((1:t) : t € C} and œ := (0 : 1), with £ = 2/2. In a 
neighborhood of oo we have the complex coordinate zo/z1 = 1/t. So we see 


that Pt =C =CU {oo} is the well-known Riemann sphere. 


The hyperplane Ho is a regular analytic hypersurface, given by 
Hy NU; = $ (20: -.. 2 zn) € Ui : Ooh. 


Therefore, Uo is dense in P". 


It should be remarked that there is no reason to distinguish between Uo and 
the other sets U;. Everything above could have been done as well with the 
affine part U; and the hyperplane H; :={7 (z2) € P” : z; =O}. 


Meromorphic Functions. On a compact complex manifold every 
global holomorphic function is constant. But we know already from the ex- 
ample of the Riemann sphere that there may exist nonconstant meromorphic 
functions. In this regard we consider the compact manifolds defined above, 
beginning with the complex projective space P”. 


A nonconstant polynomial p(t) = Deo ayt” is a holomorphic function on 
the set Up = {(1 :t) i... 2 te) | t =(t1,-..,tn) E€ C”}. In fact, it defines a 
meromorphic function on P”? with polar set Hp. We see this as follows: 


3 The hat signalizes that the ith term is to be left out. 
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The functions ¢, = 2,/%0, u = 1,are holomorphic coordinates on Uo, and 
Wy i= %)/%, A #71 likewise on U;. Therefore, on V; — Hp =U; N Uo we have 


wh plti... tn) = (S) E a(S) (2 


k— 
= 5 awe ll... gtn, 
jv{=0 
j — k k- 
i.e, p = g/h on U; — Ho, where g(w) := D>), )-9 awo Why ---whm and 


h(w) := wk are holomorphic functions on U; with 
N(h) = cw EU; : wo =O} =U; n Ho. 
So there are numerous global meromorphic functions on projective space. 


Now let T = C"/T be an n-dimensional complex torus, and m : C” > T 
the canonical covering. If mm is a meromorphic function on T, then mor is a 
meromorphic function on C”, which is periodic with respect to the generators 
W1,...;Wan, Of the lattice I. In the case n = 1 such meromorphic functions 
always exist; they are the I?-elliptic functions. We shall later see that for 
n > 2 the existence of I?-periodic functions depends on the lattice 1?, In fact 
there are complex tori with no nonconstant meromorphic functions. 


Finally, consider the Hopf manifold H = (C"—{0})/T withT ={o* :k eZ} 
and n > 1. Let m be a meromorphic function on H. Since the canonical 
projection z : C” — (0) > H is a covering, M :=mo 7 is meromorphic on 
C” — (0). Since n > 1, it follows from Levi’s extension theorem that m can 
be extended to a meromorphic function on C”. On any line L through the 
origin in C”, m must have isolated poles or be identically oo. But since m 
comes from H, poles on L must have a cluster point at the origin, which 
is impossible unless M is constant on L. The same argument works for any 
other value of G.A meromorphic function on C” — (O) that is constant on 
every line through the origin comes from a meromorphic function on the 
projective space P"—!. This means that if A : H — P®*~! is the canonical 
map, then a bijection “@(P”~!) = M(H) is defined by m |= mo h. On the 
n-dimensional Hopf manifold there are not "more" meromorphic functions 
than on (n — 1)-dimensional projective space. 


Grassmannian Manifolds. The set of 1-dimensional complex subvec- 
tor spaces of C”+! can be identified with the n-dimensional projective space, 
and we have given it a complex structure. Now we do the same for the set 
Gk,n of k-dimensional subspaces of C”. The idea is the following: If % C C” 
is a fixed element of Gk,n, then we choose an (n — k)-dimensional subspace 
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Wo € C” such that Vo p Wo = C”. We are looking for a topology on Gk,n 
such that the set of all k-dimensional subspaces V with V ® Wo = C” isa 
neighborhood of Vo in Gk,n- 


But how to get complex coordinates? In the case Gin41 =P” we consider, for 
example, Vo = Ceo with eọ =(1,0,...,0) and Wo ={(20,-..,2n) : 20 =O} 

Then Vo ® Wo = C”™*!, and a vector z = (20, .--; Zn) Æ O generates a 1- 
dimensional space V with V@Wp = C+! if and only if zg 4 0. Multiplication 
by a nonzero complex scalar does not change the space V. Therefore, V is 
uniquely determined by 


zo) .2= z3" .(20,%) = zo’ .z) with Z = (21,-..52n). 


The map f : V > 2% 1 Z € C” gives the familiar local coordinates. 


When we try to transfer this procedure to higher k, we use another viewpoint. 
Every V with V @ Wo = C”+! has the form Graph(yv) of a linear map 
gv :C > C” given by f(V) = wy (1).If Vo C C” is a k-dimensional subspace 
and Vo $ Wọ = C”, then every other k-dimensional subspace V c C” with 
V ®Wo = C” has the form Graph(yy) for yy € Homc(Vo, Wo). Fixing 
bases of Vo and Wo, the matrix of yy with respect to these bases gives local 
coordinates in Mp n-p (C) = COH), 


Now we will do this job in detail. An ordered k-tuple of linearly independent 
vectors 81; ...,a, € C” can be combined in a matrix 


al Gil...) Gln 


ak aki... Ge 
with rk(A) =k. The set 
St(k,n) := {A E€ Mk n(C) : rk(A) =k} 


is called the complex Stiefel manifold of type (k,n). Since its complement in 
Mrk, n(C) = C*” is an analytic set given by the vanishing of all (k x k) minors 
of A, St(k,n) is an open set in M;,(C) and therefore a complex manifold. 
The group GL; (C) acts on St(k,n) by multiplication from the left, and every 
orbit of this group action represents exactly one k-dimensional subspace of 
C”. The topological quotient 


Grn = St(k,n)/ GL; (C) 


is called the complex Grassmannzan of type (k,n). 

If, for example, Wo = (w = (wW1,-..,Wn) : Wi = = wy = 0}, then a 
matrix A € St(k, n ) represents a basis of a k-dimensional space V with V © 
Wo =C” if and only if A = (Ao|A) with Ao € GLk(C) and A € Mp, n-p (C). 
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In this case V has the form Graph(yvy) for a linear map yy :C* > Cr-*. 
Of course, V is uniquely represented by the matrix Azt A= (BE, |Ag* .A), 
and Aj’. A is the matrix of yy with respect to the standard bases. 


Now we consider the set of multi-indices 
Irn = {I= (i... i) ENE: 1S iy <... <i, <n}. 
For any A € St(k,n) there exists an I = (i1, . .. sik) € k,n such that 


Qi, =t Qlik 
A; := : : € GL; (C). 
Aki =t Oki, 


Then there is a permutation matrix P; € GL,(C) such that A . P; = 
(A;|Az). 


For fixed J we define 
Vr := {A E St(k,n) : det Az #0}. 


We remark that (G.A); =G . A; and (G.A), =G Ar for G € GL; (C). 
Therefore, Vr is invariant under the action of GL (C). 


5.8 Lemma. Let nk n :St(k,n) + Gk,n be the canonical projection. Then 


T ich (Tk, n(Vr)) =V] for every ig Phn- 


PROOF: Let A € n7} (nk n(Vr)) be given. Then there is an A* € Vr with 
Trn(A) = Tk n(A*). This means that there is a matrix G € GL,(C) with 
A=G.A*.Since V; is invariant under the action of GL; (C), A lies in Vz. 


The converse inclusion is trivial. a 


So V; is a saturated open subset of St(k,n), and Ur := Tk n(Vr) is open in 
Gin. We leave it to the reader to show that Gg n is a Hausdorff space. 


If Er C C” is generated by e;,,...,e;,, and Fr C C” by the remaining 
ej, then Er © Fr = C”, and every k-dimensional subspace V c C” with 
V &@ Fr =C” is represented by a matrix A € V;. The uniquely determined 
matrix Aj’ . Ar € Min—x(C) describes the linear map yy : Ey > Fy. 
Therefore, we define the holomorphic map fr : V; + Mk n-4(C) S Chk) 
by 

f(A) :=A;! Ay. 


It is clear that fz is holomorphic, and since 


f,(G-A)=(G.A,)71.(G.A,) = fr(A), 
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fy respects the fibers of 7%,n. It remains to show that fr has maximal rank. 
For that we construct sections: 


Let A € V; be given. Then we define s : Mkn—x(C) > Vr by 
s(B) := A; .(Ex|B)-P7’. 


This is a holomorphic map with s(f;(A)) = (A;|Ar) .P;' =A and 
fı o s(B) = fr(Ar .(E,|B) .P7') = A7! - (Ar .B)=B. 


So f; is a submersion and Gk n a complex manifold of dimension k(n — k). 
Complex coordinates are given by y; :Ur > Mk, n-x(C) with 


YIlTkn(A)) = Ay? . Ar. 


Let Spn = {A €St(k,n) : A- A’ = Ex} be the set of orthonormal systems 
of k vectors in C”. Then Sk, n is a compact set, and Tkn : Sk n 4 Grn is 
surjective. So Gk n is compact. 


Submanifolds and Normal Bundles. Let X be an n-dimensional 
complex manifold. A holomorphic map f : Y > X is called an embedding 
if there is a submanifold Z c X such that f induces a biholomorphic map 
from Y onto Z. Every embedding is an immersion, but in general not every 
(injective) immersion is an embedding. The following proposition has been 
already mentioned in Section 1. 


5.9 Proposition. Let f : Y —> X be a holomorphic map between com- 


plex manifolds. If Y is compact and f an injective immersion, then f is an 
embedding. 


PRooF: Every immersion defines a local embedding. To see this, we may 
consider a holomorphic map f from a neighborhood V = V(0) c C™ into a 
neighborhood U =U(0) cC™ x C™”™ with £(0) = (0,0) and rk Je(O) = m. 
We write f = (f,,f2) and assume that already rk Js, (0) = m. Then for the 
map F : V x C”?~™ — C” with 


F(z, w) := (fi (z), fo(z) + w) 


we have det Jp (0,0) = det Jp, (0) Æ 0. So there exist neighborhoods V* = 
V*(0) c V and W =W (0,0) C U such that F :V* x V* > W is biholomor- 
phic. Since F(z, 0) = f(z), the image f(V*) =F(V* x {0}) is a submanifold 
of W. 


We have proved that for every point 2 € Y there are neighborhoods 
V = V(zo) C Y and W = W(f(zo)) C X such that f(V) is a closed 
submanifold of W. We have to show that there is a small open neighborhood 
U =U(f(zo)) c W such that f(Y) QU = f(V) NU. Suppose that there is 
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a sequence Zn € Y — V with f(z,) + f(xo). Since Y is compact, we can 
assume that (£n) converges to an element x* € Y — V .Since f is injective, 


f(x*) A f(x). But f(z,) must converge to f(x*). This is impossible. n 
If Y is a regular hypersurface in a complex manifold X, then there are two 
line bundles associated to Y ,namely the normal bundle Nx(Y}, which is 


defined on Y, and the bundle / Y jon X. We will show that these bundles 
coincide on Y. 


Choose an open covering Y =(U,),<; of Y in X such that there are complex 
coordinates z{,...,24, for X in U, with the following properties: 


1. YQU, ={x €U, : zt (x) =O}. 
2. 24,...,2,_, are complex coordinates for Y. 


We have already seen in Section 2 that the normal bundle Nx(Y) is given 
with respect to U, N Y by the transition functions 


hisli, ve 01?m—150) = Baw (Fo +++ Zn- 0). 
n 


On the other hand, the line bundle /Y Js defined by the transition functions 


fic = zn / 2h. But zi (2h, --.,2%) = fuc(2t, -..,2%) + 2% implies 
Oz, 
Fae (ets 2110) = falt 284, 0). 


This yields the so-called first adjunction formula. 


5.10 First adjunction formula. 


[Y]ly =Nx(Y) for every regular hypersurface Y C X. 


The normal bundle Nx (Y) is naturally related to the canonical bundles Kx 
and Ay. If g.., respectively G, are the transition functions for T(Y) 


spectively T(X), then 
Gin OJ = un. + 
oi= (4). 


Therefore, det G, oj =det gax .b,,, and det gz! = (detG7} oj ).b,,, which 
is equivalent to the second adjunction formula: 


re- 


? 


5.11 Second adjunction formula. 


Ky =j* Kx 8 Nx(Y) for every regular hypersurface Y CX. 


This formula can be generalized to higher codimensions; see, for example, 
[GriHa78]. 
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Projective Algebraic Manifolds. If x :C"*! — {0} — P” is the 
canonical projection and x € P”, we define 


(x) :=77 (x) U (0). 
This is a complex line through the origin in C”+}, and we have £(7(z)) = Cz 


for z € C+! _ {0}. 


A set X C C”+ is called a conical set or a cone if it is the union of a family 
of complex lines through the origin. This means that 


ZeXx = zE X for re. 


F X is an arbitrary subset of P”, then 


£ := U o =77}(X) U (0) 


is a conical set. 


5.12 Lemma. Let X c C”+! be a conical set, f a holomorphic function 
near the origin, and f =$ >o py its expansion into homogeneous polynomi- 
als. If there is ane > 0 such that flens = 0, then p| g = 0 for every 
V. 


Proor: Let z 4 0 be an arbitrary point of Be(0) n X. Then 


Avr f(z) = $ p(z)” 


~ 


vanishes identically for |A| < 7. So po(Zz) = 0 for every v, and since X is 
conical, py|ẹ = 0 for every v. 7 


Now let “1, ...,F% be homogeneous polynomials in the variables ~° ...,z. 
Then the analytic set 


is a cone. E we set X’ :=X — {0), then the image X :=7(X’) c P” is the 
set 


X ={(20: i Zn) : Fy(20,-+.52n) = +++ = Fpl20, -a Zn) = 0} 
In U; = {(20 :--.:2Z) : z; A O}, we can define holomorphic functions fiw 
by . 
0 Zn 
fiv(Zo:--- : Zn) =F (2, 2) 
Then X NU; = {x € Ui : fii (v) =... = fi,x(@) = 0}, and consequently X 


is an analytic set. 
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Definition. An analytic set X c P” that is the zero set of finitely 
many homogeneous polynomials is called a (projective) algebraic set. The 
subsets X NU; are called (affine) algebraic. 


A complex manifold X is called projective algebraic if there is an N € N 
and a holomorphic embedding j : X —> P^ such that j (X) is a regular 
algebraic set. 


5.13 Theorem of Chow. Every analytic set X in projective space is the 
zero set of finitely many homogeneous polynomials F}, ...,F, such that if 
x €X is a regular point of codimension d, thenrk,(F,,...,F,) =d for every 
zen *(x). 


Proor: If X c P” is a nonempty analytic set, then X’ = n~*(X) is also 
analytic. Since dim,(X‘) > 1 for all z € C"+1— {0}, by the extension theorem 
of Remmert-—Stein its closure X = X’ U {0} is analytic in C+. 


By Theorem 6.5 in Chapter IH we can find an open neighborhood U = 
U(0) c C”+! and finitely many holomorphic functions fi,. ..,fm on U with 
N(fi,..-;fm) = Un X and rka(fi,---;/m) =d at any regular point z of 
dimension n+1—d in UNS. Now we expand f; into homogeneous polynomials 
piv. Then p;,,|¢ = 0 for all i,v. 


Let Ik C Oo = Hn+1 be the ideal that is generated by all pip, v < k, 
i=1,...,m. Since 
L cl, C... COo 


is an ascending chain of ideals in a noetherian ring, it must become station- 
ary. Thus there are homogeneous polynomials Fi, ..., F, such that every p; 
is a finite linear combination of the Fl. But then every f; is also a linear 
combination of the F: 
8 
fi = 5 üi o Fo. 
o=1 


It is clear that N(fi,...,fm) = N (F3, . .- Fs) near the origin. But since xX 
is a cone, even X =N(F\,...,F,). Setting 


i=1,..., 
A(z) = | ai,5(z) Li " ). 
we have 


Tifa. fm) (Z) = A(z) Jier, F(z) for z € X near 0. 


Therefore, d = rk, (fis ..., Jm) < rk, (Ffi,...,Fs). I£ X is regular of codimen- 
sion d at x, then X is also regular of codimension d at every z € m~!(z), 
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because 7 is a submersion. It follows that rkz(f1,...,F;) cannot be greater 
than d at these points. Since the rank is constant along 7~!(2), it must be 
equal to d at every z € 771 (2). m 


Examples 
1. Let L C C”*! be a complex linear subspace of codimension q. Then there 
are linear forms y1, ...,pq on C"*! such that 
L = {ze C : yi(z) =... = palz) =0}- 


Since the linear forms are homogeneous polynomials of degree 1, 


P(L) :={(20:...:3) EP” : pu(z0,-..,2n) =0 for y =1....,q}) 


is a regular algebraic set. We call P(L) a (projective) linear subspace. It 
is isomorphic to P”~4. 

2. We now show that the Grassmannian manifolds are projective algebraic. 
Let 0 < k < n be given, and N := (7) — 1. We identify A C with 
CN+1! and define the Plucker embedding pl : Gun 3 PY as follows: Ë a 
subspace V C C” has the basis {ar, ...,a,}, then 


pl(V) = (ay A... A ag). 


It is clear that this is a well-defined injective map. To see that it is a 
holomorphic immersion, we choose another descripton. As above, when 
we introduced the Grassmannian, we use the set of multi-indices 


Fan = {1 = (ty... ik) 1L <r ie <n} 


To any I € Ip, n there corresponds a permutation matrix Pz € GL,(C) 


such that for A € St(k,n) we get A.P1 = (A;|Arz). We define P : 
St(k,n) — CN+! _ {0} by 


PIA) = (det Ar |I E Fen): 


Then p(G . A) = det G .p(A), so p induces a map p :Gk n > P such 
that the following diagram commutes: 


P 
St(k,n) —-> Crt! _ {0} 


T 
Tkn P 


Gr. n —> P 


’ 


For I = (i1, ... ik) set ey :=e;, A ... A eip. Then 


; 
l 
| 
$ 
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a ^ e Aak = 5 det A; - e, 
LEFF Rin 


and therefore p = pl. 

Let yy : Ur —> Mpk n-k(C) be a complex coordinate system for Gx n. 
Then 97 (B) =7%,n((Ex|B)- Py’) and 

poy, (B)=70p((E,|B)- Py") = x(det((E,/B)- Py), : JE Irn). 
Obviously, p is a holomorphic map. 


Every matrix B € M;,,-,(C) can be written in the form 
B =(bf,,,-..,b!) 


with b, € CF for u =k+1,...,n. We have det((E}|B) Pr’), = l,and 
if J = d- {i,}) U {u} for some v € {1,...,k} and pE {k + 1,..,n}, 
then 


((E,|B)- Py") -Py =(ef,...,eg_,,bi,ef,,,...,ef), 


and therefore det ((E,|B) Pr’), = b,,,. So p op; (B) contains the 
components 1,5, for all v,4 and some other components. It follows 
that pl is an immersion. Since Gx.» is compact, pl is an embedding. 


Projective Hypersurfaces. The simplest example of an analytic hy- 
persurface in P” is the hyperplane Ho ={zo =O}. 


IfS E M,41(C) is asymmetric matrix, then gg(z) :=z-S-z' is a homogeneous 
polynomial of degree 2. The hypersurface 
Qs := {(z20: ... 1z) 29s (20,.--;2n) = 0} 


is also called a hyperquadric. It follows easily from the classification of sym- 
metric matrices that Qs & Qr (biholomorphic) if and only if rk(S) =rk(T). 
In particular, every quadric of rank n + 1 is biholomorphically equivalent to 
the standard hyperquadric Qn-1 ={(2 :---:3) 1 224+-.422 =O}. Since 


Qn-1 Uo = (Cit: eet ty) t +... +t = 1}, 


Qn-ı has no singularity in Uo. The same works in every U;, so Q,,-1 iS a 
projective algebraic manifold. 


Now consider the Grassmannian G4 = P®. Since dim(G2,4) = 4, it is a 
hypersurface. From multilinear algebra one knows that a 2-vector w € A2C#4 


is decomposable (i.e., of the form w —aAb) if and only if wAw =0. So 


Goa = {m(w) : wiqw34 — Wigwe4q + Wi4w23 = 0} 
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is a hyperquadric that is isomorphic to Q4. This means that there is a 1to 1 
correspondence between the set of projective lines in P? (which is the same as 
the set Go, of planes in C*) and the set of points of a 4-dimensional quadric. 


5.14 Theorem. Every analytic hypersurface Z C P” as the zero set of a 
single homogeneous polynomial. 


Proor: If Z cP” is an analytic hypersurface, then Z =7~'(Z) U(O)C 
C”+! is also an analytic hypersurface. Therefore, there exists an open neigh- 
borhood U =U(0) c C"*?, a point z € U N Z,and a holomorphic function 
f :U > C with V f(z) 4 0 and Zn c N(f). Making U smaller if necessary, 
we can find a holomorphic function g dividing f such that U N Z=N (g). 
Without loss of generality we may assume that U =U’ x U” C C x C” and 


glz, z’) =2h tapi (z')2zP-! +... +ao(z’) 
is a Weierstrass polynomial. 


If ax, is the homogeneous part of a, of degree v, then 


k—i 


prlzi, z’) = 2] + qk~1,1 (2) + +++ + 40,42’) 


is the homogeneous part of g of degree k. Since Z is conical, it follows that 
pele =U. 


Now there is a dense open subset V C U” such that {t€ U” : g(t,z’) =0} 
consists of exactly k points, for every z’ € V. Since N(g) NU c N(p) NU 
and deg(p) =k, we have g = px over V and then everywhere in U, by the 
identity theorem. So Z =N (pk). m 


We can choose a polynomial p with minimal degree such that 
Z ={(20 i... 2n) € P” :p(z0,..., Zn) =O}. 


Then by the degree of Z we understand the number deg(p). For example, 
deg(H) = 1 for any hyperplane, and deg(Q) =2 for any hyperquadric. 


Now, let Z C P” be an arbitrary hypersurface of degree k, defined by some 
homogeneous polynomial p of degree k. Then 


ZOU; = {(20:...: Zn) EU; : z" .P(Z0,. -3 Zn) =0}, 


and the line bundle /Zib given by the transition functions gi; = (z;/ zi). 
In particular, for every hyperplane H we have the same line bundle [H] with 
transition functions 2/2. 
Definition. If H c P” is a hyperplane, then the line bundle O(1) := 
[H] is called the hyperplane bundle. 


The kth tensor power of the hyperplane bundle is denoted by O(k). 
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If Zc P” is a hypersurface of degree k, then [Z4 O(k). 


A homogeneous polynomial F of degree k induces a global section sp € 
T(P”, O(k)) by 
(sr)i(Zo i++. i 2n) = 2) °F (20,-++32n) for zi £0. 
In fact, (sr); is a holomorphic function on U;, with 
= (sp),- (74) on U, 

(sr): = (SF); (2) on Uj;. 

Obviously, 
{x € P” : sp(x) =O} = {(20:---: 2n) : (20, .--,2n) = O}. 


On the other hand, let s be an arbitrary global holomorphic section of O(k). 
Then s can be represented by holomorphic functions s; :U; — C with 


2k 85 (Zo i... 12n) = 25 . 8;(z9 lees t2n) on UN Uj, 


and we obtain a holomorphic function f :C”+! — (0)— C with 


f(z) = zf < 8i(m(z)) on z™?(U;). 
There is a holomorphic continuation F of f on C”+} with F(Az) =A" F(z). 
This means that F is a homogeneous polynomial of degree k, with sp =s. 
Consequently, we have the following result. 


5.15 Proposition. Fork € N the vector space T(P”, O(k)) is isomorphic to 
the space of homogeneous polynomials of degree k in the variables zo,...,2n. 
Analytic hypersurfaces in P” are exactly the zero sets of global holomorphic 
sections & O(k). 


For any zg € C+! _ (0) and any k € N there is a homogeneous polynomial 
F of degree k with F(zo) # 0. Therefore O(k) is generated by global sections. 


The bundle ©(1) can be described in purely geometric terms. For this we 
note that if 

po :=(0:...:0:1)¢ Pet, 
then a projection ro :P”+! — {po} > P” is given by 


TO(20 2.21 iZan Zp) = (z9 ree. Zn). 


We obtain local trivializations y; :19'(U;) 3 U; x C by 


pilZo i... Zn i Zn41) I= (Co Dai Zn) +) , 
Zi 
with yy '((z0 :... : Zn)» €) = (z0 :... i Zn :cz;). Obviously this gives the 
transition functions z;2; .If F is a linear form on C+! then the section sp 
is given at x =7(z) =(20 :...: Zn) by 


sp(r) =y; (z, 27 F(z)) = (29 :..-:2n : F(2)). 
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The Euler Sequence. Here we discuss the tangent bundle of the pro- 
jective space in more detail. Let m : C”+! — {0} — P” be the canoni- 


cal projection. Then for any point z € C”+} — {0} we have a linear map 
Pz CH > Tr(z)(P”) defined by 


d 
paw) = Z| (fo me + tw). 


The vector w can be interpreted as tangent vector &(0) =a, 9((d/dt)o) with 
a(t) =z ttw. It follows that 


T.2(W)[f] —(% 0 @)«,0(d/dt)olf] — (d/dt)olf or oa] = 92(w)[f]- 


Since x is a submersion and yz{z) = 0, the linear map Wz is surjective with 
Ker(yz) = Cz. 


Zn) | ži # 0}, 


If we use the local coordinates ty :=2./2: in U; ={(z0 :%1:... 
then for any z with z; Æ 0 it follows that 


paw) >> 


ZiWy — mz) ð 
VAI 


( 22 Ot, 
Thus a trivialization y; :T(P”)|u, + U: x C” is given by 


Wi(Y2(w)) = (n(2), Llao.. o. -1n)) 


t 


with a, =w, — (wizy )zy for v £i. 


Let O(1)®"+)) be the direct sum of n + 1 copies of the hyperplane bundle. 
Recall that every linear form F on C”+! defines a global section sr of O(1) by 
(sr); = zy F., Then two vector bundle homomorphisms j : Opr =P” x C > 
OME) and g :O(1)®"+) — T(P”) can be defined by 


f(x, C) = c- (829(#),.-- 5 8z,(2)) 


and 
a(sry(7(Z)),--.,8F,(7(Z))) := Ya( Foltz), ...,Fn(Z)), 
where Fo,...,/n are linear forms on C”*!. 


Using the canonical trivializations, j and q can be given over U; by 
. - -1 
j ((20 tees 2n)s o) H ((20 i... i Za) C (2027 1,2 Znz) 


and 

q :((20 :---: Zn), (W0, ..;Wn)) = ((20 : ...5 Zn), (@o,-+., i, ...,4,)), 
with a, = wy — (wizy )zv- This shows that both of these homomorphisms 
have constant rank. Since there is always an index i such that 8z (£) 4 0, j 
is injective. Since O(1) is globally generated, q is well defined and surjective. 
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Definition. A sequence 0 > V’ 3 vy 4 V” = 0 of vector bundles is 
called exact if the following hold: 

1. j and q have constant rank. 

2. j is injective and q is surjective. 

3. Im(j) = Ker(q). 


5.16 Theorem. We have an exact sequence of vector bundles 
0 — Opn 25 O(t) 4, T(P”) — 0. 


The sequence is called the Euler sequence. 

PROOF: Itis clear that go j((z),c) =y2(c-z) =0. If, on the other hand, 
xz = 7(z) and q(sp,(x),.-.,8r,(z)) = 0, then (Fo(z),...,Fn(z)) must be 
a multiple of z. So there exists a c € C such that (sr (z£), -.. 8r, (£)) = 


C+ (S29 (2)... ., 82, (2)). = 


Rational Functions. We consider some connections with complex alge- 
braic geometry. 


A meromorphic function m on P” is called rational if m = 0, or if there are 
homogeneous polynomials F and G of the same degree such that F 40 and 


F(z0,-.., Zn) 


mlo: iii n) = tao a 


5.17 Theorem. Every meromorphac functson on P® œ rational. 


PROOF: If m € æ (P”), then its divisor has a finite representation 
div(m) = X ni- Zi, 
2a 


with n, € Z and irreducible hypersurfaces Z; C P”. By the theorem of Chow 
every Z; is the zero set of a homogeneous polynomial F; of degree d, > 1. 
Then F :=[], F;" is a rational function on C"*! that is homogeneous of 
degree d := $; nid; € Z. 

Since div(m o r) =div(F) on C”+! — {0 },the function f := (mor) . Ft is 
holomorphic there without zeros. It has a holomorphic extension f to Cr+: 
with f(0) # 0, because f cannot have isolated zeros. 


For c € C*, the equation f(c. z) =c~% . f(z) is valid on an open subset of 
C++, and then (by the identity theorem) everywhere on C”+!, Thus d < 0 
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and c7? = 1.From fle .2) =f (z)it follows that f (z)is a constant wo, and 
mon(z) =wo . F(z) a rational function. z 


A rational function on a submanifold X C P” is the restriction m|x of a 
rational function m on P". We have already seen that every polynomial p 
on Uo = C” can be extended to a rational function m on P”. Therefore, on 
every algebraic manifold there is a large number of rational functions. 


If A C P” is a projective algebraic set, then A; := A N U; is called an affine 
algebraic set. A complex manifold is called an affine algebraic manifold if it is 
biholomorphically equivalent to an affine algebraic set. A regular function on 
an affine algebraic manifold j :X — U; is a holomorphic function f :X > C 
such that there exists a polynomial p on U; = C” with f =p oj. It can be 
shown that a rational function on an affine algebraic manifold is always a 
quotient of regular functions. 


In algebraic geometry there is a more general definition for regular functions, 
which coincides with our notation in the case of affine algebraic manifolds. 
On projective algebraic manifolds all regular functions are constant, whereas 
there are many rational functions. In the affine case the field of rational 
functions is exactly the quotient field of the ring of regular functions. 


If Z c P” is a hypersurface of degree k, then X := P” — Z is an affine 
algebraic manifold. We can see this as follows: 
Let I be the set of multi-indices v = (vo, .. .,Vn) with vo +: ..+vn =k. Then 


#(I) = ("f*) is the number of monomials z” = 25° ...2n", v € I. We set 
N :=#(I)-— land define the Veronese map vin :P" > PY by 


Uk n(Zo | --- Zn) = (2 |v € I). 


One can show that Vk,n is an embedding, and so its image is Ven = Vk n( P”) 
an algebraic submanifold of PY. If p is a homogeneous polynomial of degree 
k with zero set Z, then there are complex numbers a, v € J, such that 
P = Diver v2”. It follows that 


Vk nl Z) =Vkn N { (woven : So aw =0| 


vel 


is the intersection of Vi,» with a hyperplane H C PN. Therefore, P” — Z = 
Vin(E” — Z) =Vin N (PY — H ) is affine algebraic. 


Exercises 


1. Show that M := {(z0 : 21 : 22 :23) € P3 : 28 +--- +23 = 0} is a 
projective manifold. Consider the group G :={g” :0 < m < 4}, where 
g :P® — P? is defined by 
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g(Zo 221 : Z2 123) t= (020 : 0221 10322 10423), 2 = ®ri/5 


Prove that X :=M/G is a complex manifold (called a Godeaux surface). 


. Let F : C? - C? be defined by 


F(t, 21, 22) := (t, a2, +tza,az2), a€R,0<lal <1. 


Set G ={F™ :m€Z} and prove that X :=(Cx(C?—{0}))/G is a com- 
pact complex manifold. Consider the holomorphic map r :X — C that 
is induced by the projection onto the first component. Then X; :=77! (t) 
is a 2-dimensional complex manifold. Show that X; is biholomorphically 
equivalent to X, for every t Æ 0, but that there is no biholomorphic map 
between Xo and X,. Show that Xo is a Hopf manifold. 


. For wi,...,wan € C” define Q := (wf,...,wg,) € Mn,29n (C) and prove 


that 
Wy,...,W, linearly independent <=> det (a #0. 
Let To be the torus defined by the lattice I := Zw, +... + Zwan. Prove 


that To is biholomorphically equivalent to To if and only if there are 
matrices G € GLa (C) and M € GLon(Z) such that Y=G.2-M. 


. The Segre map an : P! x P” + P2"*! is defined by 


On((Zo 221), (Yo 2... 2 Y= (LoYo :--. :LOYn 1F1Y0 :--. 2 21Yn)- 


Show that =, :=0,(P? x P”) is a complex manifold and øn an injective 
holomorphic immersion. 


. Show that for n > 2, two irreducible hypersurfaces in P” always have a 


nonempty intersection. 


. Decompose 


A := {(zo : 21 22) : 29 +3222? +220 +429 25 +52423 +323 = 0} 


into irreducible components. 


. Let d >O and n > 0. Prove the following theorem of Bertini. If H,,+1(d) 


is the vector space of homogeneous polynomials of degree d in zo, ... Zn, 
then there is a dense open subset U C H,,,1(d) such that 


N(F) ={(20 :...:2n) € P” : F(20,-.--,2n) =0) 


is a projective manifold for every F € U. 


. Use the notation from the introduction to Grassmannian manifolds. For 


I € Ium set Vi = {A €E St(k,n) : det A; #0) and Ur :=7n(Vr) C 
Gk,n. Then 

gta(Tkn(A)) =A; .As on Vr NV; 
give the transition functions of a vector bundle Up on Gy». Show that 
there are n independent global holomorphic sections in Ug. 
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9. Show that H1(P",O) =0 for n > land H!(P!,O(k)) = 0 for k > 0. 
Prove that there is an exact sequence of vector spaces 


H}(P",O(k — 1))> HHP”, O(k)) > H' (P1, O(k)) 


for n > 2 and k > 1. Conclude that H'(P",O(k)) = 0 for n > 1 and 
k> 0. 

10. Let X be a compact complex manifold and a : V — X a holomorphic 
vector bundle of rank r > 2. Show that there is a holomorphic fiber 
bundle P —> X with typical fiber P”! and a line bundle L —> P such 
that Ps =P(V,) and L|p, = Op, (1). 

11. Prove that for every automorphism f of P” (i.e., every biholomorphic 
map f :P” > P") there is an A € GLnii(C) with f(a(z)) =7(z- A*). 
This is formulated as Aut(P”) = PGLn+1 (C) = GLny1(C)/C*. 

12. Let T = Zw, + Zw be a lattice in C and p the Weierstrass function 
for this lattice. Show that the map z +> (1: p(z) : 9’(z)) induces an 
embedding ¢ of the torus T = C/T into P?. Determine the equation of 
the image (T) in P?. Determine transition functions for y*O(1). 
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Branched Analytic Coverings.Let f :X — Y be a continuous map 
between Hausdorff spaces. Then the image of compact sets is compact, and 
the preimage of closed sets is closed. 


Definition. The map f is called closed f the image of closed subsets 
of X is closed in Y .It is called proper if the preimage of compact subsets 
of Y is compact. 


6.1 Proposition. 


1. Iff :X —> Y is closed and A C X a closed subset, thenf|,:A— Y is 
closed. 

2. Iff is closed, y a point of f(X),and U an open neighborhood of the fiber 
f(y), then there is an open neighborhood W =W (y) C Y such that 
f(W) cU. 

3. Let X and Y be additionally locally compact. 

(a) If every point y € Y has a neighborhood W such that f-\(W) is 
compact, then f is proper. 

(b) Iff is proper, thenf is closed. 

(c) Iff is closed and every fiber fT) (y) compact, then f is proper. 


PRooF: (1) is trivial. 


Rae 
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(2) Let f be closed and U be an open neighborhood of some nonempty fiber 
f(y). Then W := Y — f(X —U) is an open subset of Y. If y were not 
in W, then there would be a point z € f~!(y) — U. This is impossible, and 
therefore W is an open neighborhood of y with f(W) CU. 


(3a) Let Y be locally compact and K C Y compact. It follows from the 
criterion that there are finitely many sets W1, . ..,Wm such that f—'(K) is 
contained in the compact set f~!(W,) U -++ Uf71(W,,). Since f7!(K) is 
closed, it must itself be compact. 


(3b) Let f be proper and A C X be a closed set. For every y € f(A) there isa 
sequence of points z, € A with lim, f(z) =y. The set N := {y/U{f(z.) : 
v € N} is compact (using the local compactness of Y ),and consequently 
f-+(N) is compact. Thus there is a subsequence (z,,,) converging to some 
point x € f-1(N) NA. It follows that y = f(z) € f(A). 


(3c) Let f be closed and assume that every fiber is compact. For y € Y 
choose a compact neighborhood U of f~+(y). This is possible, since X is 
locally compact. By (2) there exists an open neighborhood W of y in Y with 
f-l(W) C U. Then f-!(W) CU as well. As a closed subset of a compact 
set it is itself compact, and from (3a) it follows that f is proper. Py 


Definition. A continuous map f :X — Y between locally compact 
Hausdorff spaces is called finite if it is closed and if each fiber has only 
finitely many elements. 


Obviously, every finite map is proper. Conversely, if a proper map has only 
discrete fibers, then it must be finite. 


Definition. A holomorphic map 7 : X — Y between n-dimensional 
complex manifolds is called a branched (analytzc) covering if the following 
hold: 
1. The map 7 is open, finite, and surjective. 
2. There is a closed subset D C Y with the following properties: 
(a) For every y € Y there is an open neighborhood U =U(y) C Y 
and a nowhere dense analytic subset AC U with DAU CA. 
(b) m :X —2a71(D) > Y — D is locally biholomorphic. 
The set D is called the critical locus. A point x € X is called a branch 
poznt if 7 is not locally biholomorphic at x. The set B of branch points is 
called the branch locus. The covering is called unbranched if B is empty. 


The branch locus B is nowhere dense in X . 


Now we consider a domain G C C” and d pseudopolynomials w;(w;, z) over 
G and define 
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A :={(w,z) € C? x G : wi(wi z) =0 fori = 1,..,d}. 
Let 7 : A — G be the restriction of the projection pra :C? x G -> G. 
6.2 Proposition. The map n is surjective, finite, and open. 


PRoor: (1)The surjectivity follows from the fact that, for fixed z € G, 
each w;(wi, z) has at least one zero. 


(2)Le M C A be a closed subset and Zo a point of 7(M). Then there 
is a sequence (w,, zy) in M with z, — Zo. Since the coefficients of the w; 
are bounded near zo, the components of the zeros w, are also bounded. 
Consequently, there is a subsequence (w,,,) of (w,) that converges in C? to 
some wo. It is clear that (Wo, Zo) lies in M. Thus Zo belongs to 7(M), and 7 
is closed. 


Since 7 has finite fibers, it is a finite (and in particular a proper) map. 


(3) It remains to show that 7 is open. Let (Wo, Zo) € A be an arbitrary point. 
If V(wo) C C4 and W(zo) C G are open neighborhoods, we have to find an 
open neighborhood W'(zo) c 7(AN (Vx W)). 


By Hensel’s lemma there are pseudopolynomials w7 and wž* such that 
wi =w} .w** and w*(w;,z0) = (w; — w )™ with m, > 1. 
Define 
A:={(w,z)€VxW : wi(ui,z) = = wy(wa,z) = O}. 


Then A c AN (V x W),and (|4)~1(zo) = {(Wo, Zo)}. Since 7|4 is a closed 
map, there is a neighborhood W'(zo) C W such that A N (C4 x W’) = 
(aja) 1(W') CAN(V x W). Since also z|4 :A — W is surjective, it follows 
that 

W' =n(AN (C? x W’)) cr(AN(V x W)). 


Thus 7 is open. z 


Remark. IfX CA isan irreducible component that is everywhere regular 
of dimension n, then the same proof shows that r| x is-also surjective, finite, 
and open. If D c G is the union discriminant set for A, then 7 : X > G is a 
branched analytic covering with critical locus D. 


Branched Domains. A continuous map f :X — Y between Hausdorff 
spaces is called discrete at x € X if the fiber f—'(f(x)) is a discrete subset 
of X. The map f is called discrete if it is discrete at every point z € X. 


A holomorphic map f : X — Y between complex manifolds is discrete at 
xo if and only if there is an open neighborhood U = U(zo) Cc X with 
(xo) ¢ f(OU). 
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Now let M be an n-dimensional complex manifold. 


Definition. A branched domain over M is a pair (X, 7) with the fol- 
lowing properties: 

1. X is an n-dimensional connected complex manifold. 

2. a :X — M is a discrete open holomorphic mapping. 


Let t : X — M be a branched domain and zo € X an arbitrary point. 
We can choose a coordinate neighborhood B of (zo) in M such that B is 
biholomorphically equivalent to a ball in C” and 7(z)) = O. Since r is discrete 
and open, there is a connected open neighborhood U = U (zo) CC X such 
that t(U) C B is open and 7~1(0) NU = {xo}. We assume that 7(U) =B. 


Define j :U + U x B by j(z) := (x,a(x)). Then j is a holomorphic embed- 
ding, and 
A := j(U) = {(#,2) €U x B :z =n(zx)} 


is a regular analytic set in U x B. We have a factorization n = 7 07, with 
T i= Praja. Let wi,...,w, be complex coordinates near x in U. It follows 
from the results of Section 111.6that over a small neighborhood of 0 in B there 
are pseudopolynomials w;{w;,z) such that A is an irreducible component of 
the embedded analytic set 


A ={(w,z) :wi(wi, z) =0 fori =1,...,n}. 


If D C B is the union of the discriminant sets of the w;, then A (and therefore 
also A ) is unbranched over the complement of D. Therefore, if 7 :X — M is 
a branched domain, then for every x € X there is a neighborhood U(r) C X 
and a neighborhood W(f(r)) CM with 7(U) =W such that z|y :U > W 
is a branched analytic covering. 


If M =C" or M = P”, then a branched domain over M is also called a 
branched Riemann domain. 


Definition. Two branched domains (X1,7,) (over M ) and (Xo, 72) 
(over N ) are called equivalent if there are holomorphic maps y :M > N 
and @ :Xı > Xə such that the following diagram commutes: 


xX, & X 
(L a 4 T 
M ~~ WN 


Torsion Points. As an example we consider a polydisk P = P"(0,r) € 
C”, a positive integer b, and the set 


Xo :={(z,w) E Px C : w? -z1 =0}, 
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together with the projection 7p :(z,w) t+ z. Then Xo is a regular analytic 
hypersurface in P x C and consequently an n-dimensional complex manifold, 
which is the Cartesian product of a polydisk P’ c C"~! and a neighborhood 
of the origin in the Riemann surface of w = ¥/z. It is unbranched outside 
{z : 2, =O). 


Definition. Let (X,7) be a branched domain over some manifold M. 
A point zo € X is called a torsion point (or winding point) of order b if 
there is an open neighborhood U =U (zo) C X such that 7 :U > a(U) 
is equivalent to 7 : Xo — P. In this case we say that tly is a winding 
covering. 


We consider the local case, i.e., a branched analytic covering n :X — Q over 
some polydisk Q c C” around the origin, and we assume that it is branched 
of order b over O and unbranched outside {z € Q : z1 = 0). Then X’ := 
X—n~1({z,; =0}) is still connected, and the covering :X — Q is equivalent 
tom : Xo > P. For a proof see [GrRe58], §2.5, Hilfssatz 2. One shows that the 
two coverings outside the branching locus have the same fundamental group. 
Therefore, they must be equivalent there. Using the theorem of Remmert- 
Stein it follows that X and Xo are equivalent. 


The following is now immediate. 


6.3 Proposition. Let (X,7) be a branched analytic covering over M, with 
branching locus D. If xo € X is apoint such that 2 =7x(x0) is a regular point 
of D, then there are neigborhoods W = W (zo) C X and U = U(zọ) C M 
such that n :W — U is a winding covering. 


The proof follows simply from the fact that one can find coordinates such 
that locally the situation above is at hand, and then X is locally equivalent 
to Xo. 


Concrete Riemann Surfaces. A concrete Riemann surface is a 
branched Riemann domain 7 :X + C orra :X — P}. It is an abstract 
connected Riemann surface, and in the latter case it may be compact. The 
infinitely sheeted Riemann surface of w = logz is not a concrete Riemann 
surface in our sense. 


Here is a method for constructing concrete Riemann surfaces. Let X be a 
Hausdorff space, M =C or M =P!, anda :X —M a continuous mapping 
such that for every zo € X there is an open neighborhood U =U(xo) C X, 
a domain V c C (inthe case M = C), respectively a domain V in an affine 
part = C of M (inthe case M =P) and a topological map % : V > U with 
the following properties: 


1. n oy : V —> C is holomorphic. 
2. (tow)! does not vanish identically. 
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The map w is called a local uniformization. 


Obviously, (U, ~~!) is a complex coordinate system. We have to show that 
two such systems (U1, YJ 1!) and (U2, vz 1) are holomorphically compatible. 
We consider only the case M =C. The map 


b= yp? ode: vy (U1 NU2) > Wy (U1 N Ua) 


is a homeomorphism. We denote the set YX 1(U;MU2) by Vy. Then Dy := {te 
Vi: (moy (t) =0} is discrete in Vř, and therefore Dz := W~1(D1) C V+ 
is also discrete. Let tọ be a point of V3 — Də. Then 


(m o %1) (Y(to)) # 0. 


Therefore, there are open neighborhoods U = U(¢(to)) C Vř and W = 
W (zo) C C (for Zo := n(Y2(to))) such that toy, :U > W is biholomorphic. 
Then T| (u) :Y1ı(U) + W is a homeomorphism, and 


Y =y" o(Rly,(uy) t om oyp = (ngh) o (r oy), on V = 47 (U). 


Since V is an open neighborhood of to, we see that y is holomorphic on 
Vš —D2. As a continuous map it is bounded at the points of De, and therefore 
it must be holomorphic everywhere in Vž. 


From the above it follows that X is a Riemann surface, and obviously 7 is a 
holomorphic map. We still want to see that it is a finite branched covering. 
If £o E€ X, then there is an open neighborhood U =U (zo) C X and a local 
uniformization  : V — U. We define © :U + V x t(U) CC? by 


B(x) :=(47" (£), a(2)). 


Then (U) ={(z,w) € Vx2(U) : rou(z) = wh. Restricting the projection 
(z,w) ++ w, we obtain a branched covering p :®(U) — (U) that is equiva- 
lent to nly : U > n(U). Let be f :=7 o Y and zo := Yt (xo). If f’(zo) Æ 0, 
then p is unbranched. If f’ has an isolated zero of order k at zo, then 


f(z) = m(x0) + (Z — 20)" - A(z), 
where h is a holomorphic function with A(zo) Æ 0. It is clear that then p is 


branched of order k, equivalent to the Riemann surface of ¢/z. 


Hyperelliptic Riemann Surfaces.For g > 2 choose 2g + 2 different 
points 21, 22, ...,22g+1, 22942 in Xo :=P!. We assume that they are all real, 
in natural order, and not equal to œ. 


Now we take two copies X1, X2 of P! regarded as lying above Xo and cut 
them along the lines £; between z241 and zaj42, i =0,...,g. We define 


X; :=f{te Xx :Im(t)<0} and Xt :=ø{te€ X, : Im(t) >0} 
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Figure IV.2. The hyperelliptic surface 


and glue Xf to X7 along the cuts ¢;, and similarly X35 to XÏ. 


We obtain a topological (Hausdorff) space X that lies as a branched cover- 
ing of order 2 over P! (see Figure IV.2). It is branched only at the points 
21, .+-,2ag42, and at each of these points it looks exactly like the Riemann 
surface of \/z over the origin. Therefore, it is clear that X , together with the 
canonical projection 7 :X — P', is a concrete Riemann surface. It is called 
a hyperelliptic surface.* 


A curve going in X] from za:41 to zai+2 and then in Xz back to z241 
defines a cycle C} in X, i = 0,...,g. Similarly a curve in X1 which goes 
from 22:42 to 22:43 and then in X2 back to z2ai42 gives a cycle Cy’ in X, 
i =0,...,g — 1. Finally we define Cy by going in Xı from 22g+2 through 
co to zı and then in Xz back to zag42- So Hi(X,Z) is generated by the 
2g +2 cycles CG, ...,CG,CG,...,C7. But C' :=Cy+-..+C7) is the boundary 
of X2, and C” := C8 +... +C} is the boundary of XY U Xz. Therefore, 
Ay(X,Z) = Z,(X,Z)/Bi(X,Z) = 29 (and Ho(X,Z) = Z, because X is 
connected). It follows that H1(X, Z) = Z9. The number 


g=gX) := bs (X) = 5 kX, Z)) 


is called the genus of X . Recalling that P! is the Riemann sphere, we replace 
Xə by the complex conjugate Xə and glue X, and Xə inserting tubes into 
the cuts £;. Thus we realize X as a sphere with g handles. 

Now we give a more analytical description of the hyperelliptic surface. Define 


2g+2 


X' := {(s.t)e C: = Ile -x)}, 


4 Tn the case g = 1 we would get an elliptic surface that is isomorphic to a 1- 
dimensional complex torus. 
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and a’ :X' + C by x(s,t):= t. This is a branched covering with branching 
locus D = {z1,...,22g42}. For F(t) := [2 (t-2,), the function s = y F(t) 
is well defined on X’ .Over {te C : |t| > R},X’ consists of two disjoint 
punctured disks. Therefore, we can complete X’ to a compact Riemann sur- 
face X by filling the points at infinity, i.e., the punctures. The map z’ can 
be extended continuously to a map 7 :X — Pt. It follows by the Riemann 
extension theorem that a is holomorphic, and X is a branched covering of 
order 2 over P! with branching locus D. 


Remark. The Riemann surface X is not the completion of X’ in P?. 
The projective analytic set X’, which has {s? = F(¢)} as affine part, has a 
singularity at infinity. 


The functions t and s = ,/F (+) extend to meromorphic functions f and g on 
X that have poles of order 1, respectively g + 1,over oo. 


We now calculate H'(X, O). For this the following is an essential tool. 


6.4 Serre's duality theorem. If X is a compact Riemann surface and V 
an analytic vector bundle over X , then H'(X,V) and H°(X,Kx & V')are 
finite-dimensional vector spaces of equal dimension. 


Proof: See [Nar92], page 47. z 


In the case V = Ox = X x C we have H!(X, 0) S H°(X, Kx). So we need 
some remarks about the canonical bundle Ky. 


1. Let U = (U,),er be an open covering of X such that there are complex 
coordinates y, : U, + C. We denote the complex coordinate on U, by 4. 
Then the line bundle Ax is given by the transition functions 


_ dt, 
Iu. = dt, 


A holomorphic I-form on X is a global section w € T(X,T(X)’) = 
H°(X, Kx). We can write wily, = w,dt,. Then w,dt, = w,dt, on Urn, 
and therefore w, = gix . W. 

2. On P! we have two systems of complex coordinates, namely, to := z1 / Zo 
on Uo = {(zo : 21) : 20 Æ 0} and tı := 20/2, on U1. We denote to by t 
and —f¢, by s. Then on Uo, we have s = —1/t. Using s and £t as complex 
coordinates, the canonical bundle on P! is defined by 


ds d ( *) al zo 2 

di di t t2 zı 
This is also the transition function of the bundle [D] associated to the 
divisor D = - 2.20. Therefore, 


H°(P!, Kp) = H° (P, [D]) 
= {me M(P")* :ordẹ(m) = 2 and ord,(m) > 0 otherwise}. 
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But such a function m is holomorphic and vanishes at co, and conse- 
quently is identically 0. Thus H°(P!, Kp.) =O. 

3. Let X be a compact Riemann surface, and wi,w2 € H°(X,Kx) two 
holomorphic 1-forms. In local coordinates wy|y, = w(?dt,, for À = 1,2. 
Then fly, := w/w defines a global meromorphic function f on X 
such that wz = f .w4. 


Now we return to the hyperelliptic surface X . A holomorphic map j :X > X 
is defined by (s,t )— (—s,t).Clearly, j permutes the two leaves, and j? = id. 
This map is called the hyperelliptic involution, and it induces a linear map 
j* : H(X, Kx) > H°(X, Kx) with (j*)? = id. We get a decomposition of 
H°(X, Kx) into the eigenspaces associated with the eigenvalues +1. But if 
j*w = w,then w = 7*(y), where ẹ is a holomorphic 1-form on P!. Since 
H°(P!, Kp.) = 0, it follows that w = 0. Thus j*w = —w for every w € 
H°(X, Kx). 


The equation s? = F(t) implies that 2s ds = F” (t) dt. If s(t) =0, then t = 2x 
for some k. But F’(zx) =[]j4,(ze — 21) # 0. Therefore, 


dt 2ds 
3 7 Ft) 


Wo = 


is a holomorphic 1-form on X’. Near co we have s(t) ~ t+? and therefore 


wo © (1/t)?~'d(1/t). This shows that wo is a holomorphic 1-formon X that 
has a zero of order g — lover oo. The same argument shows that the 1-forms 
w, :=t” .(dt/s) are holomorphic on X , for v =1,...,g — 1. 


Now let w be an arbitrary element of H°(X, Kx). Then there is a meromor- 
phic function f on X with w = f-wo. Since wo has no zero over Pt — {oo}, f is 
holomorphic there. And since j*w = ~w and j*wo =—wo, we have j*f =f. 
This means that f = h or for some meromorphic function h on P! that is 
holomorphic outside co. Consequently, h is a polynomial, say of degree d. It 
has d zeros in C and a pole of order d at co. It follows that f also has a pole 


of order d at every point above oo. Since w = f .wo is holomorphic, d < g — 1. 


Therefore, w is a linear combination of the 1-forms 


dt dt yo) dt. 


+ , eng 


S 8 S 


It follows that dime H°(X, Kx) =g. 


6.5 Proposition. If X is a hyperelliptic Riemann surface, then the genus 
g =9(X) is equal to dim H° (X, Kx). 


We will later see that the same result is true for arbitrary compact Riemann 
surfaces. 
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Exercises 


1. Let r : X — M be a branched analytic covering with critical locus 
D C M. Show that if there is a point yo € D such that D has codimension 
2 at yo, then there is no branch point in 7~!(yo). 

2. Let r :X — M, and x’ : X' — M, be branched analytic coverings 
and D, respectively D', the critical locus. Prove that if X — 1~'(D) is 
equivalent to X’ — (’)~1(D’), then X is equivalent to X’. 

3. Consider the holomorphic map F : C? — C? defined by 


(w, 21,22) = F(t, te) = (tr: te, tf, t2). 


It is the uniformization of a 2-dimensional analytic set A C C?. Show 
that A — {0} is a branched domain over C? — {0}. What are the torsion 
points? Describe A as the zero set of a pseudopolynomial w(w,z). Is A 
also a branched domain in our sense? 

4. Let F be a homogeneous polynomial of degree k and 


X = {(z: +201 Zn 2ng1) © Pt? : zgi — F(z0,.--2n) = 0}. 


Assume that D := {(2 :...:2n) € P” : F(z,...;2) =O} is regular 
of codimension 1 and prove that the canonical projection 7 : X = P” 
is a branched Riemann domain. Determine the torsion points and their 
orders. 

5. Define y : P! > P? by (20 : 21) = (20 : zg-121 : ... : 2?) and prove 


that the image C := (P?) is a regular complex curve in P”. Define 


X := {(p, H) E€ C x Gn,n41 : P E€ H}, 


where an element H € Gn, n41 1s identified with a projective hyperplane 
in P". Show that the projection m = pr, :X — Gn,n+1 is an n-sheeted 
branched covering. 

6. Let X c P” be a d-dimensional connected complex submanifold. Prove 
that there is an (n -— d — 1)-dimensional complex projective plane E C P” 
not intersecting X, a d-dimensional complex projective plane F C P” 
with E NF = Ø, and a canonical projection r : P” — E — F such that 
a|x :X — F is a branched domain. 


7. Modifications and Toric Closures 


Proper Modifications. Assume that X is an n-dimensional connected 
complex manifold and A C X a compact submanifold. Is it possible to cut 
out A and replace it by another submanifold A’ such that X’ = (X -A )UA’ 
is again a complex manifold? In general, the answer is no, but sometimes such 
complex surgery is possible. Then we call the new manifold X’ a modification 
of X. 
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Definition. Let f :X — Y be a proper surjective holomorphic map 
between two n-dimensional connected complex manifolds. The map f is 
called a (proper) modification of Y into X f there are nowhere dense 
analytic subsets E C X and § C Y such that the following hold: 

1. F(E) cS. 

2. f maps X — E biholomorphically onto Y — S. 

3. Every fiber f~'(y), y € S, consists of more than one point. 
The set S is called the center of the modification and E = f~'(S) the 
exceptional set. 


Assume that we have a proper modification f :X — Y with center S and 
define 


~ 


X :={(y,z)€YxX :y=f(#)} and ~ :=pr|g :X >Y. 


Then X is an n-dimensional connected closed submanifold of Y xX. F K C Y 
is compact, then n7 1(K) = (Kx X)NX is a closed subset of K x f7! (K) and 
therefore compact; 7 7X - na 1(S) + Y — S is biholomorphic, with inverse 
y m (y, f> (y)); and for yo € S we have t*(yo) ={(yo,%) : f(z) = yo} = 
f-1(yo). This is a set with more than one element. 

Therefore, we can generalize the notion of a proper modification in the fol- 
lowing way. 

Let X and Y be two connected complex manifolds. A generalized (proper) 
modification of Y in X with center S is given by an irreducible analytic subset 
X of the Cartesian product Y xX and a nowhere dense analytic subset S C Y 
such that 


1. r :=pry|z X >Y is proper. 

2. m-1(S) is nowhere dense in X. 

3. X —771(S) is a complex manifold. 

4. n maps X — r~}(S) biholomorphically onto Y — S. 
5. X has more than one point over each point of S. 


The center S is sometimes also called the set of indeterminacy. 


If X is a manifold, then 7 : X — X is an ordinary modification of X into xX 
with center S. 


7.1 Proposition. a~1(S) has codimension lin X. 
PRooF: We consider only the case where X is regular. A proof of the general 
case can be found in [GrRe55]. 


Assume that £o € 7~*(3S) is isolated in the fiber of 7 over yo :=7 (£o). Then 
there is a neighborhood U of zo in Y x X such that U N X is a branched 
covering over Y. Since yo lies in S, there must be at least one additional 
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point zı € X in the fiber over yo. But then in any small neighborhood 
of yo there are points y € Y — S with several points in 77'(y). This is a 
contradiction. Therefore, dim,, ~1(7(x9)) > 0. This is possible if and only 
if rk,,(7) <n :=dim(Y), and this shows that 7~1(S) in local coordinates is 
given as the zero set of det J,. Therefore, it has codimension 1. a 


Blowing Up. Let U =U (0) be a small convex neighborhood around the 
origin in C"+!, We want to replace the origin in U by an n-dimensional 
complex projective space. If m :C”+! —{0} — P” is the canonical projection, 
then every line Cv through the origin determines an element z = z(v) in the 
projective space, and x determines the line (x) = 7~1(x) U (0) such that 
Cv =&(n(v)). Now we insert P” in such a way that we reach the point z by 
approaching the origin along (x). 


We define 

X :={(w,£) € U xP” :weE &(ax)}. 
This is a so-called incidence set (another example is considered in Exercise 
6.5). We first show that it is an (n + 1)-dimensional complex manifold. In 
fact. we have 


(w.r(z) €X <= z#0,and 3X EC with w =Xz 

Ji with z; 4 0 and w; = Us - zj for j fi 
Ži 

<=> «#0 and zw; — wiz; =0 for all i, j. 


< 


So X is an analytic subset of U x P”, with 
XO(U x Uo) = {(w,t) €U x C" : wj = wot; for j =1,..,n}. 


In U x U; (for i > 0) there is a similar representation. It follows that X is 
a submanifold of codimension n in the (2n + 1)-dimensional manifold U x 
P”. The map q := pri|x : X — U is holomorphic, mapping X — q7'(0) 
biholomorphically onto U - {0} by q : (w.z) => w and q7! :w => (w,r(w)). 
Obviously, q is a proper map. 


The preimage q71(0) is the exceptional set {(0, x) : 0 € ¢(x)} = {0} x P”. 
So q :X — U is a proper modification. It is called Hopf’s o-process or the 
blowup of U at the origin. 


If w # 0O is a point of U and (An) a sequence of nonzero complex numbers 
converging to 0, then g~'(Anw) = (Anw, n(w)) converges to (0,7(w)). This 
is the desired property. 


The Tautological Bundle. We consider the case U = C”*1, i.e., the 
manifold 
F :={(w,z)€C™! x P” :we &(x)} 
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and the second projection 
p t=pre|rp : F > P”. 


Then p™+ (x)= (2) is always the complex line determined by z. The manifold 
F looks like a line bundle over the projective space. In fact, we have local 
trivializations y; :p~'(Ui) > U; x C defined by y;(w, x£) := (x, w;). Clearly, 
gi is holomorphic. In fact, it is biholomorphic with inverse map 


gy? : (a(z),c) 4 (< -z.n(2)). 


t 


So over Uiz, 


pio g7 (alz) ) = p| = arl) ) = (re) 


a a 


Hence F has the transition functions gij = 2; lži» and consequently, it is 
the dual bundle of the hyperplane bundle O(1). It is denoted by O(—1) and 
is called the tautologzcal bundle, because the fiber over x € P” is the line 
(x), which is more or less the same as x. Sometimes F is also called the 
Hopf bundle, because it lies in C”+! x P” and the projection onto the first 
component is Hopf's a-process (see Figure IV.3). 


Let j :F — P” x C™*" be defined by j(w, x) :=(z,w), and J; : U; x C > 
U; x C"+! by o 
Ji(n(z),c) := (a(z), 7 2). 


t 


Then we have the following commutative diagram: 


Fly, ey Ux 
j4 {Ji 
Ux Cr+ œ U,xecr!} 
This shows that F is a subbundle of the trivial vector bun : P” x C”+1. In 


particular, it follows that T(P”, O(-1)) = 0; i.e., there is no global holomor- 
phic section in the tautological bundle. 


There is an interesting geometrical connection between F and F'. Consider 
the point zo := (0 :... :0 : 1)€ P”+! and the hyperplane 


Ho :={7(2) € P+! : ny1 =O}. 


Then the hyperplane bundle F” = O(1) is given by the projection n+ : 


Prt] — {zo} > Ho S P”, with 


Wy (Zo i... Zn t2n41) 1=(20 i... Zn :0). 
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Figure IV.3. Hopf’s a-process 


Here Ho is the zero section of O(1). Removing the zero section gives a man- 
ifold isomorphic to @"+ -— {0}, and the fibers of the hyperplane bundle 
correspond to the lines through the origin. Blowing up the point zo gives 
us an additional point to each fiber and so a projective bundle F” over P” 
with fiber P+. But looking in the other direction, F? — Ho is nothing but the 
tautological bundle O(—1) over the exceptional set of the blowing up. 


Quadratic Transformations. We consider the case n = 1. Let M 
be a 2-dimensional connected complex manifold and p € M a point. Let 
U = U(p) C M be a small neigborhood with complex coordinates z,w such 
that (z(p),w(p)) = (0,0). Let X CU x P! be the blowup of U at the origin. 
Then 

Qp(M) :=(M-U)UX =(M —{p})UP' 


is again a 2-dimensional complex manifold, with a nonsingular compact an- 
alytic subset N =P! and a proper holomorphic map dp :Qp( M) + M such 
that q7 (p) =N and Q : Qp(M) -N > M — {p} is biholomorphic. We call 
Qp(M) the quadratic transformation of M at p. 


Let F : Mı — Mp, be a biholomorphic map between 2-dimensional complex 
manifolds and F(p1) =e. Let qı :Qp,(M1) > Mı and q : Qp (M2) > Mə 
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be the quadratic transformations. Then there exists a biholomorphic map 
F :Qy,(Mi) > Qpa (M2) such that q2 o F = F oq. This follows directly 
from the construction, and it shows that the quadratic transformation is a 
canonical process. 


In [Ho55] Hopf proved that every proper modification with a single point as 
center is a finite sequence of quadratic transformations.° 


We consider the quadratic transformation q :Qo(U) > U, where 
U ={(z,w)€C? : |z| <r, and |w| < r2}. 


Then Qo (U) ={(z, wC :n)) E€ U x P} : 2n -w¢ =0) = Uo UNA, with 


Ile 


{(n,z) € C? : |zn| < r2 and |z| < ri}, 
{(¢,w) € C? : |we| < ry and w| < r2} 


Uo 
Uy 


IIe 


and 1 
w=2n and C= 7 on Uo nuh 


Thus q is given by 
(n,z) = (z,2m) and (Ç, w) (wÇ, w). 


Consider, for example, the curve C :={(z,w) € U : w? = z3}, which has a 
singularity at the origin. Then 


qt (C — {0}) N Vo = {(n,z) € Uo :z#0andz-7?=0}, 
qC -{0}) nU = {Gwe Uy :w #0 and 1- wg? =o}. 


In U; — Uo we have ¢ = 0. So q71(C — {0}) lies completely in Uo, and its 
closure in Qo(U) is the singularity-free curve C’ := {(n,z) : z =7?}. We 
call it the strict transform of C. The map q :C’ > C is called a resolution 
of the singularities of C. One can show that for any curve in a 2-dimensional 
manifold the resolution of the singularities is obtained by successive quadratic 
transformations. A proof can be found, for example, in [Lau71]. 


If a 2-dimensional manifold M contains a compact submanifold Y = Pt, one 
can ask whether Y is the exceptional set of a blowup process (then one says 
that Y can be “blown down” to a point). Here we give a necessary condition. 


We determine the transition functions for the normal bundle of the fiber 
Fo := q~1(0) in Qo(U). The divisor Fo is the zero set of the functions fo : 
Uo > C with fo(n,z) := z and fı :U; > C with fi(¢,w) := w. Therefore, 
the associated line bundle [Fo] on Qo is given by the transition function 


5 In algebraic geometry this was already known at the beginning of the twentieth 
century, for example by the italiens G. Castelnuovo and F. Enriques. 


7. Modifications and Toric Closures 241 


9o1(2,w, (Cin) = = = £ on Uo N U. 


But ¢,7 are the homogeneous coordinates on Fy = Pt. So Ngo (Fo) = [Foll F, 
is described by the same transition function as the tautological bundle O( —1). 
It follows that a submanifold Y = P! in a complex surface M can be excep- 
tional only if Nm(Y) = O(~1). 


We give a topological interpretation of this criterion. We set 


zı 
So := lon Uo and sı :=— ony, 


Zo 
which defines a meromorphic section s in O(—1) that has no zero and 
only one pole at œ = (0 : 1). We can use this section to calculate the self- 
intersection number Y . Y. Since more knowledge about topology is needed 
for the complete calculation, we can give only a sketch. 


The self-intersection number of a compact submanifold Y C M can be de- 
scribed as follows. Take a copy Y” of Y (which need be only a topological or 
piecewise differentiable submanifold of M ) such that it intersects Y transver- 
sally. Then the intersection Y N Y’ is a zero-dimensional submanifold, i.e., a 
finite set. Now count the number of these intersection points respecting orien- 
tation. The result is the self-intersection number. Furthermore, one can show 
that if Z C Nm(Y) is the zero section, then Y . Y = Z . Z, and the number 
Z.Z can be calculated by intersecting Z with some not identically vanishing 
(continuous) section Z’. We obtain such a Z’ in the following way. Let s be 
the meromorphic section in N =Nm(Y ) mentioned above. Choosing appro- 
priate coordinates near oo, we can there write N ={(z,w) € C? : |z| < 1) 
and s(z) = (z,1/z) (since s has a pole of order one). For 0 <€ < 1 and 
|z| =e we have s(z) = (z,Z/e”). Then we define $ by 


s(z) for |z| >e, 


$2) = Z, =) for |z| < €. 


So 3 is a piecewise differentiable section, homologous and transversal to the 
zero section with one zero of order 1.Since Z gives an orientation opposite to 
that defined by z, we have the self-intersection Y . Y = —1. 


If Y = P! is exceptional, then Y . Y = —1. It is a deeper result that the 
converse of this statement is also true (cf. [Gr62]). 


Monoidal Transformations. We consider a domain G C C” and 
holomorphic functions fo,..., fe on G such that A := N(fo,.--, fk) c G 
is a singularity-free analytic subset of codimension k + 1. Then we define 
f := (fo, ---, fk) :G => C*+1 and 
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X = {(w,c)¢GxP* : £(w) € u(x} 
= {(w,7(z))€GxP* : zifi(w) —2;fi(w) =0 for i, j=0,...,k). 


The mapp :=pr,|x :X — Gis holomorphic and proper. For Wo € G -A we 
have p`! (wo) = {wo} xP*, whereas p :X —p~1(A) > G—A is biholomorphic 
with p>? :w > (w,(fo(W) 2... fe(w)))- 


The set X is called the monoidal transformation of G with center A, The 
exceptional set E(£) :=p~1(A) is the Cartesian product A x P*. In the case 
k =n — land f; = z; fori =0,...,k this is the a-process. 


One can show that the monoidal transformation is also a canonical process. 
Therefore, it can be generalized to an n-dimensional connected complex man- 
ifold M and a submanifold A C M of codimension k + 1. Then the monoidal 
transformation of M with cener—A is an n-dimensional manifold M with a 
hypersurface E C M such that M —E = M -— A. The exceptional set E is 
a fiber bundle over A with fiber P*. The fiber over x € A is the projective 
space P(N), where N = Nag(A) is the normal bundle of A in X . The divisor 
E determines a line bundle L :=[E] on M with Llp.) = Opcn,)(-1)- We 
leave the details to the reader (see also Exercise 5.10). 


Meromorphic Maps. Let X be an n-dimensional complex manifold 
and f a meromorphic function on X with polar set P and S C P its set of 
indeterminacy points. Then f is holomorphic on X — P, and we can extend 
it to a holomorphic map f :X —S —> P! by setting f(x) :=co for x € P — S. 
The set 

Gy = ((zy) E€ (X -S)x P : y= fw} 


is called the graph of f. Let G; c X x P' be the closure of the graph in 
X xP. 


7.2 Proposition. The graph G; is an irreducible analytic subset of X x P! 
and defines a proper modification of X in P with S as set of indeterminacy. 


PROOF: Let zo € P be an arbitrary point. Then there is a neighborhood 
U =U(zo) C X and holomorphic functions g, h :U — C such that f(z) = 
g(x)/h(x) for x € U —P. We can assume that gy and h, are relatively prime 
for z € U. Then PnU ={z€U : A(z) =O} and SNU ={x€U : g(x) = 
h(x) =0}. Hence P is a hypersurface and S has codimension 2 in X. Then 
dim(S x P*) <n and Gy; c (Xx P!) — (Sx P’) is an n-dimensional analytic 
set. By the theorem of Remmert and Stein its closure Gy in X x P? is also 
analytic. In fact, we have 


G; n (U x P!) ={(a, (zo :21)) € U x P! : z0g(x) — z1h(x) =O}. 


The map x :=pr, :Gy > X is obviously a proper holomorphic map, with 
alg) = {x} x P! for 3€ S and 
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a(x) _J (x,(1: f(z))) forz € X —P, 

(x,(0:1)) forg € P — S. 
So n : Gs —2~1(S) + X -S is biholomorphic, and G; defines a proper 
modification of X in P! with indeterminacy set S. As usual, X is assumed 
to be connected. Then Reg(G +) is also connected, and Gy irreducible. z 


Now we consider the notion of a meromorphic map. To develop the correct 
point of view, we start with a very special case. Let 


O” := P! x -.. x Pt 
et 
m times 
be the so-called Osgood space. If fi,...,fm are meromorphic functions on 
X without points of indeterminacy, then they define a holomorphic map 
f =(fi,.--,fm): X > 0O”. If f; has a set S; as set of indeterminacy, we 
define S := S51 U - ..U Sm. Then f is a holomorphic map from X — S$ into O”. 
Again we have its graph: 


Gp ={(2591,-+-,Ym) E (X —S)x O” : yi = fi(x) for i=1,...,m}. 
For zo € S we define 
Te(Zo) := {y E O” : Sx, EX -S with x, > zo and f(z,) > y}. 
Then 7¢(2o) is a nonempty compact subset of O”. Setting tr(x) := {f(x)} 
for x € X —S,we get a map 7¢ from X into the power set P(O™).® We define 
Gs :={(",y) EX xO” sy € 7¢(x)}. 


One sees easily that Gg is the topological closure of Ge in X x O™. We cannot 
apply the Remmert-—Stein theorem to show that G¢ is an analytic set, but 
locally it is an irreducible component of the analytic set A with 


An(UxO™) = {(a;(29 :21),.-.5(27 :2)) €U x O™ : 

zagi (x) — zpi (x) = +++ = 29°Gm(2) — 27 hm(£) = OF, 
where f; =9;/h; on U — Pi, for i = 1,...,m. We could carry out the simple 
proof here, but we refer to [Re57], Satz 33. 


Definition. A meromorphic map between complex manifolds X and 
Y is given by a nowhere dense analytic subset $ C X, a holomorphic 
map f :X —S > Y, and an irreducible analytic set £ CX xY such 
that 

fopr, = pra on XN ((X —S)xY) 
and r :=pr,|z :X — X is proper and surjective. The set S is called the 
set Æ indeterminacy of f. We also write f :X 3 Y. 


€ As usual, the power set P(M) of a set M is the set of all subsets of M. 
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We define rs : X -+ P(Y) by rp(x) :=pro(m7*(x)). Then v(x) is always a 
nonempty compact set, and 


X ={(a,y)eXxY :y E T(E} 


For x € X — S we have 7 }(x) = {(z,f(z))}, and for s € S we have 
n +(x) =XN({x}x Y).This is a compact analytic set. If S is minimal, then 


m :X —+X is a proper modification with center S. 


So alternatively we could have defined a meromorphic map between X and 
Y to be a map 7 : X -= P(Y) such that: 


1. X :={(2,y) € X x Y : y € r(z)} is an irreducible analytic subset of 
Xx Y. 


2. 7 =pr,|¢ -X +X isa proper modification. 
This definition is due to Remmert. 


A meromorphic map is called surjective if pra (X ) = Y. If f is a surjective 
meromorphic map between X and Y and g a meromorphic map between Y 
and Z, then it is possible to define the composition g o f as a meromorphic 
map between X and Z (cf. [Ku60]). But it is not a composition of maps in 
the set-theoretic sense! 


Any meromorphic function f on X defines a meromorphic map between X 
and P!, any m-tuple (fi; ..., fm) of meromorphic functions a meromorphic 
map between X and O™. 


7.3 Proposition. Let f :X -+ Y be a proper modification of Y with center 
S. Then f~' : Y — X is a surjective meromorphic map with S as set of 
indeterminacy. 


PRooF: We use the analytic set 
F -={(y,2)eY¥xX :y =f(z)} ={(y,2)e ¥xX : ce fol y)}. 


Then f`! : ¥ -S -+X is holomorphic with f~! opr,(y,z) = F (y) =% = 
pra(y, x) for (y,z) €Y N((¥-S)x X). Obviously, 7 :=pr,lp : Y > Y is 
a proper holomorphic map. It is surjective, since f is surjective. Finally, we 
have prə(Y) = X. So f~t defines a surjective meromorphic map. n 


Toric Closures. Let X be an n-dimensional complex manifold. A clo- 
sure of X is an n-dimensional compact complex manifold M such that X is 
biholomorphically equivalent to an open subset of M. We are interested in 
closures of X =C”. 


In the case n = 1 the situation is simple. Assume that we have a compact 
Riemann surface M that is a closure of X =C. Then we define f :M —{0} 3 
C by 
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; 1/z forz€C — {0}, 
f(z) =ù 0 otherwise. 


The function f is continuous and is holomorphic at every point z with f(z) # 
0. By the theorem of Radé-Behnke—Stein—Cartan (cf. [Hei56]) f is everywhere 
holomorphic. But then the zero set N(f) is discrete. We can consider f as 
a meromorphic function on M with exactly one pole of order one at z = 0. 
So f can have only one zero (cf. [Fo81], Section 1.4, Proposition 4.24 and 
corollary), and M must be the Riemann sphere P+, the well-known one-point 
compactification of C. 


In higher dimensions one can find several closures of C”. In [Bie33] an injective 
holomorphic map 8 : C? > C? is constructed whose functional determinant 
equals 1 everywhere and whose image U = 3(C”) has the property that there 
exist interior points in C? — U. We can regard U as an open subset of P?. 
Then P? is a closure of C? © U, but this closure contains interior points in 
its boundary. We want to avoid such "pathological" situations, even if they 
may be interesting for those working in dynamical systems. 


Definition. A closure of C” is a triple (X,U, ®) where: 

1. X is an n-dimensional connected compact complex manifold. 

2. U C X is an open subset with U =X. 

3. 6 :C” + U is a biholomorphic map. 
The closure (X,U, ®) is called regular if for any polynomial p the holo- 
morphic function p o ~! extends to a meromorphic function on X. 


7.4Proposition. If(X,U,®) is a regular closure of C”, then Xo :=X-— U 
is an analytic hypersurface in X. 


PROOF: Let f; be the meromorphic extension of z; o ®~!, fori = 1,...,n. 
The polar set S; of f; is a hypersurface in X. We set P := P, U ... U Ph and 
claim that P =X — U. 


One inclusion being trivial, we consider a point z) E€ X — U. There is a 
sequence of points x, € U with lim, x, =o. If we write z :=® ‘(z,) as 
z =(z,",...,2%), there must be an index k with |z{”| > œœ. So |fx(t.)| > 


oo for v -+ co. This means that zo € Pk C P. = 


Example 


The manifold X =P” is a closure of C”. As open subset U with U =X we 
can take the set U :=Uo = {(Z0 :... :2n)| 2 Æ 0}. Then o :C” +U with 
Polti,- stn) == (1:41 :... iEn) is biholomorphic. We have seen in Section 
5 that any polynomial on U extends to a meromorphic function f on P” with 
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polar set Ho = {(zo :.-. :2n)| 2 =0}. So (P", Up, Bo) is a regular closure of 
C”, with Xæ = Ho. 


Another example is the Osgood space O”, which contains C” via 
(a: (t1,-..;tn)  (C1:t1), «6.51: tn). 
Also, (O",C”, (a) is a regular closure, but here 
X% =({m}x Px ...x P)U--.u(P! x ...x Pt x {m}) 


is an analytic hypersurface with singularities. The complex Lie group Gn := 
@* x ...x C* (n times) acts in a natural way on C” and is contained in C” 
as an open orbit of this action. 


Definition. A complex manifold X is called a toric variety or torus 
embedding if G, acts holomorphically on X and there is an open dense 
subset U C X biholomorphically equivalent to Gn by g > gx for each 
xEU. 


Remark. In algebraic geometry the group Gn is called a torus. This is the 
reason for the notion "toric variety." A "variety" is an irreducible algebraic 
subset of C” or P”. It may have singularities. Here we do not allow singular- 
ities, but we allow arbitrary manifolds that do not have to be algebraic. 


More information about toric varieties can be found in [Oda88], [Fu93], and 
[Ew96]. 


We wish to restrict the closures of C” as much as possible. If the axes of C” 
can be extended to the closure, then the action of G, should also extend to 
the closure. 


Definition. A closure (X,U, (a) of C” is called a toric closure if the 
action of Gn on C” extends to an action on X such that ®(g-z) =g-®(z) 
for g € Gn and z € C”. 


Examples 


1. The projective space P” is a toric variety with 
g: (20 1... 12m) t= (Zo 1921 1... 19Zn) 


and G, = (C*)” C C” = Uo C P”. Since the embedding C” = Uo > P” 
is “equivariant,” P” is a toric closure of C”. 

2. A further simple example is the Osgood space O”. Here the toric action 
is given by 


g A) E 228) = (eb 2928), -E 2928). 
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3. Let Aa C Nọ be the set of multi-indices v with |v| < d and define 
Pa :Gn > PY by alz) = (Z" :v € Ad). Then Xa := Pa(Gn) C PY is 
the image of P” under the Veronese map va.n with 


Van(Zo 21 1... 12n) = Camara Ive Aa) . 
Obviously, Xa is a toric closure of C” 


7.5 Proposition. Let (X,U, (a) be a regular closure of C” and f :Z >X a 
proper modification with center S CX, Then(Z,f~\(U),f7' of is again 
a regular closure. 


PROoF: It is clear that (Z, f~'(U), fT} o (a) is a closure. Now let p be a 
polynomial. Then the holomorphic function p o @~! : U — C has a mero- 
morphic extension p on X. But then po f is a meromorphic extension of 


po(f 1o)! =(poG) of. a 


Now let (X,U, (a) be an arbitrary regular toric closure of C”. The meromor- 
phic extensions f; of z;o} define a meromorphic mapping f = (f1,.--,fn) : 
X — ©” and therefore a generalized modification X of X in O”. We know 
that X is an irreducible component of the analytic set 


A={(a321,...,3) EX xO” :2ft(x) -zi fale) =0 fori=l,...,n/, 


where we write z; € P! in the form z; = (z : zi) and f; in the form 
fi =(f0: fi). 

The two projections 7 := pr,|¢ :X 53 X adq = Prole : X > 0" 
are proper holomorphic maps. It may be that X has singularities over the 
indeterminacy set S of f. Nevertheless, we consider X as a closure of C”. 
We take U := 7~1(U) as dense open set, and the biholomorphic map (a := 
nm-to(a:C” — U. This is possible, since f|y = 7! is holomorphic and 
therefore § C X -U. 


The preimage 7 1(X - U) = X —U is a nowhere dense analytic subset, and 
the meromorphic map f o 7 :X¥ — ©” coincides on Ô with the holomorphic 
map q. By the identity theorem it follows that f orm = q is holomorphic 
everywhere on X. Since (f om)|g =@-lonm = &-1, every polynomial extends 
to a meromorphic function (without points of indeterminacy) on X. So the 
new closure Ñ is regular. Since qe = ĝ-! maps U biholomorphically onto 
C”, the map q : X +O" isa proper modification of O” (in a generalized 
sense, since X may have singularities). 


Let us now consider the q-fibers. If zọ € O” is given, the fiber g~1(z9) is 
contained in the set 
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F :=(f\y)~' (zo) U{z E€ X -U : 3z, € C” with &(z,) > £, z, > Zo}. 


For zo € C” we obtain q`} (Zo) = {@®(Zo)}, whereas for 2 € O” — C” the 
fiber is a compact subset of the hypersurface X — U. 


It is easy to check that X is even a toric closure. One uses the fact that X 
and O” both are toric and that fly is Gn-equivariant. 


Example 


Let X = P” be projective space and carry out the above construction. The 
functions f; : P” — P! are given by 


fi : (20:21 2.22%) = (20 2%). 


These are meromorphic functions with polar set Hy and indeterminacy set 
Ho N H;. In the inhomogeneous coordinates wo,. ..,Wj,..., Wn with wk = 
Zķ/zj the function f; is equal to w;/wo for t # j (respectively to 1/wo for 
i=j) 

Now X is given by 


~ 


X = {(w;21,. 32n) E P” x O” : hw; — z$w =0 fori =1,... 7n) 


This is built from P” by a finite sequence of quadratic transformations, and 
therefore regular. The space X is a regular toric closure of C” in the original 
sense. 


There are many toric closures, but P” and ©” are the most important ones. 
More information about this topic is given in [BrMo78| and [PSSS]. 


Exercises 


1. Calculate the strict transform of X = {(z,w) : w? = 2?(z +1)} when 
blowing up C? at the origin. 

2. Show that Kp» = O(—n — 1)and Ky = O(d-—n — 1) for every regular 
hypersurface Y C P” of degree d. 

3. Let X, be the projective bundle associated to the vector bundle V = 
Op. © Op: (1) (cf. Exercise 5.10). Show that the bundle space of X; is 
biholomorphically equivalent to the blowup Q,(P?) with p = (1:0 : 0). 

4. Consider the meromorphic function f(z,w) := w/z on C? and show that 
its graph G; C C? x P* is equal to the blowup of C? at the origin. 

5. Let X be a complex manifold and Z a holomorphic line bundle over X. 
Show that any set of linearly independent global sections 80,...,sn €E 
T(X, L) defines a meromorphic map ® :X > P by 


P(x) :-=(so(@) :... 2 8n(2)). 


What is the exact meaning of this definition? 
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6. Let X be a compact connected complex manifold. A set of meromorphic 
functions f1,...,fm € A(X) is called analytically dependent if f(Q) # 
O™, where f = (fi, -. - , fm) is the second projection Gp C XxO™ > O”. 
Let P be the union of the polar sets of the f; and show that the following 
properties are equivalent: 

(a) Jis: -Jm are analytically dependent. 

(b) The Jacobian off :X — P > C™ has rank less than m. 

(c) There is a nonempty open subset U C X — P, a domain G Cc C™ 
with f(U) C G, and a holomorphic function g on G such that 
filz), ...,fm(z)) = 0. 

The functions fi,...,fm are called algebraically dependent if there is a 

polynomial p # 0 such that p(fi(z),..-,fm(x)) = 0 0n X —P. Prove that 

every set of analytically dependent functions is also algebraically depen- 
dent. (Hint: The map Gp > O” is proper. Use without proof Remmert’s 
proper mapping theorem, which says that the image of an analytic set 
under a proper holomorphic mapping is also an analytic set. Then use 

Chow's theorem.) 

7. Let ® :Gy > P? be defined by (z1, 22) = (1: z1 32 22122). Show that 
X = (Gp) C P? is a closed submanifold that coincides with the image 
of the Segre map 01, :P! x P — P3 with o1,1((20 : 21), (wo :wi)) t= 
(zowo : 21Wo :Z0W, 1211). Prove that X is a toric closure of C?. 


-en m: 


Chapter V 


Stein Theory 


1. Stein Manifolds 


Introduction 


Definition. A complex manifold X is called holomorphically spread- 
able if for any point zo € X there are holomorphic functions f,,..., fN 
on X such that zo is isolated in the set 


N(fiy-sfy) ={2 €X : file) =.= fw(2) =0}. 


It is clear that the holomorphic map f :=(fi,...,fN) :X > CA is discrete 
at zo. In [Gr55] it is shown that if n = dim(X), then there is a discrete 
holomorphic map 7 :X — C”. Thus (X,7) is a branched domain over C”. 
Furthermore, it follows that the topology of X has a countable base. Note 
that if X is holomorphically separable, i.e., for any x,y € X with x Æ y 
there exists a holomorphic function f on X with f(z) # f(y), then it is 
holomorphically spreadable. 


If X is holomorphically spreadable, A C X a compact analytic set, and 
zo € A, then there are holomorphic functions fi,..., fÊ on X (which then 
must be constant on A ) such that xo is isolated in N(fi,...,fn). So £o must 
be an isolated point of A, and it follows that every compact analytic subset 
of X is finite! 


Definition. A complex manifold X is called holomorphically convex 
if for any compact set K C X the hAolomorphically convex hull 


K :={xeX :|f(x)| < suplf| for every f € ox) } 
x 
is likewise a compact subset of X. 


Every compact complex manifold is holomorphically convex. A complex man- 
ifold with a countable base is holomorphically convex if and only if for any 
infinite discrete subset D C X there exists a holomorphic function f on X 
such that supp|f| =œ. The proof is the same as in C”. 


Definition. <A Stein manifold is a connected complex manifold that is 
holomorphically spreadable and holomorphically convex. 
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A Stein manifold of dimension m > 0 cannot be compact. In the converse 
direction, Behnke and Stein proved in 1948 that every noncompact Riemann 
surface is a Stein manifold (see [BeSt48]). For n > 2, a domain G C C” 
is Stein if and only if it is holomorphically convex. By the Cartan—Thulen 
theorem this is the case exactly if G is a domain of holomorphy. This remains 
true for (unbranched) Riemann domains over C”, since Cartan—Thullen is 
also valid for such domains. Hence for n > 2 there are many noncompact 
domains in C” and over C” that are not Stein. 


1.1 Proposition. Let f :X — Y be a finite holomorphic map between 
complex manifolds. If Y is a Stein manifold, then X is also Stein. 


In particular, every closed submanifold of a Stein manifold is Stein. 


PROOF: Itis necessary to show only that X is holomorphically convex. For 
this let K C X be a compact set and note that f(A) is also compact. We 
consider an arbitrary point © € B. For g € O(Y) we have go f € O(X) 
and Igo f(x)| < supg|go fl, so f(z) € f(K) and « € f-(f(K)). Since Y 
is holomorphically convex and f proper, f—+( FK ) is compact as well. As a 
closed set in a compact set, K is compact. 


Since C” is Stein, every closed submanifold of C” is also Stein. 7 


Example 


Every affine-algebraic manifold is isomorphic to a closed submanifold of C”. 
Therefore, it is a Stein manifold. On the other hand, we shall see later on 
that there exists an algebraic surface that is Stein, but not affine-algebraic. 


1.2 Proposition. If X is a Stein manifold and f € O(X), thenX —N(f) 
is Stein. 


PROOF: If X is a Stein manifold, then it is immediate that X — N(f) is 
holomorphically spreadable. Let D be an infinite discrete set in X — N(f). 
If it is discrete in X , nothing remains to be proved. If it has a cluster point 
zo E N(f), then g :=1/f is holomorphic on X — N(f) and unbounded on 
D. E 


Fundamental Theorems. The following important theorems cannot 
be proved completely within the constraints of this book. One needs deeper 
tools, including sheaf theory. 


1.3 Theorem A. Leta:V—>X be an analytic vector bundle over a Stein 
manifold X. Then for any xo E€ X there are global holomorphic sections 
81,..-;8n E D(X, V )with the following property: 


1. Stein Manifolds 253 


If U =U(xo) CX is an open neighborhood and s € T(U, V ),then there exists 
an open neighborhood V =V (xo) CU and holomorphic functions fi, ...,fn 
on V such that 

slv = fics ti +fn- sy. 


1.4Theorem B. Leta :V—X be an analytic vector bundle over a Stein 
manifold X . Then H!(X, V )=0. 


Moreover, if A C X is an analytic set, Y an open covering of X and £ € 
Z(Y, V )such that Evulu, na =0, then we canfind a cochainn € C°(Y,V) 
with nolu, na =O and dn =£. 


The first part of this theorem will be proved at the end of this chapter. 
1.5 Oka’s principle. Let X be a Stein manifold. 


1. Every topological fiber bundle over X has an analytic structure. 
2. If two analytic fiber bundles over X are topologically equivalent, they are 
also analytically equivalent. 


Cousin-I Distributions. A Mittag-Leffler distribution on C consists of 
a discrete set {z, : v € N} in C together with principal parts h, of Laurent 
series at each z,. A solution of this distribution is a meromorphic function 
on C with the given principal parts and no other pole. We can express the 
situation in the language of Cech cohomology. Define Up :=C —{z, :v € N} 
and hg :=0, and let U, be an open neighborhood of z, that contains no z, 
with u +v. Then h,|u, is meromorphic, and h, — h, is holomorphic on Usp- 
A solution is a meromorphic function f such that f — h, is holomorphic on 
Uy, 


Definition. Let X be a complex manifold. A Cousin-I distribution 
on X consists of an open covering Y = {U, : + € I} together with 
meromorphic functions f, on U, such that f, — f is holomorphic on U,,. 


A solution of the Cousin-I distribution is a meromorphic function f on 
X such that f — f, is holomorphic on U,. 


If a Cousin-I distribution is given, then a cocycle £ € Z1(Y, O) is defined by 
En t= (fe fi)lu,,- If the distribution has a solution f, then n, :=(f.—f)lu, 
defines a cochain 7) € CU”, O) with Nk — Me = Er. In other words, ôn = £. 
Conversely, if there exists an 7 with 67 = €, then fly, := f, — 7, defines a 
meromorphic function f on X with f, — f =7 on U,. This means that f is 
a solution. 


The following result is a consequence of Theorem B for the trivial bundle 
Ox =X xC. 
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1.6 Proposition. Ona Stein manifold every Cousin-I distribution has a 
solution. 


In particular, on an open Riemann surface every Mittag-Leffler distribution 
has a solution. 


Remark. The condition “Stein” is not necessary. If X is a complex mani- 
fold with H'(X,O) =0 (for example X =F"), then every Cousin-I distribu- 
tion has a solution. And even if H'(X,O) # 0, then the cohomology class of 
a given distribution may be zero. This implies that this special distribution 
has a solution. 


Cousin-I] Distributions. Recall the Weierstrass theorem: Let {z, : 
v € N} be a discrete set in C, and (n, ) a sequence of positive integers. Then 
there exists a holomorphic function f on C that has zeros exactly at the z», 
and these are of orders n,. The distribution (z,,_)ven is a divisor D on C 
with D > 0 and div(f) =D. 


A divisor D on a complex manifold X is called a principal divisor if there 
is a meromorphic function m on X with div(m) = D. If D > 0, then m is 
holomorphic. So we are interested in conditions on X such that every divisor 
is principal. From the exact sequence .@(X)}* y, G(X) Í, Pic(X) it fol- 
lows that Ker(ô) = A(X) is a necessary and sufficient condition. This is, for 
example, the case if every analytic line bundle on X is trivial. Due to Oka’s 
principle, if X is Stein, it is sufficient that every topological line bundle be 
trivial. One can prove that the topological line bundles on X are classified 
by elements of H?(X,Z). Here we will show directly that the vanishing of 
H?(X,Z) is sufficient for the solvability of the generalized Weierstrass prob- 
lem. 


Definition. Let X be a complex manifold. A Cousin-1/ distribution 
on X consists of an open covering Y = {U, : + € I} together with 
meromorphic functions f, 4 0 on U, such that on U,,, there are nowhere 
vanishing holomorphic functions g,, with f, = gix . fr- 


A solution of the Cousin-I1 distribution is a meromorphic function f 
on X such that fly, =h7' . f, with a nowhere vanishing holomorphic 
function h, on U,. 


A Cousin-I1 distribution is therefore a meromorphic section in an analytic line 
bundle L that is defined by the transition functions g,,. If L is trivial, then 
there are nowhere vanishing holomorphic functions A, on U, with ges =hihz}, 
and fly, :=h;! . f, defines a solution. 


The Cousin-I1 distribution uniquely determines the cocycle y = (gx) € 
Z'(&%,O*). If f is a solution with fly, =h;' . f., then 
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Qn = fifzt =hiho', soy = dh. 
The following shows that the converse also holds. 


1.7 Proposition. Let y € Z1(Y,O*) be the cocycle of a Cousin-1] distri- 
bution. The distribution is solvable if and only if y € B'(Y, O*). 


If H!(X, O*) =0, every Cousin-Il distribution on X has a solution. 


Unfortunately, Theorem B cannot be applied to H!(X, O*). So even for Stein 
manifolds we need an additional topological condition. 


Chern Class and Exponential Sequence. Let X be an arbitrary 
n-dimensional connected complex manifold. We choose an open covering Y = 
{U, : + € I} of X such that the U, and all intersections U,,, are simply 
connected and construct an exact sequence of abelian groups: 


H!(U, Z) +s H'(W,O) 2+ HY, O*) 25 H(X, Z) 


1. IEE = (£x) E€ Z'(Y,Z), then also £ € Z! (X, O). If € is an integer-valued 
coboundary, then it is also a holomorphic one. Thus 7 is well defined. 
2. Let f = (fix) € Z (X, O) be given. Then we define 


e([f]) := [exp(2ri fis )]. 


Obviously, e is well defined, and e o j([€]) = [1]. On the other hand, 
if e([f]) = [L], then there are nowhere vanishing holomorphic functions 
h, with exp(2ri fix) = h,hz!. Since the U, are simply connected, there 
are holomorphic functions g, with exp(g,) = h,. Then exp(g. — gx) = 
exp(2ri fix), and it follows that there are integers £,, with 


1 1 
Pus = FGM ~ y= Gs Ý Sin- 


This means that [f] =7((§]). 

3. Here we define c : HHY, O*) > H*(Y,Z). Let h = (hin) E€ Z(Y, O*) 
be given. Since the U,, are simply connected, there are holomorphic 
functions g,, on U,, with exp(27ig,.,.) = Aix. They are determined only 
up to some 27i€,,, with £x € Z, but 


Tope = (Guo — Que + Grp) Uvue 
uniquely defines a cohomology class [7] € H?(%, Z), since 
exp (277i uo) = Ruplinn hun =1 


and 
(Eno — Evo + Evp)lUsue = (SE) vpo- 
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Let e([A]) := [n]. 
If /h]=e([f]), then there are nowhere vanishing holomorphic functions 
h, with 
hin =h, .exp(27i fir) whet =exp(27i( fic $9, — 9%); 
where the g, are suitable holomorphic functions on U,. We have coe([f]) = 
[n] with ye = (fue — foe F fvu)lUruo =9, since f is a cocycle. 
Now let /h pe given with c([h]) =0. Then there is an element £ = (£x) € 
C'(Y,Z) with 
Gue — Ive Ivu = Ene = Evo + Evu on Uvue» 
where exp(2rigis) = h. SO fix 1= Gun — Êx is a cocycle with values in 
O, and exp(2ri fis) = hix- This means that e([f]) = [4]. 
If the covering Y is fine enough, everything is independent of the covering. 


By construction it is acyclic with respect to Z. 


Definition. Let h = (his) € Z'(%,O*) be a cocycle defining an 
analytic line bundle L € Pic(X) = H'(X,O*). Then c(h) :=c([R]) = 
c(L) € H?(Y,Z) = H?(X, Z) is called the Chern class of h (or of L). 


Let us return to the Cousin-I1 distributions. 


1.8 Proposition. Let X be a Stein manifold. Then a Cousin-11 distribution 
on X is solvable if and only if its Chern class vanishes. 


If H?(X,Z) =0, every Cousin-11 distribution is solvable. 


PROOF: If X is Stein, then H!(X,O) =0 and c : H1(X,0*) > H?(X,Z) 
is injective. Let h be a Cousin-I1 distribution on X . Then A is solvable if and 
only if [h] =0, and that is the case if and only if c(h) = 0. 


If in addition H?(X,Z) =0, then also H!(X,O*) = (1). n 


Remarks As in the case of Cousin-I distributions, here it is sufficient that 
H'(X,O) = 0, and X need not be Stein. On the other hand, there are 
examples of simply connected Stein manifolds where Cousin-I1 is not solvable. 
The condition H?(X,Z) =0 is essential, and for the solvability of any special 
distribution the vanishing of the Chern class is necessary. 


In the Stein case, using higher cohomology groups one can show that c : 
H)(X,O*) > H?(X,Z) is even bijective. 


For a noncompact Riemann surface X it is always the case that H7(X,Z) = 0. 
Therefore, in this case the Weierstrass problem is always solvable. 
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Extension from Submanifolds.Let X be a complex manifold and 
A C X an analytic set. A continuous function f : A — C is called holomorphic 
on A if for every x € A there is an open neighborhood U = U{z) C X and 
a holomorphic function f on U such that fluna = f Juna. One sees easily 
that this notion is well defined, but the local continuation f is not uniquely 
determined. 


1.9 Theorem. Let X be a Stein manifold, A C X an analytic set, and 
f.:A—C a holomorphic function. Then there exists a holomorphic function 
f onX with fla =f. 


PROOF: In the differentiable category such a theorem would be proved with 
the help of a partition of unity. Here in complex analytic geometry we use 
cohomology. It is a typical application of Theorem B. 


We can find an open covering Y = (U,),cr of X and holomorphic func- 
tions f, on U, with flu.na = flu.na. Then £x := ff — fx defines a cocy- 
cle € € Z'(Y,O), with &x|u,.,5a4 = 0. By Theorem B there is a cochain 
n € C°(%,O) with ndu,na =0 and 6n =£. Then 


f _ fr =<. — on U,,, 


and fiv, :=f, +n, defines a global holomorphic function fon X . Obviously, 
fla =f. , 


Unbranched Domains of Holomorphy. Let X be an unbranched 
domain of holomorphy over C”. Obviously, X is holomorphically spreadable, 
and since Cartan—Thullen holds for such domains, X is holomorphically con- 
vex. It follows directly that X is a Stein manifold, and all theorems on Stein 
manifolds are applicable in this case. 


We consider now an unbranched domain of holomorphy p : X — P". We will 
show that it is also a Stein manifold. 


Let m :C”+! _ (0) — P” be the canonical projection. Then we obtain a new 
manifold Ji 

X := {(z,z) € X x (C”+1 — (0)) : p(x) =7(z)} 
together with two canonical projections ¥ : X —> X and p : X 3 Cr+} — 10}. 


Since (p,m) :X x (C”+! _—{0}) — P” x P” is a submersion, the fiber product 


X =(p,m)~*(Ap-) is in fact an (n + 1)-dimensional complex manifold, and 
we have the following commutative diagram: 


E Z emo 
T} La 


X — pP” 
P 
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For a point Py := (£o, Zo) of X there exist open neighborhoods U = U (zo) € 
X and V = V(a(zo)) C P” such that p :U — V is biholomorphic. Then 
m—1(V) is a neighborhood of zo, 77~1(U) = (U x (C+! — {0})) A Xa 
neighborhood of P), and p :%~'(U) > n~} (V) a biholomorphic map with 
Do) :z = ((plu) 7! (n(2),2). S0 D: X 4 M := C+? — {0} is an unbranched 
Riemann domain. It is fibered over X by 7 with fibers isomorphic to @*. 


By hypothesis X is a domain of holomorphy. Therefore, it is pseudoconvex. 
Now we use notation and results from Section 11.8. F X has only removable 
boundary points, then X has locally the form U — A, with an open set U c C” 
and an analytic hypersurface A. But then X also has such a form and is 
pseudoconvex. If X has at least one nonremovable boundary point, then X 
(which is something like a cone over X ) has only non-removable boundary 
points over O € C”+?. The set of these boundary points over O is thin in 
OX, Outside the origin X is pseudoconvex, since it locally looks like X x C. 
By a theorem of Grauert/Remmert (see Section 11.8) it follows that.X is 
pseudoconvex everywhere. From Oka’s theorem we know that then X is a 
Stein manifold. 


To show that X is also Stein, we have first to show that X is holomorphically 
convex. IF not, we would have an infinite sequence D = {x; : i € N} in 
X without a cluster point such that every holomorphic function f on X 
is bounded on D. We have that D :=7~'(D) is an analytic subset in X, 
and f|#-1(¢,) ‘=i defines a holomorphic function f-on D. Since X is Stein, 


there exists a holomorphic function fon X with fig = f. On every fiber 
x (xz) S C* we have a Laurent expansion 


oO 


flow = yY a,(x)z”. 


YV = — OO 


Since 7 is a submersion, we can define a holomorphic function g on X by 
g(x) :=ao(xz). Then g(z:) =2, and this is a contradiction. 


In the same way we can show that for x,y € X with x Æ y there exists a 
holomorphic function f on X with f(x) # f(y). Thus X is holomorphically 
separable and therefore Stein. 


The Embedding Theorem. By a theorem of Whitney every differen- 
tiable manifold can be embedded into a space R“ of sufficiently high dimen- 
sion. In general, this is false for complex manifolds, since, e.g., in CY there 
are no positive-dimensional compact complex submanifolds. However, Stein 
manifolds can be embedded. 


1.10 Theorem. [If X jis an n-dimensional Stein manifold, then there exists 
an embedding j :X > C : 
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The proof is due to Remmert (see his Habilitationsschrift and [Re56]), 
Narasimhan ([Nar60]), and Bishop ([Bi61]). 


O. Forster ([Fo70]) proved the following theorem: 


1.11 Theorem. Any 2-dimensional Stein manifold can be embedded into 
Ct, but there is a 2-dimensional Stein manifold that cannot be embedded into 
c? 


In general, for n > 2 every n-dimensional Stein manifold can be embed- 
ded into C2", and forn > 6 even into C?”~|("—-2)/3]_ For arbitrary n there 
always exists a proper immersion into C?"-1. But there are examples of n- 
dimensional Stein manifolds X that cannot be embedded into CY (and not 
immersed into CN-') for N :=n + [2]. 


At the end of his paper Forster conjectured that every n-dimensional Stein 
manifold can be embedded into C+! and immersed into C. 


In 1992 J. Schurmann showed that Forster’s conjecture is true for n > 2 (see 
(Schue92],[Schue97]). In 1970/71 Stehlk had given an embedding of the unit 
disk A into C? (see [St72]), and in 1973 Laufer an embedding of certain annuli 
into C?, At the moment it is an open problem whether every noncompact 
Riemann surface can be embedded into C?. There has been quite a bit of 
progress on this by the work of J. Globevnik and B. Stensgnes (see [G15te95]), 
but no final result. 


The Serre Problem. Above it was proved that if f :X — Y is a finite 
holomorphic mapping and Y a Stein manifold, then X is also Stein. 


In 1953 Serre posed the following problem: Is the total space of a holomorphic 
fiber bundle with Stein base Y and Stein fiber F a Stein manifold? ([Se53]). 


It is easy to show that the answer is positive in the case of an analytic vector 
bundle. 


Between 1974 and 1980 it was proved that the answer is positive in the 
case of 1-dimensional fibers (Siu, Sibony, Hirschowitz and Mok). In 1976 Siu 
generalized this to the case where the fiber is a bounded domain G C C” with 
H'(G,C) = 0, and in 1977 Diederich and Fornzess showed that the Serre 
conjecture is true if the fiber is a bounded domain in C” with C? smooth 
boundary. 


In 1977 Skoda ([Sko77]) gave the first counterexample, a fiber bundle with 
C? as fiber and an open (not simply connected) set in C as base. Demailly 
improved the example; he used the complex plane or a disk as base. Finally, 
in 1985 G. Coeuré and J.J. Loeb presented a counterexample with C* as 
base and a bounded pseudoconvex Reinhardt domain in C? as fiber. Over 
the years a number of positive examples have been found, for example by 
Matsushima/ Morimoto, G. Fischer, Ancona, Siu, and Stehlk. Examples where 
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the fiber is a so-called Banach—Stein space play an important role, but we 
cannot go into the details here. 


Exercises 


1. Show that the Cartesian product X x Y of two Stein manifolds is Stein. 

2. Use Theorems A and B to prove that the total space of a vector bundle 
over a Stein manifold is Stein. 

3. Give an example of a Cousin-I distribution on C? — {0} that has no 
solution. 

4. Let U; := {z € C : z #0) and Y = {U1, V2,U3}. Show that every 
Cousin-I distribution with respect to Y has a solution. 

5. Let X be a complex manifold, 7 :L — X a holomorphic line bundle, and 
Z C L the zero section. Prove that if L — Z is Stein, then X is a Stein 
manifold as well. 
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Covariant Tangent Vectors.Let X be an n-dimensional complex 
manifold and x € X a point. The elements of the tangent space T,(X) 
(abbreviated by T )are the (contravariant) tangent vectors at x. If 21, ...,2n 
are local coordinates at x, then every tangent vector can be written in the 


form 
re] _ ô 


Of course, T has a natural structure of an n-dimensional complex vector 
space. 


Now we consider the space F = F(T) of complex-valued real linear forms on 
T. For example, if f is a local (real- or complex-valued) smooth function at 
x, then its differential (df), € F is defined by (df)z(v) :=v[f]. It is uniquely 
determined by the germ of f at z. In local coordinates we get 


(df)elv) = Sow fe. (2) + $ Tufa (2). 


It follows that 


(df)e(v) —(df)2(v). 
In particular, we have the elements dzy, dz, € F defined by 
dz,(v) :=v[z,] and dz,(v) :=v[Z,]. 
Then dz, = dæ, +t idy, and dz, — dz, =dgæ, — idy,, for v =1,..,n. 


The space F is the complexification of the 2n-dimensional real vector space 
T* = Homg(T,R). Therefore, F = T* @ i T* is a 2n-dimensional complex 
vector space, with basis 
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{dz;, r.a „džn, dZ1, ve ., dZn}. 


We call the elements of F complex covariant tangent vectors or complex 1- 
forms at x. 


We have (df)c = 27, fe, (2) dzu + >, fz, (£) dz. 


In general, a complex covariant r-tensor at x is an R-multilinear mapping 


p:Txe-xToc. 
———” 


r-times 


The tensor product p ® & of an r-tensor and an s-tensor is the (r +s)-tensor 
given by 


(p@wv)j(m,. a. Urs Urgiss ..Urts) = pvr... „Ur) U(Upsa,- ..jUrss)- 


The set of r-tensors carries the structure of a complex vector space, and the 
assignment (2, Y) => p Q Y is C-bilinear. For example, (dz, ® dz,,)(v,w) = 
Vy Wu- 


Hermitian Forms. Let X be an n-dimensional complex manifold. The 
notion of a plurisubharmonic function in a domain G C C” was already 
defined in Chapter II. Of course, a plurisubharmonic function on a com- 
plex manifold is a real-valued function that is (@°°) differentiable and pluri- 
subharmonic with respect to all local coordinates belonging to the complex 
structure of X. The notion of plurisubharmonicity is invariant with respect 
to holomorphic coordinate transformations. So in order to prove plurisub- 
harmonicity at some point of X it is enough to prove it with resepct to an 
arbitrary coordinate system. However, here we wish to express the notion of 
plurisubharmonicity in invariant terms. We do this by Hermitian forms. 


Definition. A Hermitian form at zọ € X is a Hermitian form 
H :T, x Ty, >C. 


The form H is called positive semidefinite if H(v, v) > 0 for all v, and it 
is called positive definite if H (v, v) > 0 for v #0. 


A Hermitian form has a unique representation 


i j=l 


where H := (hij | i,j =1,. ~n) is a Hermitian matrix; i.e., it satisfies the 


equation H = H‘. In the following we suppress the symbol © and write 


H = Xij hijdzidZz;. 
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With respect to the local coordinates we can associate to any tangent vector 
v =J; v;0/0% +35, 0,0/0%; the corresponding vector v = (U1)... Un) € C” 
and write n 
H(v, w) = y hyjviWj =v-H we. 
ij=1 


Coordinate Transformations. Assume that F : G > B is a holo- 
morphic map of domains in C” given by equations 


= f(21,-..,2n), for k=1,... n 
If g is a differentiable function in B, by the complex chain rule it follows that 


(g0 F)a =X (gun OF) (fr)a and (go F)z, = (9m ° F) (e)a: 


k 


The transformation of a (contravariant) tangent vector (i.e., a derivation) € 
is given by F, (&)[g] = ue o F]. This means that 


n 


Sel Ife] 5a + Slag, in 
aa +e (SE i) aes , 
i=1 k= 


F. (6) 


k=1 


or, if E~ € = (£1, . En), then 


FE ~ (Pé Pao D e na) =E JE 


Now, a covariant tangent vector y at w € B will be transported in the 
opposite direction: 


F*9(f) = (F£). 
In particular, F* (df )w(£) = (df )w (E£) =(F.8)[f] =é[f oF] =d(f oF )2(€) 


for w —F(z). This gives us the formula 
F*((df)ri)) = d(f oF )z. 
Therefore we also write y o F :=F*y for arbitrary covariant vectors 4. 
If H is a Hermitian form at w = F(z) € B, then we can define a Hermitian 
form F*Hat z by 
F*H(é,n) := H(F.€,F x7). 
If J = Jp is the Jacobian of F at z and H = $p, he dwk dw, then 
FHE, n) = (E-J) Hod) =e ata D at, 
So F*H is given by the Hermitian matrix J* .H- J. 


SEAR 
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Plurisubhar monic Functions. Assume that p is a real-valued (@°) 
differentiable function in a domain B C C” and w € B a point. We consider 
at w the Hermitian form 


3p - 
Hp = 2 3wðt, (w) dwk dwy, 


given by the Hermitian matrix 


H(p, w) := (Baw | k,l = bn): 


If F :G— B isa biholomorphic transformation with F(z) =w, then a direct 
calculation shows that 


H(po F, z) = Jp (z)* - H(p, w) - Je (2). 
Therefore, F* H, will be described by the Hermitian matrix H(p 0o F,z), i.e., 
F*H, = HpoF. 


Now let X be an n-dimensional complex manifold, p a real-valued smooth 
function on X , and z € X an arbitrary point. Assume that y :U > B C C” 
is a local coordinate system at x. Then a tangent vector € at x is uniquely 
determined by a pair (p, ¢Ẹ), € € C”. 


We define the Hermitian form Hp :Tz (Xx T,( X )—> C by 


Hp(£, n) = Apoy- (Ẹ, n) 


If % is another coordinate system at x and £ ~ (w, €), then 


E =E Joop (tle) = (po v7). (6) 


and 
H poy- (E) = H pop-1)o(pow-2) lE, T) 
Apop-1((p o YTJE, (p o YT T) 
= Hop- (£, n). 


We see that the definition of Hp is independent of the local coordinates. 


Definition. Assume that p is a real-valued smooth function on the 
complex manifold X. Then Lev(p)(x,€) := Hp(€,€) is called the Levi 
form of p at x. It is the quadratic form on T,(X) associated with Hp, 
and it does not depend on local coordinates. 


The function p is called plurisubharmonic ona subset M C X if the Levi 
form of p is positive semidefinite at any point x € M. If the Levi form is 
positive definite at every point, we say that p is strictly plurisubharmonic. 
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Example 


Assume that fis, „fm are holomorphic functions on X. We show that p := 
Drai fe -fp i8 plurisubharmonic in X. In fact, we have 


Hy = So pz, Zj dzi dz; 
ij 


_ (Lies (Fie; dzi az; ) 


— Z 
tJ 


Side ass) g (ETa az) 


j=l 


I 
Ms 
oon 


That means that 


Lev(p)(7,€) = WE = Do |D aa & 


k=1 i 


2 
> 0. 


The Maximum Principle. A nonconstant plurisubharmonic function 
does not take on a maximum. 


2.1 Theorem. Assume that A C X is a compact connected analytic set 
and that p is a plurisubharmonic function on X . Thenpla is constant. 


PROOF: We may assume that A is irreducible. If there is a point xo € A 
where p|, takes its maximum value c, we shall prove: 


(*) Thefunction p is identically equal to c in a small neighborhood o xo. 


If we know (*), then we consider the set K of all points x € A with p(x) =c. 
The open kernel K° is not empty. If K° # A, there is a boundary point 2 
of K in A. The function p also takes its maximum at z1. So by (*) it follows 
again that p(x) =c in a neighborhood of x1, which is a contradiction. 


So we have only to prove (*). We may assume that A is an analytic subset 
of C” and zo = 0. If the codimension of A is equal to d, then there is an 
(n — d)-dimensional domain G’ c C”~¢ with 0’ € G’ and pseudopolynomials 
w1(2132"),.--,wa(2a;z’) over G” such that A is an embedded-analytic subset 
of the joint zero set of the w; in a neighborhood of O, and O is the only point 
of A over 0’. 


ře take a ball B c G” around O‘ and restrict everything to an arbitrary 
complex line £ C B through 0’. The restriction A|é is denoted by A’. Let z 
be a linear coordinate on £ with origin Ø such that the embedding of £ in B 
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is given by z +> (21,..., 2n—¢) = (@12,---,@n—az). The restriction w;|, may 
contain multiple factors. We throw away such superfluous factors, so we can 
assume that every w,|¢ is free of multiple factors. 


Let us first assume that the union of the discriminant sets of the pseudopoly- 
nomials over £ consists only of the point 0’ and that A’ is irreducible and has 
s sheets over £. Then A’ is the Riemann surface of &/z. We write A’ in the 
form 
A’ & ((t)012,...,@n—az) : =H}. 

By F(t) := (tat, ...,a@n—at*) we have a local parametrization of A’. Then 
(poF).z(t) = H(p o F,t) is given again by J’ . H(p, F(t)) .J, where J = 
(141, ...,;@n—a)* denotes the Jacobian of the holomorphic map F. The proof 
is the same as in the case of a biholomorphic map F. So (po F); > 0, and 
po F is a subharmonic function of t. We get p :=pi4; = c on A’. 


The same is true if A’ is not irreducible but has 0’ as the joint discriminant 
set, since O is the only point of A’ over 0’. 


Now assume that the union of the discriminant sets is general. Every point in 
A’ can be connected with 0. We introduce the subset K of all points x € A’ 
with p’(x) = c. If K° # A’, there is a boundary point x, of K in A’. We 
know that A’ is an embedded-analytic set. Then there is a neighborhood 
U(a1) C A’ that is embedded-analytic over a disk B’(z,) C £ around a point 
21 E€ B such that over z the only point of U is x; and the union discriminant 
set consists of zı only. Then we get p’|y = c (by the same argument as above), 
which is a contradiction to the property ‘‘boundary point.” Sop’ = c follows. 


This holds for all £, and therefore p = c over the whole ball B ,which is in a 
full open neighborhood of xp in A. So we have (x). " 


Exercises 


1. Assume that p is a real-valued smooth function on the complex manifold 
X. If € ~ € is a tangent vector and y a complex coordinate system at 
zo € X, then define 


n 


(3P)z (E) := $ (p 0 p7") (p(£0)) + Ev - 


vol 


Show that (Op)z, : Tx, — C is a complex-valued real linear form that 
does not depend on the local coordinates. Prove the following formulas: 


(a) 
Lev(p-q)(#,€) = p(x) Lev(q)(x, £) + a(z) - Lev(p)(z, £) 
+ 2Re ((3p)z (€) - OD€) - 
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(b) 
Lev(h o p}(x, €) = h” (p(2)} .\(Ap)2(E)? +h (p(@)) - Lev(p)(x, €). 


2. Let G CC X be a relatively compact domain with smooth boundary. 
Show that there is an open neighborhood U of ôG in X and a real- 
valued smooth function y on U such that GNU ={xeU : v(x) <0} 
and (Oy)2 Æ 0 for x € OG. Show that 


H,(OG) = {E € Ta(X) : (Op)c(€) =0} 


is a well-defined subspace of Ty (X) that does not depend on the boundary 
function ¢. 


Show that if for every x € OG there is a local boundary function y such 
that Lev(%) is positive definite on H,(OG), then y can be chosen as a 
strictly plurisubharmonic function. 

3. Let G CC X be a relatively compact domain with smooth boundary, 
and y :U(0G) > R a global boundary function. If Lev(y) has for every 
x € OG at least one negative eigenvalue on H(G), G is called pseudo- 
concave. 


Show that if X is connected and there is a nonempty pseudoconcave 
domain in X , then every global holomorphic function on X is constant. 


3. Pseudoconvexity 


Pseudoconvex Complex Manifolds. If X is an arbitrary complex 
manifold, then there exists a sequence of compact subsets K; € X with the 
following properties: 


1. The set Kj is always contained in the open kernel (K;)° of K;. 
[0,9] 

2, (JK: =X. 
i=l 


If X is holomorphically convex, then the K; can be chosen in such a way that 
the holomorphically convex hull 


R= fz E€ X : |f (x)| <sup|f| for all f € o(x)} 
K: 


always equals K;. (One uses the same proof as for domains in C”.) 


Therefore, for every point x € X — K, there is a holomorphic function f in 
X such that |f(x)| > Land |f| < lon K,. By passing over to a multiple and 
a power of f, we can make |f| arbitrarily small on K, and arbitrarily big in 
a fixed neighborhood of x. 


Since K;}2 — (Ki+z1)° is compact, there are finitely many holomorphic func- 


tions f, ..., f? in X such that for p; := Ne lf]? the following hold: 
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1. sup, pi < 27*. 
2. pi >i on Kise - (Ky41)°. 
Of course, p, is a nonnegative plurisubharmonic function in X. 


The sum an pi converges compactly on X to a nonnegative function p, 
with {x € X : p(x) <c} CCX for every c > 0. 


If f is a holomorphic function on a domain G C C”, and G CC Ga subdo- 
main, then we have the Cauchy estimate 


ID” f(z)| < =o ‘sup)fl, for z € Gt 


Using this estimate in the intersection of a local coordinate system for X with 
(K;)°, one shows that all derivatives of }>, p; converge compactly in X to 
the corresponding derivatives ofp. Sop is @* and again a plurisubharmonic 
function. One can even show that p is real-analytic (see [DoGr6Q]). 


Definition. A complex manifold X is called pseudoconvex if there 
exists a nonnegative smooth plurisubharmonic exhaustion function p on 
X (ie. a E” function p with {x € X : p(x) <r} ccX forallr >0 
such that the Levi form of p is everywhere positive semidefinite). 


If we can find for p a strictly plurisubharmonic function in X , then X 
is called stricly pseudoconvex or 1-complete!. If p is strictly plurisubhar- 
monic only outside a compact set K C X, then X is called -convex or 
strongly pseudoconvex (at infinity). 


In the literature a pseudoconvex manifold is often called weakly 1- 
complete. 


Above it was shown that 


every holomorphically convex complex manifold is pseudoconvex. 


We shall prove later on that every 1-complete complex manifold is holomor- 
phically convex, and even Stein (solution of the Levi problem). Also, strongly 
pseudoconvex manifolds are holomorphically convex. But in general this is 
not true for weakly 1-complete (i.e., pseudoconvex) manifolds. 


Examples. Strict pseudoconvexity (1-completeness) is one of the most 
important notions in the analysis of complex manifolds. Many constructions 
can be carried out only in the strict pseudoconvex case. Let us consider some 
examples. 


Example 1: The theory was inaugurated by the following result: 


1 An n-dimensional complex manifold X is called g-complete if it has an exhaustion 
function p such that at every point of X the Levi form ofp has at least n -q +1 
positive eigenvalues. 
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An unbranched domain G over C” is strictly pseudoconvex if and only if 
it is a domain of holomorphy. 


For proofs see [Oka53], [Br54], [No54]. 


Example 2: Every unbranched Hartogs convex domain over C” is strictly 
pseudoconvex. See [Ri68], where a smoothing procedure for strictly pseudo- 
convex functions is introduced. 


Example 3: The proofs of the following statements are elementary. 


Every compact complex manifold is pseudoconvex. The Cartesian product of 
finitely many (strictly) pseudoconvex complex manifolds is (strictly) pseudo- 
convex. Any submanifold of a (strictly) pseudoconvex complex manifold is 
(strictly) pseudovonvex. 


Example 4: Assume that G C C” is a domain of holomorphy and that 
A c Gis an analytic hypersurface. Then G — A is Hartogs convex (and 
therefore strictly pseudoconvex). For the proof we just take a Hartogs figure 


H= {t:e <jti| < llt] < lfor i> 2}U {t:|ti| < 1]ti| <€ for i> 2} 


in the unit polydisk P” = {t :|t;| < 1for i= 1,...,n} and a biholomorphic 
mapping F : H + G—A. The mapping F extends to a holomorphic mapping 
P” — G. If A =F~1(A) c P" is not empty, then it is an analytic hypersurface 
in P" — H. Some lines L(t’) = {t = (t1,t') : tı € C} will intersect it in a 
compact subset of P” — H; for other t’ the intersection is empty (see Figure 
V.1). 


Figure V.1. Hartogs convexity of G — A 


There is a limit t@ with £ < |tọ] < 1 such that the intersection of L(t) 
with A is not empty but in arbitrarily small neighborhoods of tg there are 
points t’ for which the intersection is empty. If t € AM L(t)), then there is 
a neighborhood U where A is given by a holomorphic equation f = 0. The 
function tı > f(ti,t§) has isolated zeros in U N L(tọ), and by the theorem 
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of Rouché tı > f(t1, t') also has to vanish at some points of U N L(t’) for t’ 
near to tg. This is a contradiction. 


Thus F(P") c G — A, and the domain G — A is Hartogs pseudoconvex. 


Example 5: Let A c P” be an analytic hypersurface. We know that there 
is a homogeneous polynomial w such that 


A= {(z0: 212005: Zn) E P” : w(z0,. ++, Zn) = O}. 


Let w be homogeneous of order s. Then 


p(zo : .-- : Zn) = log 5 |w(z9,-.. ,2n) PS 


is a well-defined smooth exhaustion function for the affine algebraic manifold 
P” _ A. We calculate the Levi form in local coordinates t, = z,/2, v = 


1,...,” using the properties of the logarithm. Since the Levi form of f +f 
vanishes for any holomorphic function f, it follows that 
Lev(p)(to,€) = s ,Lev(log(1 + It /]?))(to, €) 


—1 A 1 , 
i (as Itoll Ito, &)| +I Tele -Jell ) 
(1+ [tol]? ' (Ell? + (||tol|? - I£]? — | (to, £)|?)) , 


and this expression is positive for € # 0. So p is strictly plurisubharmonic 
everywhere, and X = P” —A is 1-complete. In this case we can show directly 
that X is holomorphically convex: 


Every function 


s0 


n 

. . z wee en ` 

f(t0 i... 1z) = —70 in, with Sos =s, 
w(zo,-. 2n) a-0 


is holomorphic in X ,and the maximum of the absolute values of all these 
functions tends to infinity as (29 :...: Zn) approaches A. So K cc X for 
any subset K CC X. Consequently, X is holomorphically convex, and it is 
even Stein, as one can see from the following theorem. 


3.1 Theorem. Let X be a holomorphically convex connected complex man- 
ifold that contains no compact analytic subset of positive dimension. ThenX 
is a Stein manifold. 


PROOF: Let rọ € X be an arbitrary point. Then the set 


A :={x E X : f(x) =f(xo) for every f € O(X)} 
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is a closed analytic subset of X . Clearly, it is contained in the holomorphic2L&: 
convex hull {ro} = {xe X : |f(x)| <|f(xo)| for all f € O(X)}. Since {z0} 
has to be compact, A is likewise compact. This is possible only if A consists 
of isolated points. Then there exists an open neighborhood U = U (zo) and 


holomorphic functions fis... „fn in U such that 
{ro} =AnU = {x EU: fi(x) =...=fy(x) =}. 
So X is holomorphically spreadable and therefore Stein. 7 


3.2 Proposition. A 1-complete complex manifold cannot contain compact 
analytic subsets of positive dimension. 


PROOF: Let p be a strictly plurisubharmonic exhaustion function in the 
manifold X. Then p is plurisubharmonic, and by the maximum principle it 
must be constant on any compact connected analytic subset A C X. If A has 
positive dimension, then there is a point x € A and an open neighborhood 
U =U{(x) C X such that ANU is a submanifold of U of positive dimen- 


sion. The function p|anu is strictly plurisubharmonic and constant. That is 
impossible. n 


3.3 Corollary. Let X be a l-complete manifold that is holomorphically 
convex. Then X is a Stein manifold. 


At the end of this chapter we will see that the condition "holomorphically 
convex" is not necessary. 


3.4 Corollary. Let A C P” be an analytic hypersurface. Then P” —A is a 
Stein manifold. Every analytic subset B C P” of positive dimension meets A 
in at least one point. 


Example 6: There is a famous theorem by H. Cartan: 


A domain G C C? is a domain of holomorphy if and only if the first 
Cousin problem is always solvable. 


The solvability is also true for higher-dimensional domains of holomorphy, 
but there is a greater class of domains with this property. Take, e.g., the 
domain G C P” cC C” (with n > 3) that is the union of the three open sets 


U := {zE P” :|a|>e), 
U> = fzEP" : jezl > E}, 
Uz; := {z€ P" : |(z3,...52n)| <e}. 
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[22| 


[zı] 


Figure V.2. Cousin-I in a domain which is not Hartogs convex 


The domain G = U; U Uz UUs is not Hartogs pseudoconvex (see Figure V.2). 
But all three covering elements U; are domains of holomorphy. Therefore, 
we have H'(U;,,©) = 0 for i = 1,2,3, as will be proved in Section V.5. So 
UY = {U1, U2, V3)is an acyclic covering for O, and every Cousin-I distribution 
in G can be given by a cocycle f € H1(Y,O) up to a coboundary. Such an 
f consists of holomorphic functions fi; in Uj; with fig + fz23 + fsı = 0 on 
Uj23. This implies that the Laurent series of fı2 (around the origin) in Uj93 
contains no powers zie with i < 0,7 < 0. By the identity theorem this is true 
on the whole set U12. Therefore, we can subtract a coboundary 6{g;, 92,0} 
from our cocycle such that thereafter fiz = 0. 


Then the new fo3, f13 coincide on U;23. Together they give a holomorphic 
function h in (U1 U U2) N U3 that extends holomorphically to U3. Then the 
new cocycle f is equal to the coboundary 6(0, 0, A ), and hence the old cocycle 
also cobounds (i.e., is a coboundary). Consequently the Cousin-I problem is 
solvable. 


Example 7: Assume that X is an n-dimensional complex manifold and that 
zo E X isa point. We can blow up X in xo. Then we obtain an n-dimensional 
complex manifold X , an (#— 1)-dimensional complex submanifold A Cc X 
that is isomorphic to P"-1, and a proper holomorphic map 7 :X >X that 
maps A to x and X — Abiholomorphically onto X — {xo}. We have a strictly 
pseudoconvex neighborhood U around zo. We can lift the strictly plurisub- 
harmonic exhaustion function p on U by ~ to m~1(U). This is a strongly 
pseudoconvex neighborhood of A that is not, however, strictly pseudocon- 
vex. 


Example 8: For a similar example consider the analytic set 


A := {z E€ C” : 22n43 —22n41 =0 for j =2,... n}. 


7 


Outside of the origin A is regular of dimension n + 1. For example, if z; Æ 0, 
then zn4; = 2; -2n4i/% for j = 1,...,n. So A is there parameterized by 
Z1,.+-)2n and z,;,,. It follows that dim(A) =n + 1. 
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We have a meromorphic map from C?” to the Osgood space O” given by 
Wi = Zi/ Zn+i; t = 1,..,n. Its graph is the set 


X ={(z,w) eC”? xO” : wiengi — Zi =0 fori=l,...,n}. 


We denote by X the closure of the part of X that lies over A - {0}. Let 
na :X — A be the restriction of the canonical projection from A x O” 
to A. Then a maps a 1-dimensional projective space onto O and the rest 
biholomorphically onto A — {0}. 


The space X is an (n + 1)-dimensional complex manifold, locally given by 
the equations 


Zi = Wiens: fort =1,...,n, 
Wi = Wi for i = 2,...,n. 
The set E(s) := {(21,-.-,2n) E A : Z1/2Zn41 =t" — 2n/2en = $} is an 


n-dimensional plane for every s € P', and A is the union of all these planes. 
Since E(s1) N E(s2) = {0} for sı Æ s2, A is singular at the origin. It follows 
that X is a vector bundle of rank n over n~? (0) = P*. 


Now we use the function p(z) = $}; 243; on C?”. It induces a strictly plurisub- 
harmonic function on the complex manifold A — {0}. The (n+ 1)-dimensional 
complex manifold X is strongly pseudoconvex by por, but not 1-complete, 
since it contains the compact analytic subset 7~1(0). 


Example 9: Consider the covariant tangent bundle T’ of P”. If € is a global 
holomorphic vector field on P”, then a plurisubharmonic function pg on T” is 
defined by 


De (Wa) := We (Ex) Wa (Ex): 


We consider local coordinates in a set U; C P”, for example ty := 2,/20 for 
v =1,...,n in the case i = 0. Then every w over U; can be written uniquely 
in the form w = 5 wpdty. So tis...,tn;W1,...,w, are local coordinates in 
T’ over Uj. If € = } |, €.0/02z,, then 


pe(t,w) = (See) (Sue) 


We have the following n + n? holomorphic vector fields over U; that extend 
to P”: 


ð 
LL — — . ,9), 
at, q{0,..+, 20. y+++,0) and fu i, qap, Zu yeas ) 


uth place uth place 


where q : O(1)®- --@O(1) > TP” is the canonical bundle epimorphism in the 
Euler sequence. Plurisubharmonic functions p,, respectively py, are defined 
in local coordinates by wwr, respectively wrw» -t tu- By adding them all we 
obtain the plurisubharmonic function 
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B=1 


Finally, if we add the p; constructed for the various U;, i = 0,...,n, we 
obtain a function p. If Z denotes the zero section in 7’, then p vanishes on 
Z and is strictly plurisubharmonic and positive outside of Z. It tends to oo 
for ||w|| — co. So the complex manifold T” is strongly pseudovonvex, but not 
1-complete. 


Example 10: This example is probably due to J.P. Serre. 


Assume that E is an elliptic curve (i.e., a compact Riemann surface of genus 
1).Then £ is a 1-dimensional torus, given by a lattice of periods (1, €), where 
the imaginary part of € is positive. We may write the elements of E as real 
linear combinations z =s . 1+ t .€, with s,¢ € [0,1]. The first cohomology 
group H? (E, ©) is equal to C (this will follow from results of the next chapter, 
but it is also a very classical result in the theory of Riemann surfaces). 


We have a covering Y of E consisting of the two elements 


Ur = {z=s+t€: O0<8<1/2, 0<t<]}, 
Uz = {z=s+t:1/2<s<1, 0<t<1} 


Denote by C C E the circle {z = 14+ ¢.€ :0 < t< 1) and define there 
the function f = 1 (and 0 on the other component of U; N Uz). Then f 
is a cocycle in Z'(Y,O). It yields a nonvanishing cohomology class, since 
otherwise we would obtain a nonconstant bounded holomorphic function on 
C. We construct a fiber bundle A above E with fibers A, = C by gluing 
above C the point (z,w) € U2 x C with (z,w — 1)€ U, x C. We denote this 
point in the bundle by [z,w] . 


Now, A is topologically trivial (since we can find a continuous function g on 
U2 that coincides with f on C such that 6{0, g} = f ) put it is not analytically 
trivial, because it defines a nontrivial cohomology class. It follows from the 
construction that the notions of real lines, planes, and convexity are well 
defined in A. 


Let A be the bundle with typical fiber P? that is obtained from A by adding 
the point at infinity to each fiber. Then A is compact and has the infinite cross 
section D = Dæ over E. We put X :=A =A —D. Then X does not contain 
any compact analytic set of dimension 1.Otherwise, there would be a number 
b such that the analytic set meets every fiber in exactly b points. We could 
pass over to their barycenters and would obtain an ordinary holomorphic 
cross section in A. This would imply the triviality of A. 


We consider the real 3-dimensional surface 


S = S, = {|z,wW]E A :2=stté, w=s trexp(2mi .6) andQ<94 <1}. 
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Here r > 0 is a very big number. The surface S bounds a tube G, which 
converges to A as r tends to ©. 


We look at the holomorphic tangent H in any point of S. We can consider H 
as a real plane in A. By subtracting s in the fiber above s +t we pass over 
from A to E x C. The hypersurface S is transformed diffeomorphically into 
a convex cylinder over E and H into a contacting plane that does not enter 
the interior of the cylinder. So H does not enter the interior of the tube G. 
If H were contained in S, then the transformed H would lie in the boundary 
of the cylinder and therefore be compact. So H itself would be a compact 
analytic set. We saw that such a set does not exist. So there remains only 
the possibility that H contacts S of first order; i.e., the intersection H N S is 
a real line. We can choose a complex coordinate ¢ =x + iy in H such that 
our real line is exactly the z-axis. 


If o is a smooth defining function for S, then o behaves on H like the function 
y’. It follows that (o|#)-¢ > 0. This means that the Levi form of o is always 
positive definite on the holomorphic tangent H. Now we can construct a 
strictly plurisubharmonic function @ in U — D (where U is a neighborhood 
of D in A) whose level sets are the manifolds S, such that @ converges to co 
when approaching D.? It follows that X is strongly pseudoconvex. 


Later on we shall prove that a strongly pseudoconvex manifold is holomorphi- 
cally convex, and since X contains no positive-dimensional compact analytic 
subset, it is a Stein manifold. So there are many holomorphic functions in X. 
Assume that there is a meromorphic function on A that has poles of order m 
on D only. Then the coefficient of the highest polar part off is a holomorphic 
cross section 7 in the mth tensor power of the normal bundle of D. Because 
this normal bundle is topologically trivial, 7 cannot have zeros on D. So f 
tends to infinity approaching D, and no analytic set {f = const} meets D. 
This is a contradiction, since A is not analytically trivial. Every holomorphic 
function on X must have essential singularities on D. 


Analytic Tangents. Let G be a domain in C” with n > 2 and pa strictly 
plurisubharmonic function in G. Denote by X the set {z € G : p(z) < Q. 
Let B CC G be an open subset and w € 0X A B an arbitrary point. 


The expansion of p in w is given by 
p(z) = p(w) + 2ReQ(w,z — w) + Lev(p)(w, z — w) + R(w,z — w), 
where 1 
Q(w, h) = n .Vp(w)* + 5h: Hess(p)(w) .h*, 
"2 We may assume that ø is globally defined and @ = r on Sr. Then we choose an 


unbounded strictly monotonic smooth function A :R — R such that h"/h’ is 
very large. The function @:= ho @ will do the job. 
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with the complex Hessian Hess(p)(w) = (paiz, w) i,j=1,... m), and 


The map hv Q(w, h) is a holomorphic polynomial of degree 2, for every w. 
The assignment w +> Q(w, h) is smooth. 


Let G’ CCG be an open neighborhood of B. We can find constants c,k > 0 
such that 


Lev(p)(w, z —- w) + R(w,z — w) > kilz — wll2 — ellz - wllz 


for ze G’ and arbitrary w. 


We say that a real number e > 0 is sufficiently small with respect to B if 
every ball U(w) with center w € 0X N B and radius £ belongs to G’, and 


klz — w|? — ellz - wI? > 0 
is valid on these U (w). 


Assuming that this is the case, for w € 0X N B we define the analytic set 
A(w) = 12 € U(w) : Q(w,z - w) = 0} 


in U(w). On A(w) we have p(z) > 0. Therefore, A(w) — {w} is outside of 
X . Since w belongs to the boundary of X, this implies that A = A(w) has 
codimension 1. We call A an analytic tangent (or, in German, a Stiitzfldche) 
for X atw. 


3.5 Proposition. Let G,p,X,B,G’ be as above. There exists a differen- 
tiable family A(w) of analytic tangents to OX at the points w € BNOX with 
A(w) nX = {w}. 


Here "differentiable" means that the defining quadratic polynomials for A(w) 
depend smoothly on w. 


Exercises 


1. Let X be a complex manifold and Y C X a closed complex submanifold. 
Construct a nonnegative smooth function f : X — R with the following 
properties: 

(a) Lev(f)(x, £) > 0 for every x € X,€ € T,(X). 
(b) For every x € Y there is a linear subspace P, C T;,(X) such that 
P, +T,(¥) =Tx(X) and Lev(f)(x,€) > 0 for £ € P,, E490. 

2. Let X be a 1-complete complex manifold and fi,- .., fọ E€ O(X). Show 
that X — N(fi,...,f,) is q-complete. 

3. Let G cc C” be a strictly convex domain with smooth boundary. Con- 
struct the differentiable family A(w) of analytic tangents to 0G. 
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4, Let y be a strictly plurisubharmonic smooth function defined in a neigh- 
borhood U = U(0) c @" with y(0) = 0, and Y% an arbitrary smooth 
function in U. Prove that there are r > 0 and € > 0 sufficiently small 
such that y te .y is strictly plurisubharmonic in B,(0) and 


{2 € B,(0) : (p +e: ¥)(z) < 0} 


is a Stein manifold. 


4. Cuboids 


Distinguished Cuboids. If Q is a closed subset in C”, then in this 
section we say that something is defined on Q if it is defined in a small 
neighborhood of Q. Two objects are called equal on Q if they coincide in a 
small neighborhood of Q. So actually we consider "germs" along Q. 


Definition. A cuboid is a closed domain 
Q ={(21, eZ) = (x1 Fitnsi,- 2 Tn tizon) ec”: d, S Ti S bi}, 


where a; <6; are real numbers for i = 1,...,2n. 


If there are partitions 
a; =a? <a} <... <a" =, fori =1,...,2n, 
then we denote by A the system of sequences 
alb i=1,...,2n, j =0,..., mi. 
A closed covering Ya of Q is defined by the system of cuboids 
Qircsjon = {2 za?! <z; < al, fori =1,...,2n}. 
For any open covering of Q there is a closed cuboid covering which is finer. 


In the following it will be not enough to have a covering of Q. Additionally, 
we need a system of complex submanifolds 


Q= XD XD DXi DXi D D Xs, son, 


where X; has dimension n — /, such that there is a holomorphic function f; 


in X;_; vanishing everywhere on X; to first order (and maybe also vanishing 
at points of X; — Xi). 


Definition. A distinguished cuboid is a cuboid that is equipped with a 
system {(X;, fi) :i = 1,...,s}. The number n -s is called the manifold 
dimension of the distinguished cuboid. 
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Vanishing of Cohomology. As described above, everything on a 
closed cuboid is assumed to be defined on an open neighborhood of the 
cuboid. Therefore, we can consider cocycles and coboundaries with respect 
to closed cuboid coverings. 


4.1 Proposition. Assume that Q is a cuboid and Ya a closed cuboid cov- 
ering of Q. Then every cocycle € € Z! (Ya, O) cobounds. 


PROOF: First we consider a very simple system A. We just take the case 
where m; =2 and all other m; = 1.Then 


Ma = {Qo = Q11, Qi = Qay,....1} 


has the minimal possible number of elements. The cocycle € is given by one 
holomorphic function éo; on Qo N Qı = {z € Q : 2, =a}}. Let £ be a small 
positive number. Then in the z,-plane we can choose two continuous paths 
aj from at +i(aļ,; — €) to aj +i(aj,,, te) (for j =Q on the left side and 
for j = 1on the right side of the line xı = aj, see Figure V.3) and define 
n ={no,m} by the Cauchy integral 


1 eee Tr 
nj (21,--+,2n) = f Eo1 (W, 22, Z da 


W— zi 
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Then we get 6n =€. 


e zı-plane 


Figure V.3. Cohomology of a cuboid 


The next step is an induction on the number m = $°,m,. We just han- 
dled the case m = 2n +1. Now we assume that m > 2n + 1and that the 
proposition already has been proved for any number smaller than mı. We put 
ig := max{i :1<i<2nandm, > 2} and define 
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Q! = {2E Q : sio Sa? }, Q" = {2EQ: a 2a}. 


By the induction hypothesis, we have Elw: = 6(n’) and Ela = ô(n”) with 
cuboid coverings Y’ for Q’ and Y” for Q”. Hence, € — ô{n',n"} is a cocycle 
with respect to the covering Y that is given by a holomorphic function g on 
the surface 1 

SNR” = {zEQ: Ti = an? }. 
As above, by integration we obtain holomorphic functions no on Q and m 
on Q” with g =m — no. So we have a cochain o = {n’ + no,” +m} on Q 


with do =€ (since the functions 7; are already cocycles). This completes the 
induction. 7 


Vanishing on the Embedded Manifolds. We consider a distin- 
guished cuboid Q in C” with manifold dimension n — s, and for i =0,...,s5 
we prove the following: 


4.2 Proposition. Every cocycle of Z1(Y%a N X;,©) cobounds, and every 
holomorphic function on X44 can be extended to a holomorphic function on 
Xj. 


PRoor: We carry out an induction on /. In the case / = 0 the proposition 
has been proved already. The induction hypothesis now states that it holds 


for some j, 0 < į < s — 1, and we prove the extension property for i + 1. 


Assume that g is the holomorphic function on X;,1. Define g(z) = 0 on 
the other connected components of N(fiz1) C X;. If the covering Ya is 
sufficiently small, we can extend this g to a cochain n € C°(W%4 N X;, O). 
The coboundary 46(7) vanishes on N(fii1). Therefore, there is a cochain a € 
CHUAN Xj, O) with 6(n) =a- fiz1. It is clear that a is a cocycle, and by 
the induction hypothesis there is a y € C°(WaN Xi, O) with a =6(y). Since 
6(n — fi+ı -y) =0, we get F =% — fi+ı -Yy as a holomorphic extension of g. 


Now we prove that any € € Z1(Y%4M Xi41,O) cobounds. As in the proof of 
the preceeding theorem we have to show this only in the case where mı = 2 
and m; = 1 for į > 1.So€ is simply a holomorphic function g on (Q1,1,...1.9 
Qayt,....1) -Xi41. We have to find holomorphic functions f' on Q1,1,...1 N Xi+1 
and f” on Q21,...1 N Xi41 with f” — f! =g. For that we first extend g to 
(Q1,1,.-.11Qa,1,....1) Xi, construct f’, f” for X; (induction hypothesis), and 
then restrict them to X;+ı. That completes the proof. E 


Cuboids in a Complex Manifold. We assume that X is an n- 
dimensional complex manifold and p a smooth real-valued function on X 
with p(x) + 2 when z + 3X .3 We assume further that p is strictly plurisub- 


3 This means that for every € > 0 there is a compact subset K C X such that 
p(x) >2-e fore xX -K, 
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harmonic on {p(x} = 1) and define Y := {x E€ X :p(x) < 1). Then Y isa 
relatively compact strongly pseudoconvex open subset of X. 


For an n-tuple z = (21, ...,2n) we use the norm 
|z| := sup max(|Re(z,)], [Im(2il). 
1 


For an open neighborhood G C X of OY we want to apply the results from 
the end of V.3. (It does not matter that there are no global coordinates on 
G.) We consider a relatively compact open neighborhood B = B(OY) CC G 
and choose a G’ with B CC G’ cc G. 


For any point zo € OY there is a compact cuboid U* with center x9 in 
a coordinate neighborhood S around zo. If a real number € > 0 is given, 
we can choose every U* so small that U* C U(w) Cc S for every point 
w € U*, where U(w) is the ball with center w and radius e (with respect 
to the local coordinates). Then for every w € U* n OY we have the analytic 
tangent A(w) given by a quadratic polynomial fy in U(w). It follows that 
A(w) n U* NY =w,and the function p|U* n (A(w) — z) is positive. This is 
illustrated by Figure V.4. 


For an open subset Y’ CC Y we have the following proposition. 


4.3 Proposition. There is a distinguished cuboid Q* =U* x QC CN with 
the following property: 


For s = N -n the submanifold X, is projected biholomorphically onto a 
compact set U' C U* withY'’NU* CU' CY. 


Figure V.4. Projection of the distinguished cuboid 


PROOF: We may work in C” and assume that zo is the origin. We use the 
differentiable family of analytic tangents A(w) = N (fw) with w € OY NU". 
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Take a positive number r so big that we always have |1/fw(z)| < r for 
w € OY NU* and z € Y’'N U*.In a small neighborhood of w we have 
|1/fw(z)| >r. Therefore, by compactness there are finitely many of these 
fw, say fi,...,fs, with max,|1/f;(z)| >r for all z € OY N U*. For a fixed i 
we denote by Q; the cuboid {2 = (2n41,--.;2n4é) :|2’| <r} and by Q7 the 
cuboid {z" = (2n4itiy---)2n¢s) :|2”| <r}. We put Q* =U* x Q; x QY. 
The submanifolds X; C Q* are obtained in the following way: Consider the 
graph of the i-tuple (1/f1,...,1/f;) in U* x Qj, take the union of those 
connected components that contain points over Y ,and multiply this union by 
Q;'. The manifold X; has dimension N — /. In X;—; we have the holomorphic 
function z,,; .fi(z) — 1, which vanishes on X; to order 1. 


Finally, the projection U' of X, contains no point of OY . Hence, it is contained 
in Y. Since U* NY’ is contained in U’, the proposition is proved. a 


4.4 Corollary. In the above notation, H'(U',O) =0. 


Enlarging U’. We use the same notation as before and construct a set 
U' C U* N Y that is bigger than U’ where the vanishing theorem still holds. 


For that purpose we take an open set Y’ instead of Y’ with Y’ cc 8’cc Y 
and U” CY’. We need a bigger T >r such that we still have |1/f,,(z)| <7 on 
8’ for w € AY NU*. But now max;|1/f;(z)| > F no longer is true on OY NU". 
So we add some functions to the old ones, fs+1,..., fg, Such that we get the 
old situation again. 


We get the Q; and the Q7, fora = 1,...,8. But we write Qi instead of Qj, Q7 
for QY’, and X, for X;. Then we have Q* =U* xQ xQ C CN with N <N. 
The projection of Xz is a compact set Ô’ € Y NU* with ¥'nu* e0. So 
again we have the vanishing of the cohomology. 


The following statement is proved in the next paragraph. 


(x) Every holomorphzc functzon on U' can be approxzmated arbitrarily 
well by holomorphic functzons on U'. 


Suppose all cochains are given with respect to a covering UY of U' S Xz. If 
€ € Z'(Y,O) is a cocycle over U’, we have € = 6(7) over U' and € = (7) 
over U’, with cochains 7 and ĵ with respect to the coverings YANU’ and UNU”. 
Then 7 — 7 is a holomorphic function over U’, which we approximate by a 
sequence of holomorphic functions g; € O(U'). We may replace the cochain 
n by m := 7 — 9; and obtain that 7, approximates 7 over U’. 


Now we can prove the following theorem. 
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4.5 Theorem. If xq € OY and U* is a small cuboid in a local coordinate 
system around Xo, then H'(Y NU*,O) =0. 


PROOF: Take a fixed open covering Y of YM U* and exhaust Y by a 
sequence of domains Y; with Y; CC Yi, CC Y.We get a sequence of compact 
sets U! CU* NY with Y; n U* CU. 


If € € Z'(Y,O) is a cocycle, for every i we get a cochain n; on U? such that 
E =0(7,) on Uj. As we have seen above, we may assume that the difference 
of 741 and 7; on U? is as small as we want. Then the sequence n; converges 
to some n € C°(Y, O) with 6(n) =£. m 


Approximation. We first prove the following simple result. 


4.6 Proposition. Assume that Q is a cuboid in C™. Then any holomorphic 
functionf on Q can be approximated arbitrarily well by polynomials. 


PROOF: We make the induction hypothesis that f is already a polynomial 
in the variables z’ = (z1,...,2s). Let ye be the boundary of the rectangle with 
corners (as+1 ZE, AN+s4+1— é), (bs+1 +E, QN+s+1 7 €), (bs+1 +E, bn+s41 +e), 
and (4541 — E, bN+s41 +E) in the (1541, 2 +4s41)-plane. We have the integral 
representation 


F(z", 2541,2") = 1 f FEZ") ae 


2ri Jy. E— Zs+1 


It is necessary to approximate 1/(€ — zs+1) with a fixed € € |ye| by a poly- 
nomial. We consider only the case where Re(<) = 6,4; +€. In this case there 
exists a disk D (with a center far to the left) such that € € ƏD and the 
rectangle with corners (4541,4N+541), (bs41,@N+s+1), (Ds41,0n+s41), and 
(4541, 6n +4541) is contained in D. Then we expand 1/(€ — zs+1) into a power 
series on the disk and get the desired approximation. So the induction step is 
complete. Since nothing remains to be shown for s = 0, the proof is finished. 
a 


We have to consider the cuboids Q = U* x Qt and ĝ = U* x Q4. For this 
denote by M the Cartesian product of the last s— s factors of the Cartesian 
product Qi. It follows that Q; x M c Qt, and S := (U* x Q, x M)N 
Ko is projected biholomorphically onto X, and onto U’. Every holomorphic 
function on S is the restriction of a holomorphic function in U* x Q} x M 
and can be approximated arbitrarily well by polynomials, in particular by 
holomorphic functions on the larger set U * x Qg. Therefore, every holomorphic 
function on U’ can be approximated by holomorphic functions on 7 ’ and we 
have proved (*). 
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Finally, we wish to replace U* by its open kernel (U*)°. For this we exhaust 
U* by relatively compact cuboids Uf with Uf CC Uj,;, and choose the 
functions fi, i = 1,...,5 (from the "enlarging" process), independently of j. 


Then we can approximate cochains on U; C U; by those on U’ C Už, and 
we can approximate these again by cochains on U; 41: So for any l-cocycle € 
on (U*)° N Y we obtain (as a limit) a cochain 7 on (U*)° N Y with dn =€. 
Then we have the following theorem. 


4.7 Theorem. if zo € OY and U* is a small cuboid in a local coordinate 
system around Xo, then H1(Y N (U*)°,O) =0. 


Exercises 


1. Let G cc C” be a Strictly convex subdomain with smooth boundary. 
Use coverings with distinguished cuboids to prove that H'(G,O) =0. 

2. Prove for the same domain G that every holomorphic function in G can 
be approximated by polynomials. 
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Cuboid Coverings. Again let X be an n-dimensional complex manifold 
and p a smooth real-valued function on X with p(x) + 2 for x — OX. Assume 
that p is strictly plurisubharmonic on {p(z) = 1}, and let Y := {x € X 
p(x) <1}. We also consider open sets Yẹ = {x € X : p(x) < 1+a/, where 
0 <@ <c ande is a very small positive number such that also Y is strongly 
pseudoconvex. 


Since OY is compact, it can be covered by finitely many cuboids U around 
points x; € OY which are always contained relatively compactly in a local 
coordinate neighborhood such that x; is the origin of the coordinate system. 
If U* = {z : |z| < r;} and 0 < t; < r, then we may also assume that the 
open sets U; = {z : |z| <t;} cover OY. By adding more cuboids, the t; can 
be chosen as small as necessary. 


We also need these properties for the sets OY,, and for sets oY, where Y is 
an open set between Y and ¥. For that we have to move the centers of the 
cuboids a little bit. If a is very small, the U; still cover OY. 


There may exist a compact set K C Y that is not yet covered by the Uj. 
Then we construct a covering of K with additional cuboids U; CC Uf cc Y. 
Finally, we have the following result. 


5.1 Proposition. For a small e > 0, for any a with 0 <a <e and any 
open set Y with Y C Y C Ya there exist coverings Y* = {U} :i =1,...,m} 


eon 
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and Y ={U; :i=1,... m} of Y with U; CC U* such that the following 
hold: 


1. Every U¥ is a compact cuboid in a local coordinate system around a point 
x; that corresponds to the origin in this coordinate system. The set U; 
is small enough in the sense of Sections V.3 and V.4 to have families of 
analytic tangents in U¥. 

2. There are numbers Q <t; <r; such that 


U: ={z:\2)<t} and U% ={z : || <r} 


in the chosen coordinates. 
3. For each i, either xi EY orU* CY. 


4. For eachi, the "star" S; =U; u nu:zø Uj is contained in Už. 


We call (X, %*) a special pair of coverings for (YY) (cf. Figure V.5) 


Figure V.5. Special pairs of coverings 


The Bubble Method. Let a smalle > 0 be fixed in the sense of the pre- 
ceding paragraph. We choose a special pair (Y ,%*) of coverings for ( Yp) . 
Since H+ (U; 1 Y,O) = 0, it follows that Y N Y is acyclic, and every coho- 
mology class of H! (Y, ©) can be given by a cocycle < € Z(UNY,O). 


Let xo € OY be an arbitrary point and ¿į an index such that a € U;. Then 
we have a cochain n = {nj} € C°(Y UF NY, O) with 6(n) = E (Už NY). 
We change n; to 0 if Uj ¢ Si. Then 7 is a cochain over Y, and the cocycle 
E —6(n) represents the same cohomology class as £. But € — 6(7) vanishes on 
UNY. 

Now we use the bubble method. By altering the strongly plurisubharmonic 
functionp a little bit on some compact subset of U; Cet us say by subtracting a 
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class represented by some € € Z'(Y NY,O) extends to Y. So the restriction 
H1(Y,O) + H1(Y,(0) is surjective. We assume that for Y (after a small 
movement) the conditions for U;, Uj are still satisfied. 


In the next step we go to another x» € Y and apply the procedure to Y. 
Continuing in this way, after finitely many steps we have the following result. 


5.2 Proposition, There is a fundamental system of strongly pseudoconvex 
neighborhoods Ya of Y such that the restriction H'(Y,,O0) > H'(Y,O) is 
surjective. 


Fréchet Spaces. The following theory can be found in the famous multi- 
graphed notes [CS53]. See also [GuRo65]. 


Assume that V is a complex vector space. 


Definition. A seminorm in V is a map p :V > {z ER : x > 0) with 
the following properties: 

1. p(a.f)=|a| .p(f) fora eC, fev. 

2. p(fi ty2) < p(fi) +p if fi, fo eV. 


If a sequence of seminorms p;, i € N, is given in V, we can define a topology 
in V. Ife >0 and m € N, we call the set 


Ul (0) =f{f EV = pi(f) <e for i=1,...,m} 


an (€,m)-neighborhood of 0. As m increases the (€,m)-neighborhoods, of 
course, become smaller. 


A subset W c V with 0 € W is called a neighborhood of 0 if there is an 
(€,m)-neighborhood £7) (9) CW. If fo € V is an arbitrary element and W 


a neighborhood of 0, then 
fotW:={fotf : few} 


is a neighborhood of fp. Finally, a set M C V is called open if it is a neigh- 
borhood of any f € M. 


Definition. A sequence (fp) in V is called convergent to f if for any 
neighborhood W(f) there is a number ko such that fy € W for k > ko. 


The sequence (fp) is called a Cauchy sequence if for alle >O and m € N 
there is a number ko such that pi(fi — fe) < € for i = 1,...,m and 
k,l > ko. 
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Definition. A Fre'chet topology on a complex vector space V is a topol- 
ogy defined by a sequence (pi) of seminorms, with the following proper- 
ties: 
1. For every f € V — {0} there is an į with p;(f) > 0;i-e., the topology 
is Hausdorff. 
2. The space V is complete in this topology: Every Cauchy sequence 
converges. 


A Fre'chet space is a complex vector space with a Fréchet topology. 


Every Frkchet space possesses a metric that defines its topology. 


The vector space O(.X) of holomorphic functions on a complex manifold X 
is a Fréchet space. We just take an increasing sequence of compact subsets 
K; with K; C (Ki41) and U, K; =X, and we define p;(f) :=sup| f(K;)|. 
If (fx) is a Cauchy sequence of holomorphic functions on X, then fg|(A;)° 
converges uniformely to a holomorphic function on (;)°. Hence (fp) con- 
verges compactly to a holomorphic function f on X. This means that (fẹ) 
converges to f in the topology of O(X). 


Since every Fréchet space V is a metric space, a subset M C V is compact 
if and only if every sequence (fp) in M has a convergent subsequence with 
limit in M. 


Definition. A linear map v : E — F between two Fréchet spaces 
is called compact or completely continuous if there is a neighborhood 
U(0) C E such that v(U) is relatively compact in F. 


Obviously, every completely continuous map is continuous. 
We have the following famous theorem of Schwartz. 


5.3 Theorem of L. Schwartz. Assume that E,F are two Fre'chet spaces 
and that u,v : E — F are two continuous linear maps with the following 
properties: 


1. u is surjective. 
2. v is completely continuous. 


Then the quotient F'/(u +v)(E) has finite dimension. 
A typical example of a completely continuous map is given as follows: 


Let X be a complex manifold and Y Cc X an open subset. Using the 
increasing sequence of compact subsets from above, we have Y c K; for 


some i. Now, U := {f € O(X) : pi(f) < 1} is a neighborhood of O in 
E :=O(X). Let v : E > F := O(Y) be defined by v(f) :=f|y. Then 


v(U) CB := {gE OY) :suplļg| < 1). 


286 V. Stein Theory 


Since Z is closed and bounded, it follows from Montel’s theorem that it is 
compact. This shows that the restriction map v is completely continuous. 


Remark. It is clear that we can replace the space of holomorphic functions 
by the space of holomorphic cross sections in an analytic vector bundle. 


Finiteness of Cohomology. We wish to apply Frkchet space theory 
to our standard situation. 


Let X be an n-dimensional complex manifold and Y ={x€X : p(x) <1}, 
where p is a smooth exhaustion function on X with sup(p) = 2. Assume, as 
usual, that p is strictly plurisubharmonic on a neighborhood of OY. Let a 
small real number ¢ > 0 be fixed such that Yq is strongly pseudoconvex for 
0 < a <e. We have shown that the restriction map H'!(Y,,O) > H1(Y, 0) 
is surjective for sufficiently small a. 


We start with a special pair (%,%*) of cuboid coverings for (Y, Yn), choose 
numbers G with t; < F < r; and define U; = {z : |z| < ti}. This gives a 
covering Y ={U; :i=1,... m} €Y a. 


The spaces C°(¥ NY, O), Z(Y N Y,O), and Z(% N Y, O) are Frkchet 
spaces, as is Z(Y N Ya, O) 6 C°(W N Y,O). Since the cohomology can be 
extended from Y to Yq, it follows that the map 


u: E =Z (YA Ya; 0) 8 (V NY, O) + F =Z(UNY,O), 


with u(€,7) := Elany +4(n), is surjective. The map v : E — F is defined 
as the negative of the restriction map from Z(Y N Ya, O) to Z'(W AY, 0), 
i.e., by v(£,n) :=—Elænyr. Then v is completely continuous. 


The map u +v is the coboundary map ô : CY N Y, 0O) > ZY NY, 0), 
since the first summand goes to 0. So the quotient F'/(u+v)(E) is the first co- 
homology group of Y. Its complex dimension is finite by Schwartz’s theorem. 
Thus we have proved the following result. 


5.4 Theorem. HY is a strongly pseudoconvex relatively compact subset of 
a complex manifold X , then dime H! (Y, ©) < o0. 


Holomorphic Convexity. We consider the same situation as above 
and choose an @ > 0 such that Y CC Ya and: 


1. dime H1(Yq,O) < œ. 

2. For every x € OY we have an analytic tangent A(z) C Ya to OY, with 
A(z) NY = {x}, given by a holomorphic function fs in a neighborhood 
U of A(z). 
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Let x € OY be an arbitrary point, f = fg, A = A(x), and U a suitable 
neighborhood of A. Then % ={UNYa, Ya— A} is a covering of Ya consisting 
of only two elements. So Z+ (%,, 0) =O(UNY, — A ) and every function f—* 
belongs to Z! (Uz, O) Since H'(Y,, O) is finite-dimensional, for 72 >> 0 there 
are complex numbers a1, ...,&, not all zero, such that the cocycle given by 
the function 
g =(a1 fo +... +a, F=) Unya- A) 

is cohomologous to 0. Therefore, we find holomorphic functions h; in Y, -A 
and ha in U A Yx such that hy — ha =g. The function 


h- hi on Y, — Á, 
~ l ha+g on UNY, 


is meromorphic in Y, with poles in A. So h|y is a holomorphic function, and 
for y + x it tends to oo. 


If K is compact in Y, then the holomorphic convex hull K does not approach 
x. This is true for every x € OY. So K is compact. As a consequence we have 
the following result. 


5.5 Theorem. IY is a strongly pseudoconvex relatively compact subset of 
a complex manifold X , then Y is holomorphically convex. 


Moreover, we have a solution of the Levi problem in this special case. 


5.6 Theorem. Assume that Y = {x€ X : p(x) < 1}, where p(x) is a 
smooth function in X with p(x) > 2 for x > OX that is strictly plurisubhar- 
monic on OY. If Y contains no higher-dimensional compact analytic subsets, 
then Y is a Stein manifold. 


PROOF: In Section V.3 we showed that every holomorphically convex man- 
ifold that contains no compact analytic subset of positive dimension is a Stein 


manifold. E 


5.7 Corollary. Fp is a strictly plurisubharmonic exhaustion function of 
X, then Y ={x€X : p(x) <1} is a Stein manifold. 


This is clear, since under the assumption there are no compact analytic sub- 
sets of positive dimension in X. 


Negative Line Bundles. Assume now that Z is a compact n-dimensional 
complex manifold and that F is a holomorphic line bundle on Z. Let 
m :F — Z be the canonical projection. 


Definition. The line bundle F is called negative if there is a strongly 
pseudoconvex neighborhood Y Cc F of the zero section of F. 
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We identify Z with the zero section in F, and we call Y a tube around Z. 


For an arbitrary holomorphic vector bundle V of rank s on Z we consider the 
pullback bundle 7*V on F. If U C Z is an open set, then the holomorphic 
cross sections in 7*V over 7~'(U) are holomorphic maps f :7 1(U) > V 
such that for any z € U the restriction of f to the fiber F, has values in V, 


The trivial line bundle on F is denoted by Or. Its local holomorphic cross 
sections are the local holomorphic functions on F.I Vly = U x C5, then 
the holomorphic cross sections of *V over 7~'(U) are s-tuples of local 
holomorphic functions. Since the cocycles in our theory are given by lo- 
cal holomorphic functions, we may replace Or by 7*V on F and get the 
same results for X = F and the strongly pseudoconvex set Y. So we have 
dime H1(Y¥,2*V) < o0. 


Among the holomorphic maps f :7~+(U) > V that correspond to sections 
in *V we have the maps f that on every fiber F, are homogeneous of degree 
m (with values in V,). We denote the space of these maps by Om(7~ 1! (U), V). 
It can be identified with the space of holomorphic cross sections in the tensor 
product V & F~™ (see Section IV.2). 


We choose a finite open covering Y = {U; :i =1,2,...,1} of Z. Let Y be 
the covering of F given by the sets U; =7~1(U;) We denote by ZL (Y, r*V) 
the vector space of cocycles Em = {E } with £7 € Om(a~'(Uij), V). These 
are homogeneous of degree 77 on the fibers of F'. We also call them cocycles of 
degree m. Every finite sum € = )>, & of cocycles of distinct degrees m; is con- 
tained in Z'(F,x*V) and can be restricted to Z! (Y, x*V). It is a coboundary 
if and only if all €; are coboundaries. Since the cohomology H?(Y,7*V) is 
finite, we obtain the following theorem: 


5.8 Theorem. Assume that F is a negative line bundle and V an arbi- 
trary holomorphic vector bundle on the compact manifold Z. Then there is 
an integer mo such that H'(Z,V® F~™) =0 for all m > mọ. 


Remark. A line bundle F on Z is called positive if its complex dual F’ is 
negative. Since (F’)’ = F, the above result can be reformulated as follows: 


If F is a positive line bundle on Z, then H'\(Z,V @ F ’’)=0 form> mo. 


Bundles over Stein Manifolds. Now we again consider a general 
n-dimensional complex manifold X and assume that we have a strictly 
plurisubharmonic function p in X with p(x) > 2 when x > OX. Then 
Z={x EX : p(x) <1} is called a special Stein manifold. 


We use similar methods to those in the last paragraph. Now let F be the 
trivial line bundle X x C on X and the strictly plurisubharmonic function p 
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on F be defined by 
D(x,w):=p(r) tww. 


The manifold Y = {(z,w)€ F : x € Zand p(z,w) < 1) is a strictly 
pseudoconvex tube around the zero section in F'|z. However, Z is not compact 
now; it is only relatively compact in X . The tube extends to a neighborhood 
of Z. The boundary of the restriction to Z has an "edge" OY N (OZ x C), 


But the proof of finiteness of cohomology goes through in the same way as if 
there were no edge. We have to apply the method of analytic tangents to OY 
and OZ simultaneously. If V is a holomorphic vector bundle on X, we denote 
the pullback of V to F by ©. It then follows that dimg H!(Y |z, ©) < co. But 
in this situation all the tensor powers of F are again the trivial line bundle. 
We have V @ F~™ = V for every m. From this we conclude the following: 


5.9 Theorem. If Z is a special Stein manifold (as described above) and V 
a holomorphic vector bundle on Z, then H\(Z, V )=0. 


Exercises 


1. Let E be a Fréchet space and let U =U(0) C E be a neighborhood such 
that U is compact. Prove that Æ is finite-dimensional. 

2. Let u : E > F be a continuous linear map between Fréchet spaces. Prove 
that if u(E) is finite-dimensional, then u is compact. 

3. Let E be a Frkchet space. A subset M C E is called bounded if for every 
neighborhood U =U(0) C E there is an ro € R such that M Cr-U for 
every r > ro, Show that a compact set K C E is closed and bounded. Let 
X be a complex manifold. Show that every closed and bounded subset 
K CO(X) is compact. 

4. Let X be an n-dimensional Stein manifold and Y C X a closed subman- 
ifold of dimension n — 1. Prove that the line bundle Nx (Y) is positive. 

5. Let F = O(-1) be the tautological bundle over P?. Prove that F is 
negative and that 


H'(P?,O(k)) = H (P, F) =0 for every k €Z. 


6. Let X c P? be a regular hypersurface and i :X © P3 the canonical 
injection. Prove that H!(X,i*O(k)) =0 for k € Z. 
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Enlarging: The Idea of the Proof. We wish to show that every 
strongly pseudoconvex (i.e., 1-convex) manifold is holomorphically convex, 
and that every strictly pseudoconvex (i.e., 1-complete) manifold is Stein. 
This solves the Levi problem for complex manifolds. 
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Recall that an n-dimensional manifold X is called strongly pseudoconvex if 
there is a smooth exhaustion function p on X that is strictly plurisubharmonic 
on {x € X : p(x) > 1}. 


For s > 1 the open sublevel set Xs ={x € X : p(x) <s} is holomorphically 
convex, and its cohomology—with coefficients in O is finite. We will construct 
an open set X with X, CC X by extending X, in several steps such that every 
holomorphic function on X, can be approximated by holomorphic functions 
on X. 


In the first step we choose a point xı € {x € X : p(x) = s},a local coordinate 
system around zı, a sufficiently small compact cuboid Uf around x: in that 
coordinate system, and an open concentric cuboid U; CC (Uj)° such that 
every analytic tangent A(zo) with zo € U, — X, is defined in Uj. 


By disturbing p a little bit in a neighborhood of zı, we get a new function 
p2 and a bigger set X? = {p2 < s} with X, C X? and xı € X?. We do this 
carefully enough to get X? strongly pseudoconvex again. Since everything 
happens in a cuboid, we can apply the theory of Section V.4 and obtain the 
desired approximation property for functions in X! =X, and X?. Then we 
repeat this process and construct a bigger set X?, and so on. 


Since X, is compact, finitely many set X+, X?, X3,..., XN already cover 
Xs, and we order them such that X*+! is obtained by enlarging X‘ in a 
neighborhood of some point a; € X.. Finally, X, CC X :=X%, and every 
holomorphic function on X, can be approximated by holomorphic functions 
on X. 


Enlarging: The First Step. We choose an s > 1. Then p is strictly 
plurisubharmonic in a neighborhood of 0X,;, and also on X — X,. We put 
OX, ={x € X :p(x) =s} and get OX, COXs. 


Assume that zı € OX, is a point that is the origin in a local coordinate 
system, and that Uy = {z :|z| < r} is a compact cuboid in that coordinate 
system. Furthermore, let U; CC Uj be a concentric open cuboid such that 
every analytic tangent A(xo) with xo € U — X, is defined in Uy. On A(zo) 
we have p(x) > s outside zo, and there is an £ > 0 with p(x) > s te on 
OU} N A(xo). We assume that p is strictly plurisubharmonic on Už. 


6.1 Proposition. We can add top afunction h< 0 with support U, such 
that h{a,) < 0, p th is still strictly plurisubharmonic, and the following 
approximation property is satisfied: 

If X = {x E€ X : p(x) th(x) < s}, then every holomorphic function (or 
cross section in a holomorphic vectorbundle) over X, can be approximated 
over Xs (i.e., on every compact subset of X,) arbitrarily well by holomorphic 
functions (respectively holomorphic cross sections) over £. 


ee 
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PROoF: Assume that K c X, is compact. We choose an R > 0 and con- 
sider the family A(x) of analytic tangents to the points of U1, 0 0X,. There 
is a finite set of points yj,...,y%,, € U1 N OX, such that for the defining 
functions f of A(yz) and the corresponding vector g* :=(1/ ft, ---,1/f7,,) 
we have the estimate 


|g*(x)| := max|1/f7(x)| > Ron 0X,004. 


Now we replace the points yf by points y; very near to y*, with p(y) > s, 
and the functions /* by f; (the defining function for A(y;)) such that we still 
have |g(x)| > R on OX,NU,4, for g :=(1/fi,.--51/fm,): 


We choose R and mı so big that |g(2)| < Rin K NUY. 


Now we add—a smooth function h with support U, that is strictly negative on 
U1. We let X := {z€ X : p(x) th(x) <s} and may assume that the points 
yi are not contained in X and that |g(x)| > R on X — X,. We can make h 
and its derivatives so small that p +A is still strictly plurisubharmonic in Uf 
(see Figure V.6). 


Figure V.6. The enlarging process 


Next we take an R > R and add further functions fe with x € AX, say 
fm, +1,- ++; fm, such that for g = (/fi,-.- ,1/fm) it follows that |g(x)| > R 
at every point of OX NUT, and |g(x)| < R in K NU}. Then we define 


Ô ={re ENU} : |g(z)| < R}. 
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We define U’ by replacing the number R by R in the first m, inequalities. 


We use the enlarging method of Section V.4 and prove in the same way that 
every holomorphic function in U’ can be approximated by those in U. 


Now we let U and U” increase by making the number 77 bigger (i-e., adding 
new functions) and, simultaneously, by also making R and R bigger with 
R < R. So we can construct sequences U;, Uj where the U, converge to 
Ui n X and the U; to Uj NX,. Hence, we have the approximation of the 
holomorphic functions in X, NU? by those in X n UY. 


Let W be the open covering of X consisting of the two elements Wi = X, 
and Wy =U} NX. On the intersection Wi2 we can approximate every holo- 
morphic function by those on W2. Since the cohomology of X is finite, there 
are cocycles €1,...,€; € Z'(W,©) such that the corresponding cohomology 
classes £;,...,€, form a basis of the image of 21(W,©) in H'(X,O). The 
mapping y :C* x C°(W,O) > Z'(W,O) defined by 


plar- .. ak0) = adr +--+ + argk + êl) 


is a surjective mapping of Fréchet spaces. By the open mapping theorem (see 
[Ru74]) y is an open map. 


If g is a holomorphic function in X,, then g can be approximated on Wi2 by 
a sequence of holomorphic functions f; € O(W2). Since y is open, the cocycle 
g — fı (which is a small function on W12) can be written as a sum f; +4(n;), 
with a small function f; € O(Wi2) and a (small) cochain 7;. Replacing f; — f; 
by a suitable approximation f, and 7; by a suitable (and also small) cochain 
{01,02}, we get g — f = 02 — el, with a € O(W1) and 22 € O(W2). The 
function 
(x) =d g(x) + 01(2) on Wi, 

f(z) +o2(2) on Wo, 


is holomorphic on X and approximates g on X, as well as we want. m 


Enlarging: The Whole Process.Let X! = X., pı =p, and hy =A. 
Then we define X? :=X and po :=p +h. Repeating the process from above 
with a suitable point z2 € 0X’, cuboids U2 cc Už, and a suitable function 
hg we obtain a new set X = X? that is defined by anew function p3 = p2 the, 
and every holomorphic function on X? can be approximated arbitrarily well 
by holomorphic functions on X°. 


Continuing in this way we can always choose the correction functions h; so 
small that the strict plurisubharmonicity is never disturbed. After finitely 
many steps we obtain the following: 
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6.2 Proposition. There is a strictly pseudoconvex complex manifold X 
with X, CC X such that every holomorphic function on X, can be approxi- 
mated over X, arbitrarily well by holomorphic functions onX . 


We have the analoguous result for cochains. 


6.3 Proposition. Assume that W is an open covering of X and that £ € 
Z'(W,O) is a cocycle with |X, =4(ns), E€ =6(n). Then, by changing n, 
the difference n — ns can be made arbitrarily small on X,. 


Remark. We can replace xX by a set Xs+, with an £ > 0, since such a 
manifold is contained in X. 


Solution of the Levi Problem. Let X be an n-dimensional strongly 
pseudoconvex manifold that as above is endowed with a smooth exhaustion 
function p that is strictly plurisubharmonic on {p > 1). 


The solution of the Levi problem will be given in three steps. First we prove 
an approximation theorem for X, and X. 


6.4 Theorem. Every holomorphic function in X,, s > 1, can be approxi- 
mated by holomorphic functions in X. 


PRooF: There is a maximal 5 with s < Ẹ < oo such that every holomorphic 
function on X, can be approximated by those on Xz. We have to prove $ =o. 
If this were not the case, we could approximate each holomorphic function on 
Xz by those on Xg,,- with ¢ > 0. This would imply the approximation of the 
holomorphic functions on X, by those on X3,- and contradict maximality. m 


Assume now that K is a compact set in X,, s > 1. Then K is also contained 
in X: for t > s. We denote the holomorphically convex hull of K in Xı by 
Ay. In the second step of our proof we show that kK, = K, for every t > s. 


It is always the case that K, Cc Ki, and, due to the approximation results, 
Kı NX, = K,. Suppose that there exists a £ > s such that K, is bigger 
than R.. Then we can find a minimal f > s with K, C Xv. It follows that 
t < t (since X; is holomorphically convex), and there is at least one point 
To € K, NOX. We choose a very small number £ > 0 and consider the set 
Xite. 


Let A(zo) C Xv+e be the analytic tangent to Xp at a. We may assume 
that there is a neighborhood U = U (zo) and a holomorphic function g in U 
such that A(zo) ={# E€ UN Xy+- : g(x) =0}, and we find a meromorphic 
function f on Xy+- with poles only on A(zo). 
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Then we construct a sequence of points x, outside of X» converging to £o 
and meromorphic functions f, on Xy+e with poles only on A(z). This can 
be done in such a way that f, converges to f with respect to the Fubini metric 
in Č (which will be described in Section VI.3). Then f, is holomorphic in 
a neighborhood of Xv, |f,(xo)| takes arbitrarily large values, and sup;|f_| 
stays bounded. By approximation we can find a holomorphic function f* on 
X, such that |f*(zo)| > sup,|f*|, i-e., zo g Ke. This is a contradiction. 

Let us give some more details for the construction of f and fy. To begin with f, 
we use the open covering Y = {Ui, U2} of Xivye given by Ui = U N Xy4e and 
Uz2 = Xy4e — A(ao). Since dim H'(Xv4e, O) < 00, there are complex numbers 
@1,...,@m such that the function a :=aig7! +...+a@mg”™ is a cocycle on U12 
that is cohomologous to zero. Then a = f2 — fi, with fı E€ O(U1) and f2 E€ O(U2). 


So we get the meromorphic function f that is equal to a + fi on U1, and equal to 
f2 on U2. It has A(zo) as polar set. 


We can find a holomorphic family of analytic tangents A(z), always given by one 
holomorphic equation gz = 0, with z arbitrarily near to xo. If m is big enough, then 
for every z we have a vector space P, of principal parts p = aig) +... tamg: ™ 
and a linear map pz : P; > H (Xtra, O). Let E, C P, be the kernel of yz. Then 
dim(#,) > 1,and there is a minimal dimension mo < m for Ez that will occur 
at generic points. Taking E, only at generic points and forming the closure for 
z —> Zo, we get a regular holomorphic family of vector spaces. If we always take 
meromorphic functions f, with principal part in Æ+, we get a continuous family 
(fz) and the desired convergence fz > f for z > Zo. 


The last step of our proof is simple: 


Let K CX be any compact set. Then K is contained in some K,, s > 1,and 
from above we know that K, = K, for every f > s. Let x be an arbitrary 
point of the holomorphically convex hull K. Then z € X+, for somet > s.Iff 
is a holomorphic function in X;, then there is a holomorphic approximation 


f € O(X). Since we have |f(x)| < supx|f|, we can conclude that |f (x)| < 
sup; |f| as well. Sox € K,, and K =K,. This proves the following theorem. 


6.5 Theorem. If X is strongly pseudoconvex, then X is also holomorpht- 
cally convex. It is a Stein manifold if and only if there are no compact analytic 
subsets in X of positive dimension. 


In addition, we have the following result. 


6.6 Proposition, If X contains a compact analytic subset A of positive 
dimension, then already A C X1. 


The proor is the same as that for K = Ki. 


We also obtain the following theorem. 
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6.7 Theorem. If X is a strictly pseudoconyex (i.e., 1-complete) manifold 
and V a holomorphic vector bundle on X , then H+(X,V)=0. 


Proor: This has already been proved for every distinguished Stein mani- 
fold X,, s > 1. By approximation of coboundaries we get the result for X. 
a 


The Compact Case. Let X be a compact complex manifold, and 
V a holomorphic vector bundle on X. We can find a pair of finite open 
coverings (Y, %*) for X consisting of concentric cuboids U; CC U* such 
that H4(U;,V) = H!(U}, V) =0 for all i. Then C°(Y,V), Z4+(Y,V) and 
Z'(&*, V jare Fréchet spaces. The finiteness of the coverings is essential here! 


Again we consider the linear mappings 
UU: Z'(H*,V) eC°(%,V) > Z' (U,V) 


such that w is surjective, v is completely continuous, and Im(u tv) = 
B! (Y, V). Since the coverings are acyclic, it follows from the theorem of 
Schwartz that dimc H!(X,V )< œ. 


All restriction maps P(U;,V) > [(U,V) are completely continuous. From 
this it also follows that id :T(X,V) — I'(X,V) is completely continuous, 
and (X, V )is finite-dimensional. So we have the following theorem. 


6.8 Theorem. /f X is a compact complex manifold, then 


dime T'(X,V)<oo and dime H*(X, V )< œ. 


Exercises 


1. Apply the results of this section to domains in C”. What do strong and 
Strict pseudoconvexity mean in this case? 

2. Let X be a strongly pseudoconvex complex manifold. Prove that there 
is a compact subset K C X such that every irreducible compact analytic 
subset A C X of positive dimension is contained in K. 

3. Let X be a Stein manifold and V a holomorphic vector bundle over X. 
Prove that for every zo € X there exists an open neighborhood U = 
U(zo) C X and holomorphic sections ,...,€v € T(X, V )such that for 
every x € U, Vz is generated by & (x), ...,€n(z). 


Chapter VI 


Kahler Manifolds 


1. Differential Forms 


The Exterior Algebra. Let X be an n-dimensional complex manifold 
and az € X a point. We consider complex-valued alternating multilinear forms 
on the tangent space T,(X) (abbreviated by T). 


We assume that the reader is familiar with real multilinear algebra! 


Definition. A complex r-form (or r-dimensional differential form) at 
x is an alternating R-multilinear mapping 


p:Tx--xToC. 
— a 


r-times 


The set of all complex r-forms at x is denoted by F”. 


Remarks 


1. By convention, F° = C. F! = F(T) is the complexification of the 2n- 
dimensional real vector space T> = Homęg(T, R). 

2. Since T is (2n)-dimensional over R, every alternating multilinear form 
on T with more than 2n arguments must be zero. So F =0 forr > 2n. 

3. In general, F is a complex vector space. We can represent an element 
y € F uniquely in the form y = Re(y) + iIm(y), where Re(y) and 
Im(y) are real-valued r-forms at x. Then it follows directly that 


dime F = (>) 
r 


4. We associate with each element y € F” a complex-conjugate element 
peF’ by setüngP(vi,-.., Ur) = (v1, .., Ur). We have: 
(a) @ =Re(y) — i Im(y). 
b) g= 2 
(c) (+y) = yty. 
(d) y is real if and only if Y =y 


Now let y € F and w € F° be given. The wedge product p Ay € F"t® is 
defined by 
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pA wer, vies Ups Uptly ++ Urts) 
1 
~ rls! > (sgn o)p(Vo(1) -+ 1 Vo(r)) * PCaw@ti)s + ,Vo(rts)) : 
, TESris 


Then yAw(v, w) = 9(v)- y(w) —¢(w)-v(v) for 1-forms p, Y, and in general: 


1. pA =(-1)"WA y (anticommutativity). 
2. (vpAw) Aw =A (vy Aw) (associativity). 


In particular, y Ay =0 for every 1-form ¢. 


We also write AF instead of F". With the multiplication “A” the vector 


space v on 
AF:=@QNF=QOF 
r=0 


r=0 


becomes a graded associative (noncommutative) C-algebra with 1.It is called 
the exterior algebra at z. 


For the moment let w; :=dz; and wn,, :=dz; for J =1,..,n. Then F is 
generated by the elements 


m, A--:Aw,,, with 1< ri <- < br S 2n, 


The number of these elements is exactly (7). So they form a basis, and every 
p €F has a uniquely determined representation 


g = X By, vp Wry Arts A Wns 
1<11 <L: up S2n 


with complex coefficients a, ...v,.. 


Forms of Type (p,q). Now we consider the influence of the complex 
structure. 


Definition. Let p,q € No and p +q =r. A formy € F is called a 
form of type (p,q) if 


p(cv1,...,cvp) = PT .p(v1,-..,Ur) for all c € C. 


1.1 Proposition. If € F" is a nonzero form dœ type (p,q), thenp and q 
are uniquely determined. 


Proor: Suppose y is of type (p,q) and of type (p’,q’}. Since Y # 0 there 
exist tangent vectors 7,...,Ur such that g(v1,...,%r) #0. Then 
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PT p0. 2.5 Ur), 
PCT plu, -. tr). 


plcev,,. -., CUr) -{ 


Therefore, PT! = c?'eY for each c € C. If c = e, then eite-9 = eite’—4’) 
for arbitrary tf € R. That can hold only when p -q =p’ - q’. Since p +q = 
p tq’ =r, it followsthat p =p and q =g’. 2 


1.2 Proposition. 


1. If p is of type (p,q), then G is of type (q,p). 
2. If py, are both of type (p,q), then y tw and A+ p (with A€ C) are also 
of type (p,q). 
3. If p isaform of type (p,q) and w of type (p’,q’), then p A% is of type 
(p +p',q +0). 
We leave the PROOF to the reader. 
Example 


We have dz, (cv) =(cv)[z,] =c- (v[z,]) =c- dz_(v), since z, is holomorphic. 
So dz, is a form of type (1,0). 


From dz, =dz, it follows that dz, is a form of type (0, 1). 


Then dzi, A Ady, A dZj A +-+- A dZj, (with 1l<a<-:- < tp < n and 
1<ji <... <j <n)isa form of type (p,q). 


1.3 Theorem. Anyr-form yp has a uniquely determined representation 
p= 5 pi) 
prqg=r 
where yp?) € F" are forms of type (p,q). 
PROOF: The existence of the desired representation follows from the fact 
that the forms dz;, A ... A dzi, Adz;, A...Adz;, constitute a basis of F“. 
For the uniqueness let 
y= 5 gird) — 5 Grn, 
p+q=r p+q=r 


Then 


5y yPD =0 for yPD r= pD) — gPa), 
p+HISr 


It follows that 


0= 5 PPD (ev, ..., CUr) = 5 PE - PD (vy, ..., Ur). 


ptq=r ptq=r 
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For fixed (v1, ...,v,) we obtain a polynomial equation in the ring C{e, €], and 
all coefficients y PD (v, ...,vy) must vanish. Since we can choose v1, ...,v, 
arbitrarily, we have p?2) = G9 for all p,q. ° 


Bundles of Differential Forms. Let X be an n-dimensional complex 
manifold. We denote by F'(X) the complexified cotangent bundle T*(.X) @C. 
It has the spaces F(T,(X)) = Homey(Tz(X),C) = T,(X)* C of complex 
covariant tangent vectors as fibers, so it is a (topological) complex vector 
bundle of rank 2n.’ It even has a real-analytic structure, but not a complex- 
analytic structure. 


If E is a (topological) complex vector bundle of rank m over X , then for 
0 <r <m we can construct a bundle NE of rank (™) over X such that 
(N E)e = N (Ez) for every x € X. If E is given by transition functions gij, 
(r) 


then A'E is given by the matrices 955 


of Jij- 


whose entries are the (r x r) minors 


In particular we have the vector bundles A’ F(X) of rank (°”), with a real- 
analytic structure. 


Definition, An r-form (or an r-dimensional differential fo rm) on an 
open set U € X is a smooth section w € T(V, N F(X)). 


So an r-form w on U assigns to every x € U an r-form w, at x. If 21, ...,2n 
are local coordinates in a neighborhood of x, then w; :=dz; and Wn, :=dzZ, 
form a basis of the 1-formson this neighborhood, and there is a representation 


wW = ` Gis, (@)wa, No A Wi, 
1Si <- <i, S2n 


where x +> ai... (£) are smooth functions. 


Henceforth, the set of all (smooth) r-forms on U will be denoted by #7 (U), 
and the subset of all forms of type (p,q) by #® (U). 


If f is a smooth function on U, then its differential df € + (U) is given by 
x +> (df),. In local coordinates we have 


af = SO fe dzy + Nfe dzy. 
vol v=1 


A (smooth) vector field is a smooth section of the tangent bundle T(X). So 
in local coordinates it can be written in the form 


t The tangent bundle T(X) is a complex-analytic vector bundle of rank n. Here 
we denote its real dual bundle by T*(X). It is a real-analytic bundle of rank 
2n (over R). The complex dual bundle T’(X) of T(X) (with fiber T](X) = 
Home (Te(X), C) ) is a complex-analytic bundle of rank n over C. 


1. Differential Forms 301 


= o Z ð 
Emb ega + iaz 


where the coefficients €,, are smooth functions. Then we can apply df to such 
a vector field and obtain 


df(é) = obi fa tY Efe 
v=1 v=1 


For any open set U the differential can be generalized to the Poincaré map 
d = dy :#"(U) > &**'(U) in the following way: 


f w = Qizi Wi, A... A wi, is the basis representation in a 
1<iy<!--<ip<2n 
coordinate neighborhood U, then 


dy(w) := X dai, i, Awi A A Win 
1< <- Lir <2n 


One can show that this definition is independent of the choice of the local 
coordinates and that d has the following properties: 


. If f is a smooth function, then df is the differential of f. 

. dis @-linear. 

dod=0. 

. dy(wly) =(dyw)|v, for we æ" (U). 

fpewr VU) and ý € £*(U), then d(pA y) =dp Ay +(-1)"vA dy. 

. d is a real operator; that is, dg = dy. In particular, dy = d(Rey) + 
id(Im vy). 


DAnRwWd 


The differential dw is called the total derivative or exterior derivative of w. 
Now we consider the decomposition of an r-form into a sum of forms of type 
(p,q). We use some abbreviations. If 7 = (i1, . .. ip) and J =(j1,.--,Jq) are 
multi-indices in increasing order, we write 
arg dzy ^ dz J 

instead of 

iy ip ji-ja ii A...A dzi, A dZj, A...A dzj,. 
So a general r-dimensional differential form w has the unique representation 


w = 5 X` ars dzz A d2y, 


p+4=r |I|=p 
|Jl=¢ 


and the Poincaré differential of w is given by 
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du = X` > dary Adzr ^ dzs. 
pra=r |I=p 
lJ|=4 


I f is a smooth function, then df =f +8f, with 
f= So fa dzv and Of = X fe, Gv. 
v=1 vol 


Here Of has type (1,0), Of has type (0,1), and df type (1,1). 
1.4 Proposition. If y is a form of type (p,q), then dy has a unique de- 


composition dg = 0¢ + Og with a (p+ 1,q)-form Oy and a (p,q +1)-form 
Oy. 


PROOF: If y= 0; ,arsdz; A dz;, define 


Op := X arg Adz A dZ and Dp = X ary A der A d2y. 
I,J 7.5 


Then dp = 0p + Oy is the unique decomposition of the (p +q + 1)-formdy 
into forms of pure type. m 


For general r-forms the derivatives with respect to z and Z are defined in the 
obvious way, (In the French literature one writes d’y instead of Oy and d'y 
instead of Ov.) 


1.5 Theorem. 

1. ð and ð are C-linear operators with d =0 +8. 

2. 00 =0, 00 =Q, and 00+ 00 = Q. 

3. 0,0 are not real. We have 

Op =p and dp = ôF. 

4. If p is an r-form and w is arbitrary, then 
Aleny) = WAL+A-)'eAY, 
alpay) = p Ay HI yA dy. 


PROOF: It suffices to prove this for forms of pure type. Then the formulas 
can be easily derived from the corresponding formulas for d and the unique- 
ness of the decomposition into forms of type (p,q). 7 


Remark. Sometimes the operator d" := i(8- 3) will be used. Then d'y = 
dg, so d" is a real operator with d°d° =0. We have dd" = 2i 00. 


A smooth function f is holomorphic if and only if of = 0. Correspondingly, 
it follows for a (p,0)-form y = }`izj=p a1 dzy that Oy = 0 if and only if all 
coefficients ay are holomorphic. Hence we make the following definition: 
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Definition. Let y be apform on the open set U CX. 
1. y is called holomorphic if y is of type (p,0) and 0p =0. 
2. y is called antiholomorphic if and only if y is of type (0,p) and 
Op =0. 
The set of holomorphic pforms on U is denoted by QP (U). 


Clearly, y is antiholomorphic if and only if p is holomorphic. 


Exercises 


1. Let X be an n-dimensional complex manifold, f a smooth function on 
X , and w a smooth form of type (n —1,n — 1)on X . Prove that 


df \d°w=dwAdf. 


2. A real differential form of type (1,1) is called positive if iw(v, v) > 0 for 
every tangent vector v # 0. Prove that i00||z||° is a positive form on C”. 
3. Consider the (n,n — 1)-form7 on C” defined by 


no = (—1)Mr-D/2 SO (- 1) ep day A+. Adz, Adz A+- Ade A AdEn 
k=l 


and calculate Oy. Let f be a holomorphic function on an open neigh- 
borhood of the closed ball B,(0), and w := (f(z)/|\z||?”) - no. Show that 
dw =0. 

4. Let X := P”. On Up :={(2 1214: --. 2%) € P” : 2 4 0} we use 
the holomorphic coordinates t, = z,/zp. Then wo = dt; A--: A dt, is 
a holomorphic n-form on Ug. Show that a holomorphic n-form on an 
open subset U C X is the same as a holomorphic section over U in the 
canonical bundle Ky. Prove that there is a meromorphic section s in Kx 
with s|y, = wo and div(s) = —(n +1)Ho, where Hp = {zo = 0} is the 
hyperplane at infinity. 
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Integration of Differential Forms. We recall some results from real 
analysis. 


Let G C C” & R?” be a domain. A closed subset M C G is called an 
r-dimensional submanifold of class @* if foreach z € M there exists a neigh- 
borhood U of z in G anda @* map £ :U +R?"-" such that: 


1. UNM =f-1(0). 
2. The rank of the (real) Jacobi matrix off is equal to 2n — r. 
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It follows from the (real) implicit function theorem that for any z E€ M there 
is a neighborhood U of z, an open set W < R", anda @* map y :W > G 
such that: 


1. y maps W homeomorphically onto U. 
2. The rank of the Jacobian matrix of y is equal to r. 


Then ¢ is called a local parametrization of M. 


An r-dimensional differential form w = 7,4 9=, 2r, ary dzr A dz, is called 


an r-form of class @* if all coefficients are functions of class k. Then dw is 
an (r +1)-form of class @*~*. We always assume that k > 1. 


If (a :B, > Bə isa @* map between domains By C C™ and Bz C C”, then 
every r-form w of class * on B2 can be lifted back to Bı by 


(B*w)g(U1,- y Ur) = waz) (PV, -a BxUr)- 


If w1,...,U2n are real coordinates in B2 then 
ğ* © Qiz.. in AUi AA dui, ) = X (anin o®) d(uj, o®) A---Ad(uji, 0 8). 


Therefore, ®*w is again an r-form of class @*. We have: 


L. O* (w A w2) = P *w A P* wo. 
2. &*(dw) =d(®*w), in particular ®*(df) =d (f © (a). 


Now let w = adzı A ... A dz, Adz, A^ ... A dZn be an arbitrary (2n)-form. 
Since dz; A dZ; = -2i dz; A dy;, it follows that 
w = a: (p0 D-day Adz, A ... A d2n A dZn 
= a. (—1nr“D/2 .(—2)"i”dzı Ady, A++- A dx, A dyn 
= a: (-1r* VP (Qi) dri Ady, A... A dEn A dy,. 


We write @ :=a- (—1)”(®+9/2(2i)”. If B C C” is a bounded domain and @ 
continuous in a neighborhood of B, then 


[oe falar ivan + iyn) derdo dann 
B B 


F M c Gis an r-dimensional submanifold of class @*, w an r-form of class 
gF, and K C M a compact subset that is contained in the range of a local 
parametrization y : W — M , then we define 


Jeon h 


The integral does not depend on the parametrization if we allow only changes 
of parameters with positive Jacobi determinant. If K cannot be covered by 
a single parametrization, then one uses a partition of unity. 
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Finally we have the famous Stokes's theorem. 


2.1 Stokes's theorem. Let G C C” be a bounded domain with smooth 
boundary and w a smooth (n—1)-form in a neighborhood of G. Then 


f v= f de. 
oG G 


The Inhomogeneous Cauchy Formula. We consider a generaliza- 
tion of Cauchy’s integral formula in the I-dimensional case. Let G CC C be 
a domain with smooth boundary, and U = U(G) an open neighborhood of 
the closed domain. 


2.2Theorem. Let f be a continuously differentiable (complex-valued) func- 
tion onU. Then, forz € G, we have 


rozz f uh f CPD ge nag 


2ri ote t Oni 


PROOF: Let z € G be fixed, choose an r > 0 such that the disk D,(z) lies 
relatively compactly in G, and define G, —D,{z). The differential form 


1 FO 


T Oni E 


is of class @! in an open neighborhood V = V (G), and its Poincaré differ- 


ential is 7 
o 
dw(z) = -5 . yee 


By the theorem of Stokes we have 


[ dle) =f ole) - [ +e - [ 2? 


IfO<e <r and Asr :=D,(z) — D-(z), then for any continuous function g 
on D,(z), 


dé A dC. 


27 
A) ing = IJ ete 9 Hao 


Aan 6 — 2 geet 


20 
aff g(z + o- e") - e7" dt do. 
€ 0 


This integral exists and stays bounded if £ tends to zero. So 


J dw(2) = J. w(z) — lim w(z). 


“9 fanz) 
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In order to show that the limit on the right side is equal to f(z )we estimate 


Hf gf) -| "jetri idi- E fioa 


2ri Jo 


= xf (f(z+ rel’) — f(z)) dt | 


< sup |f (z + rel’) — f(z)| — 0 for r 30. 
0,27 
It follows that f(z) = fagul) — fg dw(z). a 


The 8-Equation in One Variable. The Poincaré lemma from real 
analysis can be formulated as follows: 


Let GC C” fe a star-shaped (e.g., a convex) region, p € Æ" (G), r > 0, 
and dp =0. Then there exists aw € A7 (G) with dy =». 


We want to prove a similar theorem for the 0 operator. For this we start in 
one variable using the integral 


for bounded functions f € @'(G). 


2.3 Theorem. Let f € G (C) be afunction with compact support. Then 
there is a continuously differentiable function u onC with uz = 


PROOF: Choose an R > 0 such that supp(f) CC D := Dr(0). Then u := 
Chy is a continuously differentiable function on D, and we can assume that 
the integral is taken over the whole plane. It follows that 


_ 1 f f¢+2) = 


and therefore (applying formulas for the derivative of parametric integrals) 


Lf Af/0CO z 
~ sal C-2 dg Ads 


1 f uO z 
= — | > di nde 


2ri Jp C-2 
1 FQ 


2ri əp -=z 


= f(z) dC = f(z), 
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since flan = 0. a 


2.4 Corollary. Let G CC C be a bounded domain, and f € @'(G) a 
bounded function. Then there exists a continuously differentiable function u 
on G with uz =f. 


PROOF: Again we define u :=Chy. 


Let z9 € G be an arbitrary point and D := D,(z9) a disk with D Cc G. 
There exists a smooth function o on C with 

1.0<ọ<1, 

2. olp = 1, 

3, supp(e) CC G. 


We define fı := ọ- f and fo := f — fı. Then fi is a continuously differentiable 
function on C with filb = f|p, and fe a function on G with f2|p = 0. 


There exists a @ function u, on C with (u1)z = fi. The function uz := Chj, 
is defined on G, and given by 


o 1 f2(9) = 
w= zg fl Pac ad. 


The integrand is continuous and bounded on G — D, and holomorphic in z, 
for z € D. 


Obviously, u = u1 tuz on G, and on D we have uz =(ui)z = fı =f. u 


A Theorem of Hartogs. Now we are able to prove the so-called Kugel- 
satz, also known as Hartogs’ theorem: 


2.5 Theorem. LetG C C” be a domain, n> 2, K C G a compact subset. If 
G-K is connected, any holomorphic function f on G—K has a holomorphic 
extension f onG. 


PROOF: Choose an open neighborhood U = U(K) cc G and a smooth 
function ọ on C” with supp(e) CC G and oly = 1. Define 


gk := f ==, fork=1,...,n. 
OZre 


We have 2 
Əs _ p, OO _ On 
OA; ~ 02,02 OZk 
For fixed z" = (22, ...,2n) we define 


1 gil, 20,...,2n = 
u(21,22,---,2n) = Chg (2,27) (21) = ae [ Ch dg A dg. 
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Then uz, = gi (we can apply the previous corollary, since gı has compact 
support), and for & > 2 we get 


Uz, (2Z1,--+3%n) = — [ a a 
= 1 CAAH r 
= maf Coz d Ad¢ 

9k (21, 22, -..52n)- 


For z ¢ supp(g) we have uz, (z)=0, k =1,...,n. Therefore, u is a holomor- 
phic function outside supp(o). Since gi(¢,z’) = 0 for arbitrary ¢ and large 
z|, it follows that w(21, z’) = 0 for large ||z’||, and so u is defined everywhere 
and is identically zero on the unbounded connected component Z of G — K. 


There exists a nonempty open subset V of Z N (G-—supp(e)) C G — K .The 


function F := (1-— ọ) . f +u is defined on G and coincides with f on V. In 
addition, we have 


z 


i _ —f- Oz, + Uz, =~-gret+gn =0 inG— K, 
k uz, = gp = 0 in U. 


So fis holomorphic in G. " 


Dolbeault's Lemma. Before proving the 0 analogue of Poincaré’s 
lemma we need the following result. 


2.6 Proposition. Let P cc Q be polydisks around the origin in C”. Let 
g be a smooth function in Q that is holomorphic in Zp41,..-,2n, for some 
k> 1. 


Then there exists a smooth function u in Q that is again holomorphic in 
Zk+1;- -Zn SUCh that uz, =g onP. 


PROOF: There are disks E CC D around 0 in the z,-plane such that P = 
P' x Ex P" and Q =Q’ x Dx Q". Let o be a smooth nonnegative function 
on C with o|z = Land elc_p = 0. Then we define 


=| olc) -g(%1,.. + Zk—-1; 6, Zk+. 5 2n) 
C 


U(21,..-,2n) = — 
(4 ) 271 Ç — Zk 


dé ^d? 


The function u is defined on Q, and the integrand has compact support. 
Therefore, 

uz, (Z) = (e .g)(z) =9(2) on P, 
and by the rules for parametric integration we get uz, =0 fori =k+1,.-..,n. 
So u is holomorphic in these variables. . 
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2.7 Dolbeault’s lemma. Let P CC Q be polydisks around the origin in 
C”. For each p E€ &f”4(Q) with q > 0 and Op = 0 there exists ay € 
APIP) with OY =p. 


PROOF: Without loss of generality we may assume that p = 0. Let 
k < n be the smallest number such that y does not involve the differen- 
tials dZ;,41,.-.,d2,. We carry out the proof by induction on k. 


For k =O there is nothing to prove, since q > 0. 


Now we assume that k > 1 and the theorem has already been proved for 
k — 1. Then we write 


p=dz, Aat®Z, 
where a € .&f9-1(Q) and 8 € #°4(Q) are forms not involving dZk, ...,dZn. 
Ifa = L i=q-1 ajdzz (where >” means that dz,,...,d%, do not occur), 
then 
0 = dp = -di, ^A ĝa + 068 
= -Y dz Adz ( y (oad) + dp. 
v£k \J|=q-1 


Then it follows that (a;)z, = 0 for v > k. By the above proposition there 
are smooth functions A; in Q that are holomorphic in Zk+1, ...,2n such that 
(Az)z, =as on P. We define y := oy y).,-1 Au dZ3. Then 
dy = So $ (A). dz, Adz; 
|Jl=q—1v EJ 


y (e di A dzy + Ý (A3)z, dzy A 2z) 


|Jj=q—1 v<k 
ves 


dz, A y a;dz;+--- 
[J|=q—-1 
= dipAat+n, 


where 7 does not involve dZ,, ...,d%,. We see that also 8 -n does not involve 
dZ,,..., dn. 


Since B—1n = (p—dz,a)—(Oy—d2,Aa) = p—Oy, we have 0(8-n) =ðp =0, 
and the induction hypothesis implies that there is a forma € #@°4~1(P) with 
do =(8 —n)|p- Setting Y :=o +y, it follows that 


Oy = (B-n) + (d%eAatny=~ onP. 
This completes the proof. u 


We immediately obtain the following result for manifolds X : 
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If U CX is an open set and p € AU) a smooth form withq > 1 
and Op = 0, then for every x € U there exists an open neighborhood 
V =V(z) CU and aform € #4 "(V) with Ov =¢ly. 


Without proof we mention the following result, which provides more precise 
information (see [GrLi70] and [Li70]). 


2.8 Theorem (I. Lieb). Let G CC C” be a Levi convex domain with 
smooth boundary and w =>), a; dz; a smooth (0,q)-form on G with Ow =0. 
Moreover, suppose that there is a real constant M > 0 with 


\|w|| := max supla;| < M. 
7 G 


Then there exists a constant k independent of w and aformy of type (0,q— 1) 
on G with y =w and y| <k.M. 


Siu and Range generalized this theorem to domains with piecewise smooth 
boundary (see [RaSi]). L. Hormander has given a quite different proof for the 
solution of the 8-equation with L?-estimates on pseudoconvex domains using 
methods of functional analysis (see [Hoe66]). In the meantime there exists a 
big industry of solving 8-equations, but we do not want to go here into detail. 


Dolbeault Groups.Let X be an n-dimensional complex manifold and 
U CX an open subset. Then we have natural inclusions” 


E :C o MU) =6°(U) and ¢ :2?(U) 5 w”(U). 
Together with the Poincaré differential d and the -operator we get the fol- 
lowing sequences of C-linear maps: 


1. The de Rham sequence 
0> C5 (UU) E AU) 4%... 4 @™(U) 30. 


If U is diffeomorphic to a star-shaped domain, then the sequence is exact, 
ie, {f € #°(U) : df =0) = C and Z"(U) := Ker(d : @™(U) > 
ATI (UY) is equal to B"(U) :=Im(d : #"™1(U) + o&(U)). In general, 
we have only B"(U) C Z"(U) (because dod =0). 

2. The Dolbeault sequence 


0 => VPU) 5 rU) 9 aU) B. 2 (U) > 0. 


We define 
ZPUU) := {pe aU) :ðp =0} for0<q<n, 
BeUU) := (APIT (U)) forl<q<n and BU) :=0. 


Then B?-7 C ZP-4, because 00 0 =0 (respectively 0 c NP(U)), 
? Here C stands for the set of locally constant functions. 
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Definition. The complex vector space H?4(U) := Z2?:9(U)/BP4(U) 
is called the Dolbeault (cohomology) group of type (p,q) of the set U, and 
the complex vector space H"(U) := Z"(U)/B"(U) is called the rth de 
Rham (cohomology) group of U. 


We have 
H”?(U) =OP(U) and = A? "(U) =f "(U) /A( (0). 


For q > 1the condition H?4(U) =Q means that for every y € #?4(U) with 
Op = 0 there is ay € #?2-'(U) with OW = p. From the solution of the 
6'-equation (using, for example, [Hoe66], chapter IV, or Dolbeault's lemma 
and an approximation theorem due to Oka) we obtain that H?4(G) =0 for 
every Strictly pseudoconvex domain G C C” and q > 1. 


If U is connected, then H°(U) =C. If U is star-shaped, then A" (U) =0 for 
r >Q. 


Now let Q% := NT (X) be the holomorphic vector bundle of holomorphic 
p-forms on X (in particular, OY = Ox, Q4 =T'(X) and 9} =Kx). Then 
(U) =T (U, %) for every open set U C X. We construct a linear map 


D : HX, 08.) + H?1(X). 


For every € € Z!(X, 9%} there is an open covering Y ={U; :i <1} of X 
such that £ is given with respect to this covering. Then we can pass to any 
refinement. So we may assume that % is as fine as we want. 


Let € = (iz) € Z(Y 08) be given. Then &; € QP (U;;) and & +), = Eik on 
Uijk. Let (ex) be a partition of unity for the covering Y . We define differential 
forms 

pi = $ erfri € AP? (U;), fori €T. 


kel 


Here y = (yi) is an element of COX, AP°F(X)) with dp =£, since 


Pj -Pi= So en (Ek — fki) = 5 er big = bij. 
k k 


In U;; we have _ o _ 

Op, — Op; = bfi, =0. 
Therefore, a global (p, 1)-formw on X can be defined by w|y, :=0y;. Now, 
dw =0. S0 we ZP1(X). 


If € is a coboundary, E = 67 for some n E€ C°(Y,O%), then nj -n:i = 
fy = Pj — yi on Uj, and a global (p,0)-form % on X can be defined by 
wlu; = i — i. We get 
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a(—¥)|u, = 0p; — On; =w|yv,, since n; is holomorphic. 


So the assignment € + w induces a map D : H(X, 9) > H?'(X) by 
[£] + [w], where [...] denotes the residue class. One can show that this 
definition is independent of the covering X. 


2.9 Dolbeault's theorem. The map D : H'(X,Q%) > H®!(X) is an 
isomorphism. 


PROOF: We use the notation from above. To show that D is injective, we 
suppose that there is a (p,0)-form o on X with dg = w. Then dy; =Oolu;,, 
for every i € I. It follows that O(y; — e) = 0 and therefore 7; := y; — e is 
holomorphic on U;. 


Then 7 = (7) is a cochain of holomorphic pforms, with 
(57)iy = (P3 — 0) — (Yi — 8) = Sij- 
So the class of € vanishes. 


Now let an element w € Z?1(X) be given. Since dw = 0, we can find a 
covering V = {U; : i € I} of small polydisks (in local coordinates) with 
(p,0)-forms y; such that Op; = wju:. Then O(y; — pı) = 0 for every pair 
(i,j), and £i; := p; — y; lies in QP (U;;). Clearly, € = (€) is an element of 
Z(Y, Qy) whose cohomology class is mapped by D onto the class of w. This 
shows that D is surjective. m 


Dolbeault's theorem has an interesting consequence: 


2.10 Theorem. LetX be a Stein manifold. fọ is a(p,1)-form onX with 
Op =0, then there exists aform on X of type {p,0) with OW =p. 


PROOF: By Theorem B for Stein manifolds we have H1(X,0%) = 0 for 
every p, and the result follows from Dolbeault's theorem. "m 


Remark. Dolbeault's theorem is also true for forms of type (p,q) with 
q > 1. For the proof one has to introduce higher cohomology groups 
H(X, 0%), to generalize Theorem B for those cohomology groups and to 
show that H9(X, 0%) = H?4 (X). 


In an analogous way one can prove de Rham's theorem: 
H(X) = A(X, C), 


where H"(X,C) denotes the cohomology group with values in the set of 
locally constant functions (isomorphic to the singular cohomology group with 
values in C). 


Let & be an open covering of X such that all intersections U,,...., are con- 
tractible. In the case r = 2 the de Rham isomorphism 
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p :H?(X) + H?(W,C) = H?(X,C) 


is given as follows: 


Let we &7(X) be given, with dw =0. On every U, there exists an element 
By € @*(U,) with 
wily, =dB,. 


Then d(8, - 6.) =0 on Upp. Therefore, on every U,, there exists a smooth 
(complex-valued) function fy, with 


d fou = Bu — By. 
Now, d(fux — fur + fon) = 0 on Uy ya. It follows that 


Qu pr i= (fur = for + fop)lUrur 
is constant. 
So we have a = (ayy) E€ Z*(W,C), and the de Rham class [w]e H?(X) will 
be mapped onto the cohomology class [a]<¢ H?(Y,C). 
Exercises 


1. Let 79 be the (nn—1)-form defined in Exercise 1.3, and f a holomorphic 
function on an open neighborhood of the closed ball B,(0). Prove that 


(2ri)” Jato) Izl?” 


(integral formula of Bochner—Martinelli) . 

2. Let (r,) be a monotone increasing sequence tending to r > 0, and let y 
be a smooth (0, g)-form on P"(0,r) with q >0 and dy = 0. Construct a 
sequence (Yn) of smooth (0, q — 1)-forms on P”(0,r) such that 
(a) Ow, =y on P”(0, ry). 

(b) [Veyi — vp] < 27” on P”(0,r,—1) in the case q = 1,and pry = yy 
on P”(O,r,-1) for q > 2. 
Show that H?:4(P) =0 for q > 1and every polydisk P in C”. 

3. Let X be a complex manifold and r : E > X a holomorphic vector 
bundle of rank q over X. If y :Elu 3 U x C! is a trivialization, there 
are sections £, :U — E defined by ọ o és (z) = (z,e,). The q-tuple 
E = (£1,...,&q) is called a frame for E. Use the concept of frames to 
define differential forms of type (p,q) with values in Æ locally as q-tuples 
of forms. Let «&”4(U,E) be the space of (p, q)-forms with values in E 
over U. Show that there is an analogue of the Dolbeault sequence for 
forms with values in £E. 
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3. Kahler Metrics 


Hermitian metrics. Assume that X is an n-dimensional complex man- 
ifold. 


Definition. A Hermitian metric H on X is an assignment of a positive 
definite Hermitian form H; to each tangent space T,(X) such that locally 
in complex coordinates it can be written in the form 


A, = 5 gij (£) dzidzi, 


i, j=1 


with smooth coefficients gij 


If a :[0,1] + X is a differentiable arc, we can assign to it a length 


Ly(a) := [ y Howey (a(t), å(t)) dt, 


where a(t) = a,0/0t =}, af, (t)0/Oz,4+>_,, &, (t)0/0zZ, and a = (a1, . .., an) 
in local coordinates. So 


Ly (a) = f \= gig (a(t) oy (ta E) dt. 


The length is positive if a is not constant 


Now, for a tangent vector € € T,;(X) a norm can be defined by 


I$ = V H2(E, £). 


Then Ly(a) = fp l]on0/Ot | dt. There is a uniquely determined differen- 
tiable 1-form o along a defined by 


0/0 
sao (€) = Haw (£, 00/04 ). 


[|0.0/0t|| x 


It followsthat a*o =adt, witha =o(a,0/0t) = ||a,0/0t|| z. Traditionally, o 
is called the line element and is denoted by ds, though it is not the differential 


of a function. We have 
1 
Lyla) -f a*ds =f as, 
0 d 


and a* Haq) = ||la.0/dtl|2, dt? = (ds)?. Therefore, we also denote the Hermi- 
tian metric H by ds?. 
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Let Y = (U.).cr be a (countable) open covering of X by local coordinate 


charts with coordinates (z{,...,2;,). Then there exists a partition of unity 
(o) for X, and 
n 
ds? := 5 OL’ S > dz dz; 
cel i=l 


is a Hermitian metric on X. Thus we have the following result. 


3.1 Proposition. On every complex manifold there exists a Hermitian met- 
ric. 


The Fundamental Form. In a local coordinate system we associate 
to our Hermitian form H = ds? =>, j 9ijdzidz; the differential form 


w= wy | So gijdzi A dZ. 


a7 


(In the literature one often uses w = i/2 . 3° gijdz; A dz;.) We have W = 
= -Xij Jij i Adz, =w. Sow is a real (1, 1)-form. 


Let G =(gi, | i,J = 1,...,n) be the (Hermitian) matrix of the coefficients of 
H, and £, 7 the coordinate vectors of two tangent vectors £, n. Then H(£,7) = 
EG-t. 


If we apply a holomorphic coordinate transformation 


z= F(w) = (filw), ...,fn(w)), 


we obtain 


Few =i SoG oF)df; Adf; =i So Gun dw, A dūp. 


29 v, 


This can be written in matrix form as 


G(w) = Je(w)t - G(F(w)) - Je(w), 


which is the transformation formula for Hermitian forms. Thus F*wy = 
wr» H. SO the correspondence H + w is independent of the coordinates. The 
form w is globally defined. In fact, 


wE n) = i XO gig (E:T, — &5m) 


24 
= i-(€-G-7' —-G-€') 
—2Im(H(€,7)). 


The form wy is called the fundamental form of the metric H 
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Definition. A Kahler metric on X is a Hermitian metric H with 
dwg = 0. If X possesses a Kahler metric H, the pair (X wz) is called a 
Kahler manifold. In this case we also say that X is a Kahler manifold. 


In general, a Hermitian metric H does not satisfy the condition dwy = 0. 
There are many complex manifolds that cannot have a Kahler metric. How- 
ever, on a Riemann surface X every 3-form vanishes. So every Riemann sur- 
face is a Kahler manifold. 


Geodesic Coordinates. Assume that H is a Hermitian metric on the 
manifold X and that z = (z1, ...32n) are holomorphic coordinates around 
some point to E X. 


Definition. The coordinates z are called geodesic in xo (with respect 
to H) if H = $; 5 gi; dzidz; and 

1. gij (£0) = iz, ie. G(x) is the unit matrix, 

2. (giz)z (z0) =0 and (gij)z, (£0) =O for v = 1,...,n, i.e., (dgiz)zo = 0. 


We will show that the existence of geodesic coordinates is a characteristic 
property of Kahler metrics. For that we need a lemma. 


3.2 Lemma. H =), ;gydzidz; is a Kahler metric # and only f 
(935) zp = (9uj) xi and (9:7 z = (giv )z,» for all i, j, V. 
(The first equation implies the second one.) 
PROOF: Let w=wy be the fundamental form of H. Then we have 
dw = i- So (gis ev dzy ^ dz; A dZj + S (gis )e, dz, Adz ^ az; ) 
tja ty 


= i (EE o) - Wide) dan Adz) Adz; 


j vi 


+ DODICI = (gj )zL) dz, ^ dZ;) A dzi ). 


2 VI 


Thus dw _ 9 if and only if (gij)2, — (Gi), =0 and (giv)z; — (gi)z, =0. m 


3.3 Proposition. H is a Kahler metric i and only # there are geodesic 
coordinates around every point in X. 


PRoor: We consider a fixed point zo € X. If geodesic coordinates exist 
around zro, then all first derivatives of the gi; are zero there, and dw =Q at 
To- 
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Assume now that H is a Kahler metric. We take a local coordinate system 
around zo such that zo is the origin of this coordinate system and apply a 
unitary transformation z =w-U® such that Ut .G(0) .U = En. We denote 
the new coordinates by z again and the new coefficient matrix of H also by 
G such that now G(0) = En. 


Finally, we apply a transformation 
1 too. 
% Twit ow Awi, ti=1,...,n, 


where the A; = ( k,l=1,... n) are constant symmetric matrices. 
Then 


1 . 
(ziw; = dij + 2 So ai (nj 1 + wel; ) = dij + X aipwr. 
k,l k 


So the Jacobian J of the transformation is given by J(w) = En +} p Ak ‘Wk, 
with 
; i= 1,..,n 
an= (ain | Trea) 


The coefficient matrix G of H in the new coordinates is therefore given up 
to first order by 


G(w) J(w)t .G(z) .J(w) 


(En + SO Awe r, G(z) - (En + Aw) 
k l 


~ G(z) +S AL .G(z)wk +5 G(2) Aji. 
k l 


Since (z:)w, (0) = 6ij, we get (Go Z)w, (0) = G, (0) for all A. So Ĝu, (0) = 
G,, (0)}A j. The first derivatives of the functions 9;; have to be zero at 0. 
We can achieve this by setting 


ain == —(9;i)2, (0). 
Since dw = 0, it followsthat the matrices A, are in fact symmetric (use the 
equations of the lemma). So geodesic coordinates exist at xo. . 


Local Potentials. We assume that H is a Kahler metric on X and that 
U is a polydisk in a local coordinate system. We have the fundamental form 
w = 1.055 974% ^ dz; of H with dw =0. Then by the Poincaré lemma we 
can construct a real 1-formy with dy = w in U. We have the decomposition 
g =90+%1 = Ý; a, dzi +$; a; dzi. Comparing types, we get Ovo = yı = 0 
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and Ovo + Ovi =w. Then, by Dolbeault's lemma, there are functions fo, hi 
in U with ho = po and ðh, = p1. It follows that 


iðð(ilho —h1)) = Jðho + Oh, = Ipo tO =w. 


The operator idd = 4d d° is real. So we can replace h* := i (họ — hı) by 
the arithmetic mean A of h* and its conjugate. Therefore, i00h =w. The 
real-valued function h is called a local potential of the Kahler metric H. It is 
strictly plurisubharmonic, because 


ih =i X` hz,z, dzi Adz; 
ag 
is the fundamental form of a Hermitian metric; i.e., the Levi form of h is 
positive definite. 


In the other_ direction, if local potentials k exist for a Hermitian metric H, 
then w = i00h is the fundamental form to H, and dw =0. So H is a Kahler 
metric. 


Pluriharmonic Functions. A real-valued function h on an open subset 
U C X iscalled pluriharmonic if iðð =Q. In this case the 1-formy =ah-ah 
is closed (i.e., dp = 0) and purely imaginary (i.e., of the form p =iy, with a 
real form $). In fact, we have Y = —ọ. 

If U is simply connected and zo a fixed point of U, we can define a function 


g by g(x) := fi, D-Then dg =) =—ig, so dg =—idh and dg = idh. Let 
f :=h tig. It follows that 


Of = dh + idg = Öh — Öh = 0, 


so f is holomorphic. Furthermore, df =Of =2dh. 


The Fubini Metric. The complex projective space P” is one of the most 
important examples of Kahler manifolds. Let 


T :(Z0,-+-;2n) > (20 | -.- 12n) 


be the canonical projection from C"t+? — {0} onto P”. The unitary linear 
transformations La(z) =z-A‘ of C”? (with A € U(n+1), ie., A € GL (C) 
and A-A =E,) give biholomorphic transformations y =ya : P” > P”, by 
pa(n(z)) =x(La(z)). The set of these is the group PU(n + 1)of projective 
unitary transformations. If xo, £1 are arbitrary points in the projective space, 
then there exists a projective unitary transformation y with (£o) =21. 


On C™+! we have the canonical strictly plurisubharmonic function 


P(Z0,--.52n) := 2020 t--. + Zn Zn, 


3. Kahler Metrics 319 


which is positive outside of O. It is invariant by unitary linear transformations 
of CPH, 


If ro € P” is a point, we can find a simply connected neighborhood U (xo) 
and a holomorphic cross section f : U > C"+! — {0} for the submersion z. 
The cross section is determined up to multiplication by a nowhere vanishing 
holomorphic function h. We use log(po f) (or equivalently any function log(po 
(h.f})) as local potential for a Hermitian metric. Since 


iO log(po (h.f)) =idd[log(po f ) +log(h) +log(h)] = iðð log(p o f), 
we obtain a well-defined Hermitian form H on P”. Its fundamental form is 
wg =iddlog(po f). 

We now show that H is positive definite. 


Everything is invariant under the group PU(n + 1).If A is a unitary matrix, 
pa (zo) =21, and f a holomorphic cross section in a neighborhood of x1, then 
f := Lx! of opa is a section in a neighborhood of zo. So po f = (pof Jopa 
is a local potential of H near zo. It follows that Hr, (£, n) = Hx, (ps6, pan). 
Therefore, it is sufficient to prove only the positive definiteness at the point 
zo =C€1:0:...:0). 


At this point a holomorphic cross section is given by 


J: (o:i n) I (1,5,2). 


Zn zn 


Therefore, we may take as potential the function 


log(po f(Zo,-.-;2n)) = log(ht+titi +... +tnitn) 
tit; + ...+tntn tterms of higher order, 


where t, = 2;/2 are the (inhomogeneous) local coordinates at £o. Therefore, 
H(é,n) = &:7, +--+ t éna, and this is positive definite. The metric H 
constructed in this way is called the Fubini metric (or Fubini- Study metric} 
on P”. Since H is given by local potentials, it is a Kahler metric. 


3.4 Proposition. If X is a Kahler manifold, then any closed submanifold 
Y CX is also a Kahler manifold. 


PROOF: We can restrict the given Kahler metric H on X to the submanifold 
Y. Then the restricted fundamental formwy|y corresponds to the restricted 
Hermitian form H|y, which again is positive definite, and wyr |y is also closed. 
So Y is a Kahler manifold again. m 


The following is an immediate consequence. 


3.5 Theorem. Every projective algebraic manifold is a Kahler manifold. 
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Definition. Let X be an arbitrary n-dimensional complex manifold. 
We say that meromorphic functions f,...,f; on X are analytically de- 
pendent if 

rka(fi,-.-, fe) <k 


at every point where each of the functions is holomorphic. They are called 
algebraically dependent if there exists a polynomial p(w1,...,wz) that 
is not the zero polynomial such that p(f1,..., fn) vanishes identically 
wherever it is defined. 


X is called a Moishezon manifold if it is compact and has n analytically 
independent meromorphic functions. 


On compact manifolds algebraic and analytic dependence are equivalent no- 
tions. In this case one can show that the field of all meromorphic functions 
on X has transcendence degree at most the dimension n of X . For projective 
manifolds there is equality. But a Moishezon manifold is in general not a 
Kahler manifold. Moishezon's theorem states that 


A Moishezon manifold X is projective algebraic if and only if it is a 
Kahler manifold (see [Moi67], cf. also the article "Modifications" of Th. 
Peternell, VII.6.6 in [GrPeRe94}). 


Deformations. There are many compact Kahler manifolds that are not 
projective algebraic. There are even examples of Kahler manifolds where 
every meromorphic function on them is constant. 


The Kahler property is invariant under small holomorphic deformations, but 
not under large ones (see [Hi62], and also [GrPeRe94], VII.6.5). 


Definition. Assume that X is a connected (n + m)-dimensional com- 
plex manifold, Y an m-dimensional complex manifold, and 7 :X —> Y 
a proper surjective holomorphic map that has rank m at every point. 
Then (X,7, Y )is called a holomorphic family of compact n-dimensional 
complex manifolds. 


Indeed, since 7 is a proper submersion, the fibers X, = 7 ‘(y), y € Y, 
are compact submanifolds of X . When y varies, the fibers may have different 
complex structures. However, they are isomorphic as differentiable manifolds. 


3.6 Theorem. If Xo is a Kahler manifold and a :X — Y is a deformation 
of Xo (i.e., a holomorphic family with Xo = T~! (yo) for some yo € Y ), then 
there exists a neighborhood U(yo) C Y such that every fiber over U is again 
a Kahler manifold. 


On the other hand, it may happen that all fibers Xy exceptfor X, are Kahler 
manifolds. 
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The first statement can be found in many books on Kahler manifolds (for 
example in [MoKo71]). The original proof of the second statement was given 
by H. Hironaka. 


Exercises 


1. Let X be a complex manifold and E a holomorphic vector bundle over 
X. Use local frames as described in Exercise 2.3. A Hermitian form H 
on È is an assignment of a Hermitian form H, to each fiber Ey such that 
(& |E) := H (£, £) is smooth for every local frame £ = (&,...5€q). Let 
he be the matrix he := ((&|£)). Calculate a transformation formula 
of he for changing from £ to another frame £. We call H a Hermitian 
scalar product (or a fiber metric) on E if H, is positive definite for every 
x € X. In this case, prove that if rọ € X is fixed, then there is a local 
frame at xo such that ke(xo) =E; and (Oh¢),, =0. 

2. For z € C™*! — {0} consider the linear map 


Pz : CH T(z) (P”), 


which has been defined in Section IV.5. Show that the Fubini-Study 
metric H is given by H(pz2(¥), p2(w)) = (v |w). 


For z € C”+1 with |z| = 1 let Hz := {w € C”+! : (2|w) = 0). For 
w € H, with ||w]|| = 1 define 


a(t} :=7((cost)z + (sin t)w). 


Prove that œ is a closed path of length m. Using the fact that every 
geodesic on P” is of this form, prove the formula 


dist(7 (z), 7(w)) = arctan | alw) i yw -zZ | 
Z| Ww 
3. For decomposable k-vectors A = a; A-..Aa; and B =b,A-..Ab, define 
(A|B) :=det((a;|b;)) 


and |A| = (A Lan". Prove that there is a Kahler form w on Gk n locally 
given by w =i00 log|A}. 

4. Assume that X is a connected complex manifold and that A C X isa 
nowhere dense analytic set. Prove that if h is a bounded pluriharmonic 
function on X — A, then it can be extended as a pluriharmonic function 
to X. 

5. Let B C C” be a closed ball. Is there a plurisubharmonic function A on 
C” — B with lim, pg h(z) =—0oo? 

6. A Kahler metric H on a complex manifold X is called complete if X isa 
complete metric space with respect to the associated distance function. 
Construct a complete Kahler metric on C” — {0}. 
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4. The Inner Product 


The Volume Element. Let X be an n-dimensional complex manifold 
with a Hermitian metric H, and w =wy the associated fundamental form. 
For zo € X it is possible to choose coordinates 21,...,2, such that £o is 
the origin and g,;(%0) = 6;;. Therefore, Hz, = >>, dz,d%;. These are called 
Euclidean coordinates. We calculate the 2n-form w” in these coordinates at 
To. 


We have w =i . „dzą AdzZ,, and so 


u = (i Y lde, + idy) A (dzy — idy,))" 
- (i 52de Ady)" 


= 2. (Sdr, Ady). 


vol 


A simple induction on k shows that 


n k 
(> dz, ^ av, =k! ŅO day, Ady, A+++ Adan, A dyn. 
v=1 


Wvi<e <p Sn 


It follows that 
w” =2" n!dzi Ady, A... A dEn A dyn 


and 


l 1 
dzi A dY A... A^ dEn A dyn = ya nk =y (—2Im Ha)” 


Remarks 
1. In general coordinates one would get 
w” =2" n! gdzı A dy A---Adx, A dyn, 
where g = det(gi; |i, j =1,...,n). 
2. In the literature one finds other formulas: 
If w is defined by w =4).,, dz, Adz,, then 
w” =n! dzi A dyi A ... A dEn A dyn. 
If, in addition, the wedge product is defined in such a way that pA = 
s(yau -4y Qp) for 1-forms y and %, then w = —4 Im Hand 


1 1 n 
dz, Ady, A .-. A d£n A dy, = (73 mH) 
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Definition. The 2n-form 


1 
= w 
2n! 


dV : 


1 
me 2] n 
2n nit mH) 
is called the volume element associated to H. 


The traditional notation “dV” does not mean that the volume element is the 
differential of some (2n —1)-form. It is easy to see that this is impossible, e.g., 
on compact manifolds. Moreover. in the case of a compact Kahler manifold 
(X,w) it follows that fyw” =2"n! fy dV >0. 


4.1 Proposition. If (X,w) is a compact Kahler manifold, then w* defines 
a nonzero class in the de Rham group H?*(X) for 1< k <n =dim(X). 


PROOF: Itis clear that d(w*) =0. Suppose that there is some (2k — 1)-form 
p with dp =w". Then d(pAw"~*) =w”, and by Stokes's theorem 


[=] apaw) = f paw * =0. 


6X 


This is a contradiction. E 


The Star Operator. Let z1,...,Zn be Euclidean coordinates at £o € X. 
We use real coordinates in the following form: 


Z1 = U1 t+ IU2;.. o., Zn = Uan—1 + iUn. 


Then any r-form ọ can be written as y =}; ardur, where the summation 
is over all ascending sequences I = (i1,.. . ir) L< iy <e <i, 2n. 


Definition. The (Hodge) star operator x : W(X) > &?"-"(X) is 
the C-linear map defined by 


* dur = Err- dur, 
where J UT’ = (1,...,2n}, I nI" =Ø, €r r = +1, and 


ELI dur A dur =dV. 


The star operator depends on the metric (which determines Euclidean coor- 
dinates) and on the orientation (which is determined by the order of the real 
coordinates), but on nothing else. Soit is globally defined and invariant under 
unitary coordinate transformations (in the sense that » (p o F)= (xọ)o F 
for these transformations). 
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4.2 Proposition. 
1. If yp is anr-form, then**p =(-1)"- p 
dV afl =J, 
0 otherwise. 
3. x is real; i.e., xp =*Q. 


2. dur nsduz= f 


PROOF: (1) We have x x dur = Er ,1Er, dur, and 

ep Err dup Adur = ep gerr (1C dur A dur 
er (1Y dV 
(-1)" duy A dur. 


(2) dur A x duj = Ej, ydur Aduz =0 if IOJ AO, and = dV if J’ = J’. 
(3) We have +(Rey + iImy) = +(Rey) + i *(Imy), by definition. s 
If p = So, ardu; and 4% = } j bsduy, then 


prAry= Š arbjdur Axduy = DEAL 


In particular, this expression is symmetric in y and 7. 


Now we define * (y) :=* p. This is a complex antilinear isomorphism between 
A(X) and f?"-"(X). 


We get pA¥w = (3, a7b7) dV and yA ¥ = (0,\a7|") aV. 


The Effect on (p, q)-Forms. We calculate ¥ y for (p,q)-forms pp. 
4.3 Lemma. If gp =dz; A dz ; with \I| =p and |J| =q, then 
pAp =P dV, 


PROOF: We write I =M UA and J = M UB, with pairwise disjoint sets 
A.B,M CN := {1,...,n/such that dzy Adz; =codz4 A dZg Awm, where 
wM =|] em dz, \dz,, and |co| = 1. 


Let m :=|M|. Then wm = (—2i)” Jl em dUan—1 A du24. The remainder 
dza A dZp is a form of type (p - m,q - m). 


If, for example, A ={o4,...,as} (with s =p — m),then 


dzą = (dtiza,-1 Tidtia,) ^+. A (du2as-1 F idura,) 


= Yi Y ocduac ^ dua, 
v=0 |Cj=v 
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where C c {1,...,s} is an ascending sequence of length |C'|, ac the sequence 
of the 2a, — 1, i € C, and a’ the sequence of the 2a;, i € C; oo is a number 


equal to +1. So we have S$3_, (2) = 2” summands. The analogue will be 
obtained for dZp. 


Altogether we see that y = dz; Adz, is equal to 2™ times 2?+9-?” different 
monomials cg dux with |cx| =1. So 


pAžp= S_|2™- cx)? ) dV = 2+ dV. 


Again let y = dz; A dz, with |I| =p, |J| =q and p +q = r. Then *¢ isa 
(2n —r)-form, and it can be written as 


* = 5 5 akr dzZg ^ dz, 
vt+p=r |K|=n—v 
[L|=n—ps 
with certain constants ag z. 


Now we apply the unitary transformation F(z) =z- C+, with 

eiti 0 

C= wee , t €Rfori=1,...,n. 
0 eitn 
For I = {i1, ... ip} C N={I,...,n/ we set t; :=ti, t... tt: Then 
F*y =exp(i(t; —ty)) .y 
and 
(F-')*(axr dZg ^dzL) =axz-exp(i(tx —tr))-d@x ^ dzz. 
Since the star operator is invariant under unitary transformations, we have 
(F=) (x (F*p)) = * 9. 


It follows that 


* p =exp(i(tr _t,)) . 5 Sakr .exp(i(th —tL))dZK A dzz. 
vt+p=r K, L 


The uniqueness of the representation implies that 


exp(i(tr ttg -tj -tL)) =1 forall K, L. 
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Arbitrary t; are allowed. If we choose them all very small, then tz ttg = 
ty+ty. 


If there is a pair (K,L) with TU K Æ J U L, then for example there is an 
i€ T that is not contained in JU L. Setting t; #0 and t; =0 for j Æ i gives 
a contradiction. Therefore, p t(m—v) =q+ (n-un). On the other hand, we 
have v + u =p +a This is possible if and only if q =p and p =v. *p isa 
form of type (n-q,n —p), and we can write 


KY = 5 agr dzg Adzy. 
|K|=n—p 
|Ll=n—@ 


We consider an index i € T UJ. There are three possibilities: 


1. fi € I andi ¢ J, then i must lie in L, since we always have [UK = JUL. 
We choose t, =€ (positive, but very small) and t, =0 for j Æ i, and we 
consider the equation tz +th =t;+tz. Since ty =£, tg > Oandt; =0, 
it follows that tz > £, and therefore event; =€. But then tg = 0. This 
implies that ¿i € Landi¢ K. 

2. If ie J andi ¢ J, then analogously i€ K and ig L. 

3. Fic INJ, then ¢ contains the term dz; A dz; and therefore the term 
duzi—1 A duzi. This implies that duz;—1 A dug; (and therefore dz; A dz;) 
cannot occur in * g. 


SoTUK =JUL = {1,..,n} and *«y =adzyp A dz, with some constant 
factor a. We may assume that €z, =ez,yp = 1. 


4.4 Proposition. In the above notation 


with a= gpra-njin¢_yyain—p)+n(n+1)/2 


*(dzy A dZ) = Gdzyp Adzy 


Proor: For ọ = dz; Adz, we have 


preg = dzy; Adzz A (G@dzp Adz) 
a(— 1) =P) dzy A dzy AdZj A dZy 
ur) tn(r—)/2 (dz, A dZ1) A -++ A (d2n A dZn) 
ya p)+n(n—1)/2(_9))" dV 
yan p)tn(n—1)/2tnonin qV, 


j 


= a(- 
a(— 
(— 


= a 


On the other hand, we know from the lemma that pA*y = 2+1 dV. Com- 
paring the coefficients, it follows that @ = 2ta" į -"(— L)ar—P)tn(n+h)/2_ 


Remark. The formula is valid only with respect to Euclidean coordinates. 


And one has to observe the rule that ezp =E y = 1. 
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The Global Inner Product. We work on a compact Hermitian man- 
ifold X. Let % = {Uy,...,Un} be a finite open covering of X with coordi- 
nates, and (g;) a partition of unity for %. If ¢ is any differentiable 2n-form 
on X, we define the integral 


N 
[oad I ov. 


(In local coordinates op% has the form c(z1,...,2n) dV with a differentiable 
function c with compact support. We already know the meaning of the inte- 
gral over such a 2n-form.) One can show that this definition is independent 
of the choice of the partition of unity. 


If y is anr-form, then y =yA* vy is a 2n-form that locally is equal to a form 
edV, with c > 0 and c(z) =0 if and only if yy =0. 


Definition. The inner product of two r-forms y, y on X is defined by 


(p, p) = f eazy. 


4.5 Proposition. 


1. (pı + yo, Y) = (p1, Y) + (p2, Y). 

2. (c-p, Yy) =c: p, p) 

3. (Y, p) = (p, 4%). 

4. (p, p) 20, and (y, y) = 0 if and only if p = 0. 


PROOF: (1)and (2) are trivial. 


(3) We have PA¥Y =Y Axpo =p AFŲ. 

(4) It is clear that (y, y) > 0 always. If p Æ 0, then there is a point rp € 
X with Pro Æ 0. If zo € U, and o (zo) > 0, then we can find a small 
neighborhood V = V(z 9) CC U, such that gpp =cdV on V,with c > 0 
everywhere in V, It follows easily that (y,y) > 0. n 


Since (..., ...) is a Hermitian scalar product on æ" (X), a norm on this space 


is defined by ||y|| :-=(¥, p)”. 


4.6 Proposition. Twoforms of dzfferent type are orthogonal to each other. 


Proor: Let y, % be two forms of type (p,q), respectively (s,t),such that 
p tq =s tt =r. Then yA *y is a form of type (płn -s,q +n - t). If 
s >p, then q >t and therefore q tn — t >n. Ifs <p, then p tn -s >n. 
So pA*y =0 in these cases. = 
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Unfortunately, æ" (X) is not complete in the induced topology, so that we 
cannot apply Hilbert space methods directly. We will show how to construct 
a closure of &/"(X). 


Currents. Let X be a compact Hermitian manifold. A sequence y, = 
52, arx du; of (smooth) r-forms on X is said to be convergent to zero in 
a" (X) if for every a all sequences D“a;,, are uniformly convergent to zero. 


Definition. A current of degree 2n—r is an R-linear map T : #"(X) > 
C such that if (y,,) is a sequence of r-forms converging to zero, then T(y,) 
converges to zero in C. 


The set of all currents of degree 2n —r is denoted by #7(X)’. 
Examples 


1. A current of degree 2n is a distribution in the sense of L. Schwartz. 
2. Let w be a differential form of degree 2n — r. Then y% defines a current 
Ty, of degree 2n —r by 


Tyle] := f WAY. 


It is easy to see that Ty is, in fact, a current. So #?"~"(X) C W(X)’. 

3. Let M C X be anr-dimensional differential submanifold. Then a current 
Tm is defined by Tule] := fy p- Therefore, we say that a current of 
degree 2n —r has dimension r. 


Let (pv) be a sequence in &"(X) converging to some r-form g (i.e., pv —p > 
0). Then also *(y, — p) > 0, and therefore T,,[¥(y, - y)| > 0 in C for every 
Y € £"(X). It follows that 


lim (w, gv) = lim YAP = jim Typ] 


H> CO v=o 


Tyko] = fene = (4, p)- 


ll 


Definition. For T € &"(XY and y € #?"-"(X) we define 


In particular, we have (Ty, p) = (Y, p). If Yy > ¥, then (Ty, p) = 
limpo (Yv , p). This motivates the following. 
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Definition. F (w,) is a Cauchy sequence in o/?"~"(X), then T = 
limyoo Yvy € B"(X)’ is defined by 


(T, p) = jim (wy, 9) 
The limit T is called a square integrable current. 


We omit the proof that T is actually a current. 


Before defining the notion of a limit of a sequence of currents we note that 


T= lim, 4 (T,9) - (WP) + 0 for all y € ?"-"(X) 
<= Tle] -Ty [p] > 0 for all y € 7(X). 


Definition. A sequence (7,) of currents in "(XY is called convergent 
to a current T € &"(X)' (written as T = limps 7;) if 


Jim (Tle) — T,|y|) =0 for all y € 2” (X). 


We state the following without proof. 


4.7 Theorem. The space &"(X) of currents of degree 2n —r is complete; 
i.e., every Cauchy sequence converges. The set of square integrable currents 


forms a complete subspace of &™(X)', which we call the closure a” (X) 
of the space of (2n —r)-forms. 


Exercises 


1. Compute the volume of the complex projective space P” with respect to 
the Fubini metric, and the volume of a p-dimensional linear subspace. 

2. Let (X,w) be a compact Kahler manifold and Y C X a closed subman- 
ifold with dim(Y) = m. Then vol(Y) = c. fp w” for some constant c. 
Calculate this constant! 

3. Try to define the product of a current and a differential form! 

4. For T € @"(X)! define dT € a&**1(X)’ by dT[y] :=(-1)"t!T [dy]. Show 
that dT is in fact a current with d(dT) = 0. Calculate dT for the case 
that T is a form or a submanifold. 
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Adjoint Operators. A complex vector space with a Hermitian scalar 
product is called a unitary vector space. Let Vi, V2 be two unitary vector 
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spaces, and T : Vi > Vz an operator (i.e., a C-linear mapping). If there 
exists an operator T* : V2 => Vi with 

(T(v) ,w)= (v, T*(w)) forve View Ee Va, 


then T* is called an adjoint operator for T. It is clear that T* is uniquely 
determined, but in general it may not exist. 


If Vi, V2 are unitary vector spaces and T :Vı > V2 is a continuous operator, 
then it follows from the Cauchy—Schwarz inequality that yv +> (Tv) , w) is 
continuous for any fixed w € Vo. If Vi, V2 are Hilbert spaces, then it follows 
by the Riesz representation theorem that there exists an element T*(w) with 
(T(v), w)=(v, T*(w)), and that w> T*(w) is continuous. 


Now let X be an n-dimensional complex manifold 
5.1Lemma. IfX is compact andy a (2n—1)-form onX , then fy dp =0. 


Proor: Let Y ={U, :v =1,...,N} be a finite open covering of X by 
local coordinates and (g,) a subordinate partition of unity. We choose open 
subsets Už CC U, with piecewise smooth boundary and supp(o,) C Už. 
Then 


[2E j AE [dow =X [ve = 0 


by Stokes's theorem. . 


5.2 Proposition. The operator 6 := —*d* : &"*1(X) + W(X) is the 
adjoint of d:&7(X)—> £" (X). 


PROOF: Let p € @(X), y € W"*!(X) be two arbitrary forms. Then 
pA*w is a (2n — 1)-form, and 


d(pA¥w) =dpAewst (-l)"pAdzy. 
Therefore, 
= ey = | d(pAxW)—(-1)! A dk 
(dy, ¥) [derw f (pARB) —( yfo 7 


= _7\rt14+2n-r EX —_ EE dF 
(-1) [ entrar [ oraa) 
= (p, —¥d¥W). 
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5.3 Proposition. The operator © := —¥ OF : APLUX) + APX), re- 
spectively 0 := —*O*K : A PIti(X) + o@?:4(X), is the adjoint of d, respec- 
tively ð. 

PROOF: We consider only the first case. Let y be a form of type (p,q) with 

p +q =r and ¥ a form of type (pt 1,¢). Then y A ¥¥~ is a form of type 
(n- 1,n) .Therefore, 0(p A ¥w) =0 and 


dlp A* yY) =8lp A FY) =OPAFY t(-1)"PA OEY). 


It follows that 
(p, y) = Jonze = | densi- f procy) 


= Cymer | gaxeagy) = (p, -707V 
X 


5.4 Proposition. We have 


16=0+49, o 
2. 66 =0, v =0 and UY =0, 
3. 09+ 39 =0, 


4. Jp = 0P) and Ip = VF). 


The proofs are trivial. 


The Kahlerian Case. Now let X be an n-dimensional Kahler manifold. 
For the moment X is not assumed to be compact. A canonical operator 
L :A"(X) > &*t?(X) is defined by 


1 
Ly = 9 p A Ww, 
where w is the fundamental form. If ọ is a (p,q)-form,then Ly is a (p+1,q+1)- 


form. Since dw = 0 and w is of type (1,1), we also have dw = ðw = Q. It 


follows that . 
ðLy = J" Aw) = Jd Aw = Loy 


and 


In addition, we have 
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5.5 Proposition. If X is a compact (Kahler) manifold, then the adjoint 
operator A :of™+?(X) > &"(X) of L is given by 


A= (-1)"F L3. 


PROOF: If ~ is an (r +2)-form, then w A xY is a @72 — r)-form, and 


1 1 r — _ 
(Ly, y) = f erwnze = 3 fav KEW A kY 


= (y, (-1)"*L¥y). 


Note also that A is a real operator: Ay = AG. 


5.6 Proposition. The commutativity relations OA = AY and 0A = Ad 
hold. 


We leave the proof to the reader. 


Bracket Relations. Let k,l be integers, and S :.@/"(X) > o&7t*(X), 
T :"(X) => @*"(X) linear operators that are defined for every r. Then 


[ST] := SoT -To S:8"(X)— girth 


is called the bracket or the commutator of S and T. 
Example 


As we have seen above, 6,9 : 8&7 > £A"! and A : A" ~ A"? have the 
brackets [9, A] = [ð, A] = 0 (as operators from &" to &"~%). Before we 
calculate more brackets, we have to calculate vy very explicitely for a form 
g of type (p,q). For that we need geodesic coordinates. So everything that 
follows is valid only on Kahler manifolds. 


Let p =o, 7 UJ dz; \dz,; be an arbitrary (p,q)-form. We consider geodesic 
coordinates at a point zo € X such that w = i X}, dz, Adz. Then 


žo = du ¥(dz; A dz 3) = a(p,q): Dm dzy A dz", 
, oJ 


where a(p,q) = Ptn in(—1)e-P+n(n+1)/2, and ezp = ery = 1. Ina 
neighborhood of zo the formula is more complicated, because the coefficients 
gi; Of the metric are involved. We have to apply ô in this neighborhood, but 
because we are working with geodesic coordinates, we obtain the exact value 
at zo by simply applying ð to our representation of ¥ p at zo. It follows that 


dey = alp, g) (CDP SOS. lars) der ^dZy Adzy. 
I,J €J 
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Now we need some notation. 


If J = (j1,.-+,Jq), then J(v) := (iiss +s Jorja) for v = 1,...,q. Further- 
more, let /* and J*(v) be arrangements of I, respectively J(v), such that 
EP I* = Eljo, J’), J* (w) =1. 


Then dz = (—1)?~») dz; and dE js) = (—1)P tara KAOT and 
we get 


vy = ~*¥OxY 


q 
= —a(p, q) ` a(n p, n-—-q4 1) ` ( 1)” 7? Slana, dzī ^ dZ J+ (v) 
I,J v=1 
a(p,q)-a(n — pn —q+1)-(-1)” ptp(n—p)t+n—qtq(n—q) 
q 


x SUSE 1)" (ara) a, dzi AZ) 


I,J val 


= 2-(-1)P 3 XCD (ars)z,, der A dZ Jq). 


I,J v=1 


Ii 
P 


5.7 Theorem. Ona compact Kahler manifold (3, L] = i ð. 


PROOF: In order to calculate Ly and Liy for a (p,q)-form p we begin 
with 


Lp = qe Ae (since y Aw =wAy) 
i n 
= (i$ enw) dary der ^ ds 


i 
= 5OY Ð andza dey Ad3y A dz. 


I,J AEN’ 
From that we get 
J Le = 
= i(PYSO SO (DPH (arsa dzy Adzy Adz, 
I,J sels’ 
q 
+iCDYS DO DOOD (ars) z,, dex Adzr A dz Adz sy) 
I,J AEIINS' v=1 


= DD 5 (arJ)z, dza A dzī ^ dZz + yo, 
I,J sens! 


with 
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q 
Qo == i- 5y 5 XO- ara)ex, dz, Adz; A dZ) A dZJ (w) 


T,J ETN! v=1 


On the other hand, 


Lig = am Avy 
n q 
= ( So day A z) A (1P XO X (D arse, dzi A d2 50) 
A=1 I,J v=1 


g 
= iŅ X YE CU (ars) z,, dza Ader ^ dZ NdZ 3) 


I,J v=ldEl'nd (vy! 


4 
= iSO SCD (ars) 25,425, A der A dzy 


+ 


iS> SS SOC (ars), dza dar A d2y A div) 


I,J] AEI'QJ' v=1 


= —i (arz)z, dz, A dzī ^ dZj + ¢0- 
IEJ AEL OS 


In total we obtain 


JLo — Ly =i 5 X (ar)a dz, Adz; Adz, = i0¢. 
T,J de! 


5.8 Corollary. [64] =-i0, [0,AJ=—-i9 and [0,A] =i ð. 


The proof is an easy exercise. 
The Laplacian. Let X be an n-dimensional compact complex manifold. 
Definition. The (real)Laplacian A : @"(X) + &"(X) is defined by 
Ay := (dô + dd)y. 
The complex Laplacian O : APX) + @?4(X) is defined by 


up:=(004+ Vd)y. 


Since d and 6 are real operators, A is also real. 


5.9 Proposition. Ona compact Kahler manifold, 
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Proor: We have 89 = —39 and 0% = —V ð, as can be seen from the 
bracket relations. Therefore, 


iO = —i(ðð +ð) 
= A-id) +(-id)d 
= (ðA — Ad) + (3A — A8)ð. 
From this one easily derives that —i O =i D. s 


A further consequence is 


iD =a(0A — Ad) + (A — A8) = i (3V +48). 


Therefore, O = 09 +090 and Dp = (00 + 30)G = OF; i.e., O is a real 
operator. 


5.10 Proposition. On a compact Kahler manifold, 0 = 


PROOF: We have 


A dé + ôd 
(a +d)\(9 +9) + (6+0)(0 +9) 
(3890+88) +(00+00) 


2 


This formula is not valid on general compact manifolds! 


Harmonic Forms. Let X be a compact Hermitian (not necessarily 

Kahler) complex manifold. We define 

B(X) dæ (X), 

D(X) := 8A" (X), 

KH" (X) 
a 


I 


"(X {pE @"(X) : Ap =0}. 


The elements of 4#" (X) are called harmonic forms. 


Example 
For calculating the star operator on (p,q)-forms one needs the number 
a(p, q) = 2Pra-nin(—ygr—P)+n(n+1)/2_ F n = 1,then a(1,0) = —i, a(0,1) =i 
and a(1,1) = —2i. It follows that in geodesic coordinates 

Af = é6df = —*d*(f,dz+ fzdz) 


-F d(i fz dZ — if, dz) 
—4fiz => — frz — fyy- 
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This motivates the name "harmonic." 


5.11 Proposition. 


1. pE KH” 4 dp =dp=0. 
2. The vector spaces B°, D, and H~% are mutually orthogonal. 


PRooF: (1)If Ay =0, then (y, ddy) +(y, édy) = 0. But (p,ddy) = 
(dy, 6y) and (p, ddy) = (dẹ , dp). Therefore, dp =p =0. 


(2) We have (dp, év) = (y, 66W) = 0 for all y,v. And if Aw = 0, then 


(dp, Y) =(y, ôy) =0, and analogously, (60, Y) = (g, dw) =0 for all p, a. 
So the spaces are mutually orthogonal. . 


5.12 Hodge theorem. TX is a compact Hermitian manifold, then 


of” (X) = B"(X) ® D(X) © H(X). 


PROOF: We give only a sketch of the proof. For more details see [dRh84), 
[Schw50], or [GriHa78], and for a very explicit and rather elementary proof 
see [War7]1]. 


CDE we assume that æ” is finite-dimensional, then the proof is very easy. We 
let V be the orthogonal complement of 4" + 2". Then #” =Z GF @V, 
and it follows immediately that Ay = 0 for every » € V. 


(2) If æ" is infinite-dimensional, then we consider its closure, the Hilbert 
space 7? of square integrable currents. We can define derivatives of currents 
hy 


So it is possible to speak of harmonic currents (i.e., currents T with AT =0). 
Now, the Laplacian is an elliptic operator, the definition of which we now 
recall. 


A linear differential operator P has locally (in real coordinates u1,...,4,) 
the form 
P = X ag(u)D* : €” (U, R”) > €” (U,R*), 
la|<k 
with (Nx M) matrices a, and D® =0!@!/(du?? ...du%"). Then the symbol 
of P at u is the linear map 


op(u,€) = >> ae(ujg* :RY >R“, 
jal=k 
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which depends on € € R” — {0}. The operator P is called elliptic if op(u, €) 
is injective for every u and every € 4 0. Since oa (u, £) = —||€||?-id, it follows 
that A is elliptic. 


We state the regularity theorem: 


Let P :.f"(X) > of"(X) be an elliptic operator, and p an element of 
A(X). If there is a square integrable current T with P(T) =, then 
there is an r-form Y% with T =T. 


If ¥ is the orthogonal complement to Bog in £7, then simple Hilbert 
space theory implies that 2? = Z" @ 2" & W, and the sum is orthogonal. 


Just as in the finite-dimensional case it follows that A(¥) = 0, and using 
approximation of currents by forms one sees that every harmonic current 
belongs to W. From the regularity theorem it follows that ¥ = #". 


Finally, one shows that if ~ is an r-form and Ty = T +S+T,, with a 
harmonic form y and currents T E€ Z", S € #, then there are also forms 
TEB, oE D suchthat y =r to tye. . 


5.13 Theorem. If X is a compact Hermitian manifold, then H™(X) = 
H(X). 


PROOF: The de Rham group H(X) is the quotient of the closed forms 
modulo the exact forms. Let y € #"(X) be given with dy = 0. Then we 
have a unique decomposition y = dy +ôọ + Hp, with A(Hy) =0. Now, 


(60,60) = (£, do) (because of the orthogonality) 
= (dp,Q) =Q. 


So p = dy + Hg, and we define h : H(X) > H(X) by h : [p] => Ay. 
This is well defined, and since y = dy <> Hy =0,it is injective. If a is 
harmonic, then da =Q and Ha =a. So h is surjective. . 


Remark. By the theorem of de Rham we have H"(X) = H’(X,C). There- 
fore, B,(X) :=dimce(J@"(X)) is a topological invariant. We have 


By (X) = by (X) = rk(H"(X,Z)), 


the rth Betti number. In Chapter IV only b, was introduced, since we did 
not work with higher cohomology groups. 


5.14 Theorem (Poincaré duality). On every n-dimensional compact 
Hermitian manifold we have H™(X) = H?™-"(X). 
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PRooF: It is easy to see that %A = A*. Therefore, * : (X) > 
yem-r(X )is an isomorphism (depending on the metric). Then we apply 
the previous theorem. Ë 


Remark. The original Poincaré duality states that there is an isomorphism 
Hf" (X,Z) > Hən—(X, Z). Our theorem here is a very weak version of this 
topological result. 


Consequences.Let X be an n-dimensional compact Hermitian manifold. 
We define subspaces of #?7(X) by 


BPI — BAP 
QPA > DP It) 
wera = {pe 04 : Dp = 0}. 


We have Ly =0 <> dy = ve = 0, and therefore the three spaces are 
mutually orthogonal. 


5.15 Decomposition theorem for (p,q)-forms. We have 


APT = BIG GP gy APA, 


The proof is the same as in the case of r-forms. One needs the ellipticity of 
O, which can be shown directly (and is trivially given on Kahler manifolds, 
since then O = 3A). 


5.16 Theorem. H?4(X) = HP4A(X) for all p,q. 
The proof is the same as for H” (X). 


5.17 Finiteness theorem. dime H?9(X) <œ for allp,q. 


Using the theory of elliptic operators one can prove that #7?% is finite- 
dimensional. This implies our result. On the other hand, we know al- 
ready from Dolbeault's theorem that H?°(X) S QP(X) = H°(X,0%) and 
HP1(X) = H1(X,04,), where 0% is the complex analytic bundle of holo- 
morphic p-forms. By the results of Chapter V these cohomology groups are 
finite-dimensional. This can be generalized to higher cohomology. So we have 
two different ways to prove the finiteness theorem. 


5.18 Serre-Kodaira duality theorem. On an n-dimensional compact 
Hermitian manifold H?4(X) = H"-P.r—-4(X) for all p,q. 


Proor: It is easy to see that xO =L1¥. Therefore, * defines an isomor- 
phism from P4 onto 2° 2" 7, E 


As mentioned above, Poincaré duality can be proved by topological means. 
This is not possible for the Serre—Kodaira duality. 
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Now we consider applications to Kahler manifolds. 
5.19 Theorem. FX is an n-dimensional compact Kahler manifold, then 
1. (X) = QD P(X). 


pt+q=r 


2. HEP X) = H(X). 


PrRooF: (1)Iify € #”, then there is a unique decomposition 
p= SF yp, 
ptq=r 
with py?) € 1, It follows that 
0=Ay= 5 Ag 
p+q=r 


If X is a Kahler manifold, then A = 20. Therefore, Ay?) is a form of type 
(p,q). The uniqueness of the decomposition then implies that Ay = 0 for 
all p, q. So pP) € HPX). 


(2) Since D is a real operator on Kahler manifolds, complex conjugation 
defines an isomorphism from PI to WAP, 7 


5.20 Decomposition theorem of Hodge-Kodaira. For every compact 
Kahler manifold and every r, 


H(X) @ HP4(X). 
pt+q=r 
In particular, 
H’(X,C) = H'(X,Ox) @ H°(X, 0) 
The theorem of Hodge—Kodaira follows immediately from the decomposition 
theorem on harmonic forms. 


We define 8p,q(X) := dime H”4(X). Then we have the equations 
1. Br = ptg=r Bars 


2. Bp. = Bap» 
3. Bp.q = Bn—pn—a 
4, Br = Bon—r- 


5.21 Corollary. Jfr is odd, then B,(X) is even. 


PROOF: We have 
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Br = 5 Bpa = 5 Bpa + 5 =2. > bpa: 


pt+q=r ptq=r pt+q=r pt+q=r 
p<r/2 p>r/2 p<r/2 


5.22 Proposition. If L: a&/"(X) > o&t?(X) is the map given by L(y) = 
$y Aw, then L (1) € H. 


PRoor: We have O(L"(1)) = L™O(1) = 0, and 
PL (1)) = (LO + i @)L"-1 (1) = LOL" +1) + i L''0(1) = LOL! (1). 


Repeating this, we finally have #(£"(1)) = L™0(1) = 0. Thus L”(1) is har- 
monic. s 


5.23 Corollary. [fr is even, then B,(X) #0. 


PROOF: We have 
1\" — 
L"(1) = (5) w" = edz, A dZ1 A+++ Adz, A dB ,, 


with c Æ 0 for 0 <r <n. Therefore, #7"" 4 0. Since Wr C #7", it follows 
that B(X) £0. n 


This gives a topological condition for Kähler manifolds. 
Examples 


1. Every Riemann surface X is a Kähler manifold. If X is compact, then 
g := $b1(X) is called the genus of X. For example, an elliptic curve (a 
1-dimensional torus) has genus 1, since its homology is generated by two 


independent cycles. 


Now we have 61,9 + 60,1 = 61 = 2g and 81, = 60,1. So 610 = Soi = 9, 
i.e., 


g = dime H(X) = dime H°(X, Kx). 


The genus is the number of independent holomorphic l-forms on X. 
2. Let H be an n-dimensional Hopf manifold, n > 2. Then bı = 1, as we 
have shown in Chapter IV. So H cannot be a Kähler manifold! 


Exercises 
1. Prove the commutativity relations JA = Av and OA = Ad. D 
2. Prove the bracket relations [ð, L] = —ið, [0,A]=—iv, and [ĝ, A] = 
id. 


6. Hodge Manifolds 341 


3. Let X be an n-dimensional compact complex manifold. Use the norm 
lpi = (p, p)? on o/"(X) and prove for a given cohomology class u € 
H’(X) that among all representatives y € æ” (X) of u a representative 
Po has minimal norm if and only if dy» = 0. 

4. Calculate H"4(X) for X = P” and all p,q. 


6. Hodge Manifolds 


Negative Line Bundles. Assume that X is an n-dimensional compact 
complex manifold and that F is a holomorphic line bundle on X. We define a 
new notion of negativity for F. The new definition is formally more restrictive, 
and if we would generalize it to arbitrary vector bundles, it would, in fact, 
be different from our old notion. But it turns out that for line bundles the 
new negativity is equivalent to the old one. 


Let a system of trivializations y, : F|u, — U, x C (with transition functions 
gix) be given. A fiber metric on F is given by a system h of positive smooth 
functions h, such that 


hy (x) = h(x) |g)? on Ux. 


Then a smooth function xp : F — R can be defined by 


Definition. A line bundle F over a compact manifold X is called 
Griffiths negative if there exists a system of trivializations p, : Fju, > 
U, x C (with transition functions g,,,), and a fiber metric h = (h,) on F 
such that xp is strictly plurisubharmonic on F — Zp (where Zp denotes 
the zero section in F). 


6.1 Proposition. The line bundle F is Griffiths negative if and only if 
there exists a system of positive smooth functions o, on U, such that: 


1. —log 9, is strictly plurisubharmonic on U,. 
20= Gur! -0k On Uis- 


PROOF: Let A be any fiber metric on F and consider a point zo € X. There 
is a trivialization y at xo such that ho(zo) = 1 and all first derivatives of hy 
vanish at zo. Then h,(z) |w]? is strictly plurisubharmonic at every (xo, w) 
with w Æ 0 if and only if hy is strictly plurisubharmonic at rp. Taking such 
trivializations y, we have only to set ọ, := (h,) 71/2. m 
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The tube T := {v E€ F : xn(v) < 1} is a strongly pseudoconvex neighborhood 
of the zero section in F. Locally, for T, := TM27+(U,), we have 


T, = {(z,w) E€ U, x C: hy(x)|w|? < 1} = {(2, w) : |w] < o (x)}- 
The boundary of T is given by the equation ww&/o?(r) = 1. 


6.2 Proposition. The line bundle F is Griffiths negative if and only if F 
is negative (in the old sense). 


PROOF: One direction is trivial. To show that every negative line bundle is 
Griffiths negative one needs rotations in the fibers and a smoothing proce- 
dure. For details see [Gr62]. s 


Definition. The line bundle F on X is called Griffiths positive if the 
complex dual F” is negative. 


It is clear that F is Griffiths positive if and only it is positive in the old sense. 


Special Holomorphic Cross Sections. We assume that F is a 
positive line bundle on a compact manifold X. Then F’ is negative. We 
always denote the coordinate on the fibers of F’ by w. Of course, the variable 
w depends on the local trivialization. 


The strongly pseudoconvex tube around the zero section of F” is locally given 
by 
T = {(z,w) € U x € : |w] <ol2)}, 


where U is a domain in C”. From the last chapter we know that dime H! (T, O) < 


oo. In this situation we prove the following result. 


6.3 Proposition. ifm is sufficiently large, the following two statements 
are valid: 


1. If x1,£2 € X are two different points, then there are holomorphic cross 
sections 89,8, €T(X,F™) with so(x1) #0 and s9(x2) £ 0 such that the 
quotient sı /so has different values at these points. 

2. If zo € X is a point, then there are holomorphic cross sections 


80, 81,- - -38n E T(X, F”) 


with so(xo) Æ 0 and det Jesi /805...58n /80) (£0) fx 0. 


PROOF: If sọ,sı are two sections in a line bundle with so(zo) Æ 0, then 
there is a holomorphic function f in a neighborhood of x9 such that sı (£z) = 
f(x) - so(x) in that neighborhood. The quotient s1/so is defined to be equal 
to f near zo- 
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We operate in several steps: 


(1) Let ap € X bea point. We assume that in local coordinates £o corresponds 
to the origin. We call a trivialization of F’ around zo usable if 


log(o(@)) = D> 9is(2) 21%; + laf? - a(z) 


in a neighborhood of 0. Here a is a smooth function and Y5, j 929% 2; is neg- 
ative definite. 


The existence of a usable trivialization follows easily. We take an arbitrary 
trivialization and write 


log(o(2)) = ao + Re(Q(z)) + X- gi(2)2i2; + |z|? - a(z), 
ij 
with ag € R and a quadratic polynomial Q(z) with Q(z) = 0. Then we change 
the trivialization by dividing w by exp(ao + Q(z)). 


(2) Now let 21, x2 be two different points in X. We choose usable trivializa- 
tions simultaneously over neighborhoods U; (x1) and U2(a2), and, moreover, 
strictly increasing sequences 0 < rı < ra <+- < landO < sı <sg9<---<1 
such that | s;/r;| # 1 and {w = r} NT, {w = 5;} NT are analytic sets 
in 7’, contained in F’|U; (respectively in F’|U2, cf. Figure VI.1). We get 


w = Ti 


Figure VI.1. Construction of special cross sections 


principal parts of meromorphic functions g; = 1/(1 — w/r;) in TN (F"\U,) 
and gf = 1/(1 — w/r:) in TN (F'|U2), and h; = 1/(1 ~ w/s;) in TN (F'|U2) 
as well. Because of the finiteness of cohomology there are complex numbers 
a; that are not all zero such that there are meromorphic functions g, h in T 
with principal parts >°; ai(g; + 97) and >, a;(g; + hi). We may assume that 
the first nonvanishing coefficient a; is equal to 1. 


The functions g, h are holomorphic in a neighborhood of the zero section, and 
locally they have power series expansions 
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g(t, w) = 5 gmlæjw™ and h(z,w) = 5 Rm (x)w™, 
m=0 m=0 


The coefficients gm (respectively Am ) define global holomorphic sections s9,m 
(respectively sı,m) in the tensor bundle F ””. 


If over x; the first nonvanishing part of g is ajg; = 1/(1 — w/r;), then we 
have 


g(a1,w) = 5» (= + on Ju", with cm > 0 for m > co. 
mo li 
So for large m we have gm(x1) = 1/(r?), and also gm(z2)  1/(r7"). Analo- 
gously, hm(21) m 1/(ri") and hm(22) = 1/(st"). We take so = som and 
81 = S1,m for such a large m. Then the quotient s1/s9 at zı has a value that 
is nearly 1,and at zo nearly (r;/s;)”. These values are different for large mm. 


(3) Now we work at some point zo, and over a neighborhood U of ao we define 
g = 1/(1-w/r;) and h; j(z, w) =1/[1— (w/ri) (1 +ez;)ļ], for j = 1,...,n. If 
U and e are sufficiently small, the polar sets of g; and h;,, are always analytic 
sets in T, As above, we obtain meromorphic functions g and h; in T, for 
j = 1,..,n, which have power series expansions g(z,w) = $ m 9m(x)w™ 
and hj(z,w) = >), 2j,m(x)w™ in a neighborhood of the zero section. Again 
let g; be the first principal part with nonvanishing coefficient a,. For large m 
we have 9m(Zo) © (1/ri)™ and hjm(ao) = (1/r;)"(1 tm .e€z;). As above, 
gm and hj m define sections sọ and s; in F™ with (s;/s9)(%0) = 1+ mez,;. So 
the Jacobian of (s1/s09,...,S,/89) at £o is approximately me" and hence is 
not zero for m large enough. E 


Projective Embeddings. Let X be an n-dimensional compact complex 
manifold and F a positive line bundle on X . Then for large mn we have many 
global holomorphic cross sections in F'™. If there are sections so, ...,5n that 
do not vanish simultaneously, then 


P(x) :=(So(x) :... :8n(2)) 
defines a holomorphic map ® :X — P” 


6.4 Kodaira's embedding theorem. For sufficiently large m, there are 
holomorphic cross sections 8 ,...,8n an F™ such that the map 


® :¢ > (solz) :..: :8n(2)) 
is an embedding of X in PN 


PRooF: In the preceding paragraph it was shown that for any point £o € X 
there is a holomorphic cross section so in some tensor power of F that does 
not vanish at Zo. 
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The set X; ={x E X : so(x) =0} is a proper analytic set. We decompose it 
into (finitely many) irreducible components, and for every irreducible compo- 
nent we choose some point in that component and a holomorphic cross section 
that does not vanish at this point. In this way we obtain finitely many holo- 
morphic cross sections so, -..,s; whose joint zero set Xo has dimension n — 2 
at most. We decompose this again into irreducible components and continue 
the procedure. After finitely many steps we obtain holomorphic cross sections 
S0,- - -Sq in some tensor power F™° that do not vanish simultaneously. 


For any two points xı Æ #2, € X there are two holomorphic cross sections 
to, tı such that (to(x;) :t1(a;)) are homogeneous coordinates of two different 
points. The set Yı ={(z,y) EX x X : (tolx) :ti(x)) = (to(y) :ti(y))} has 
lower dimension, We decompose it into irreducible components and proceed 


as above. After finitely many steps we get holomorphic cross sections t0, ... stp 
such that «++ (to(#) :... :tp(x)) is injective. 

For any point zo € X there are holomorphic cross sections uo, u1, -.. surp Such 
that uo(zo) # 0 and the map z > (uo(z) :... : ur(£)}) has a nonvanishing 
Jacobian at zo. Altogether we have holomorphic cross sections fo, ..., fn that 
do not vanish simultaneously such that the map ® : x > (fo(x) :...: fn(z)) 
is an injective immersion. Since X is compact, ® is an embedding. E 


It follows from Chow's theorem that X has a projective algebraic structure 
and a genuine Zariski topology. 


Hodge Metrics. We consider an n-dimensional complex Kahler manifold 
X. Let H be the Kahler metric on X , and 


W=WH = iY gij dzi A dz, 


tJ 
the associated fundamental form. It is a closed real form of type (1, 1). 


We choose an open covering Y% = {U, :v € N} of X such that all in- 
tersections U,,,....., are contractible. If %' is of the same kind and a refine- 
ment of %, and G is an abelian group, then the induced homomorphism 
H'(&%,G) > H*(¥,G) is an isomorhism, for i =0, 1,2. We choose X to be 
fine enough so that H has a potential h, in every U,: 


wily, =i Odh,. 


Here the h, are smooth real-valued functions, and the differences h, = 
hy, —h, are pluriharmonic in Upp. 


If we set 6, := —idh,, then d@, =i 00h, = w|u,. The closed form dh,,, = 
hrp tOhv, (respectively id°hy, =Ohv, —Ohv,) is real (respectively purely 
imaginary). The sum 

dh, + id ° huy =289hv u 
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is a closed holomorphic form of type (1,0). If ao € UL, is a fixed point, then 


£ 
gup(x) =| id hou 
To 
defines a purely imaginary function on U,,,. It is determined up to a purely 
imaginary constant. Then fu, :=h, + gv, is a holomorphic function (since 
df, = 20hy,). 


We have d( faa — fva + fou) =9, and therefore faa — fur + fou € IR. Then 
f = (fiz) € C1(Y,O) and ôf € Z?(Y,iR). On the other hand, 


1 1 
Bu Bo = i Ohv yn = pH Of yy 


This shows that (1/21 )éf defines a cohomology class c = c(H,Y%) € 
H?(&%,R) = H*(X,R) that corresponds to w under the de Rham isomor- 
phism (cf. the description at the end of Section 2). 


In the following we do not distinguish between H?(Y, Z) and its image in 
H? (92,R). If a cohomology class of H? (92R) lies in H? (92Z), then we call 
such a class an integral class. 


Definition. A Kahler metric H is called a Hodge metric if it is integral. 
A Hodge manifold is a compact complex manifold that carries a Hodge 
metric. 


Clearly, every closed complex submanifold of a Hodge manifold is again a 
Hodge manifold. 


6.5 Theorem. Let X be a compact complex manifold. Every Hodge metric 
onX defines via the de Rham isomorphism a cohomology class in H?(X, Z) 
that is the Chern class of a negative line bundle F onX. 


PRoorF: Let w be the fundamental form of the Hodge metric. We take a 
finite contractible covering Y = {Up :k = 1,...,q} that is so fine that in 
every U; we have a potential ką for w. As above, we construct the holo- 
morphic functions fy: with df, = 20hy). Then {fr} € Z7(%,2iZ), and 
Yet := exp(7r fri) defines a cocycle y = (yx) E€ Z1(Y, O*) that determines a 
holomorphic line bundle F on X . If yx : Flu, > Ux xC are the trivializations, 
then 


Pr O pr (x, w) = (x, exp(mfri(z)) -w). 
We define 


Tk = {(@,w) E Uk x C : |w| <exp(—thg(x))}, 


and get yk o p; (Tilu) = Te|Un. So we have a tube T around the zero 
section in F with T|y, =Tp. Since —log(exp(—7hxz)) = the is strictly pluri- 
subharmonic, it follows that F is negative. E 
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The above procedure can be reversed. 


6.6 Theorem. Assume that X is a compact complex manifold, and F a 
line bundle on X with a tube T around the zero section such that 


Tlu, = {(z,w) : [w| < exp(—mhx)} 


with strictly plurisubharmonic functions hyg. Then the hx are local potentials 
of a Hodge metric on X. 


All this finally implies that 
Hodge manifolds are just projective algebraic manifolds. 


This theorem was first proved by K. KODAIRA. We shall see in the next 
section that it contains a generalization of the classical period relations for 
the n-dimensional complex torus. These were originally derived by completely 
different methods (see, e.g., [Ko54]). 


Example 


On P” we have the Fubini metric H and consider the metric (1/(27))H with 


m= ttoe(| 2 P+.. P) 
2r k 


ak 
as local potentials, for k =0,1,...,7. It follows that 


hki =hi — he = —(In(|2x/z1|)), 


1 
T 
and fi = + log(z,/21) is a holomorphic function with Re(f,) = hzi. There- 
fore, the transition functions of the associated line bundle F are the functions 
vel =exp( fkl) = 2/21, and F is the (negative) tautological bundle. 


Exercises 


1. Assume that X is a compact Riemann surface and that zo € X isa 
point. Show that the bundle |—z 9] (associated to the divisor (—1).xo) is 
negative. 

2. Compute the embedding of P” into P defined by a basis of the vector 
space T(P”, O(2)) and determine the image. 

3. Let X be a compact complex manifold and L > X a negative line bundle. 
Prove that F(X, L) = {0}. 

4, Let X be a compact complex manifold and 7 : E + X a holomorphic 
vector bundle. Assume that there are trivializations y, :Ejy, > U, x C4 
with transition functions gix. 

(a) A fiber metric on E is given by a system of smooth functions h, : 
U, > Mn,n(C) such that h, (z) is a positive definite Hermitian matrix 
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for every x € U,, andh, =g/, . b, .g,, on U.~. Prove that there is a 
smooth nonnegative function xa : E -+ R with 


xa o pr (av) =v: h(a) Vv". 

Prove that if zo € U,, then ¢, can be replaced by a trivialization % 
such that hy(zo) = E; (= identity matrix) and (Əhy)zo = 0. Such a 
trivialization is called normal at zo. 

The bundle E is called Griffiths negative if h can be chosen in such a 
way that xn is strictly plurisubharmonic on & — Zg (where Zg is the 
zero section in F ). As in the case of line bundles, F is called Griffiths 
positive if the complex dual E" is Griffiths negative. 


(b 


— 


F y : Ely > U x C4 is a trivialization and y(e) = (zx, v}, then the 
tangential map y, :Te(E) > Tz(X)®C? is an isomorphism. Denote 
the space (y«)~1(T;,(X)) by Help) (space of “horizontal” tangent 
vectors at e with respect to y). Prove that F is Griffiths positive 
if and only if there is a fiber metric k on E such that for every 
e € E — Zp with z(e) =< there is a normal trivialization y at x such 
that 


Lev(xn)(e,€) < 0 for £ € He(y), | #0. 


(c) Prove that T(P”) is Griffiths positive with the Fubini metric. 

(d) Let E be a Griffiths positive vector bundle and F C E a subbundle. 
Show that E/F is Griffiths positive. What does this mean for the 
normal bundle of a submanifold of P”? 

5. Let X be a compact complex manifold and L —> X a positive line bundle. 

Show that there is an open neighborhood U = U(Zpz) CC E such that 

E —U is strongly pseudoconvex. 


7. Applications 


Period Relations. Recall the definition of the n-dimensional torus. We 
take 2n vectors W1,. ..,W2n € C” that are linearly independent over R. The 
additive subgroup 


T= {2= mw H + ManWon : m € Z} CC” 


acts freely on C” by translations. The quotient space T” = C"/T is an n- 
dimensional compact complex manifold and is called a torus. We say that 
W = (wi, 11s Wén) E€ Mnn(C) is the period matrix of T". 


For z € C” we denote its equivalence class in 7” by [z].By the quotient map 
n :C” — T”, the affine space C” becomes the universal covering space of T”. 
Since ~ is locally biholomorphic, we can use the affine coordinates 21,...,2n 
of C” as local coordinates on T”. 
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Every torus has the structure of an abelian complex Lie group: 
[v]+[w] := [vtw]. 


It is clear that this definition does not depend on the representatives of the 
equivalence classes. 


If w e C” is a fixed vector, the translation Tw :C” — C” is defined by 
Tw(z) := Zz + w. It induces a biholomorphic map T” > T” by [z]> [z+w], 
which we also denote by rw. It depends only on the equivalence class of w. 


From topology it is known that Hə(T”,Z} is a free group spanned by the 
(77) cycles 

cij($,t) = swittwj, O<s<1,0<t<1, 
with i <j. Since T” is compact, every de Rham cohomology class [w] € 
H?(T™) is uniquely determined by the periods 


Vij = | w, i<j. 
Ci 


T 


On C” we have the Euclidean metric ds? = dzdz, +... + dzndZn, which 
is invariant under translations. It induces a Kahler metric Hp on T” with 
fundamental form 


wo =i So dzy A div. 
v=1 
It follows that every torus 7” is a Kahler manifold. Using the Euclidean 


volume element, for every differentiable function f on T” we define the mean 
value M|f] by 


MUf(z) := S fors(z)dV withI:= | av. 

wet” T” 
It is clear that M[f] is invariant under arbitrary translations and therefore a 
constant function. 


7.1 Lemma. Ff © is the fundamental form of some Kahler metric H on 
T”, then there is another Kahler metric H on T" such that the associated 
fundamental form w =wy has constant coefficients and the same periods as 
w. If H is a Hodge metric, then H is also a Hodge metric. 


PROOF: fF @ — ioe Tuu dzy A dZ,, then we define Guu == M [Jou] and 


w := i$ guu dz A dz y. 


vu 


The form w has constant coefficients. Since the Jyp are periodic (i.e., invariant 
under translations by elements of F), we have 
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f (Juu © Tw) dz, Adz, = Juu dz, Adz,, for every w € C”. 
Cig i 


Cig 


Using Fubini we compute 


1 
we fe = EL GL deena tents 
Cig Vip Cig wet 
1 
= DS (| Fuu 9 Tw (2) diy A dzy) AV 
wET” Cij 


Vip +J 


1 
- if (EJ Bry dzu A dz, dV 
TT vu Cij 


1 ~ ~ 
= 7 f yav = Vij. 


Now H is a Hodge metric if and only if wy defines an integral class. Since 
a cohomology class in H?(T") is uniquely determined by the periods, the 
second assertion also follows. E 


With w; =(w)?,...,w®) for i = 1,...,2n, we have 


1 1 
f dzy \d2y = f f (w? ds + w® dt) A (TÈ ds + w dt) 
Cij 0 0 


ww? — we wy” 


and therefore 


Vig = i> Guu (WPT — wD) 
Vibe 
= -2Im (5 avg") = —2Im(w; .G .w,), 
VE 
for G = (gva) 


7.2 Proposition. The torus T” ıs a Hodge manifold if and only if all 
periods vij are integral. 


PROOF: Since every element of T” has a unique representative 
Z=U,W +...+ UanWon, with u, € [0,1), 


we can use u = (u1, ...,%2n) as real coordinates on T”. 


We have a special contractible covering Y = {Ux} of T”. Fork = (k1, ...,k2n) 
with k; € {0, 1} we define the open set 


1 1 . 
Uk = (U ET 5 ki Su <5 (hi +1)} (see Figure VI.2). 


7. Applications 351 


The boundaries of the U, consist of parts of the "walls" S; and Sž, which 
are defined by 


sj = fuer 7a} and S; = {ue T" : uj =1}. 


J 


Since Y is contractible, the singular cohomology group H?(T”) is isomorphic 


Figure VI.2. A special covering for the torus 


to the cohomology group H?(%Y,Z). In particular, H?(Y,Z) = Z for the 
torus TJ’, which has real dimension 2. The class [du; A dug] is integral, and 
every integral class is an integral multiple of [du; A dug]. If we denote by Y (n) 
the covering of T”, then an easy induction argument shows that a cohomology 
class in H? (Y, Z) is integral (respectively real) if and only if it has the 
form ven ay, du, ^ dup, with a,, in Z (respectively R) : 

For any v < p the class [du, A du,] is integral. Assume that the case n — 1 
has already been proved. Then T” = T! x T”~1, and after subtracting an 
integral sum of [du; Adu,;| with i < j < n the cohomology class is given by a 
covering Y x T”! and is therefore a lifting of some integral multiple of 
du2n—1 A duran. So 


lw] = So vy [du; A du;] with Vig = J wE R, 
i<j Cig 

and /w/Jis integral if and only if all periods vi; are integral. m 

We call T” an abelian variety if T" is projective algebraic. 


7.3 Proposition. A torus T" is an abelian variety if and only if all periods 
are integral (with respect to some Kahler form w). 


More precisely, we have the following result on period relations. 


7.4 Theorem. Let T" be given by the period matrix W = (wf, ++, Wn )- 
Then T” is an abelian variety if and only if there is a positive definite Her- 
mitian matrix G such that Im(W* .G .W) is integral. 
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The Siegel Upper Halfplane 


Definition. The (generalized) Siegel upper halfplane (of degree 72) is 
the n(n +1)/2-dimensional domain 


Hn := {Z =X tm a M,(C) : Zt =Z, and Y positive definite}. 


7.5 Theorem. If Z € Hn, then W = (En,Z) E€ Myon(C) is the period 
matrix of an abelian variety T™. 


Proor: We take for G the positive definite symmetric real matrix Wail 
Then 


E, 


wG- W = (yEy ) YT En X- iY) 


En _ _ . 
= (iiye jw 1 Y1. X- iEn) 
y-t Y-i. X -iEn 
Xt. Y-I +iEn, XY- X+Y 


It follows that o 
mwe wW- E) 


is integral, and the period relations are satisfied. 7 


A converse of the theorem is also true, but we do not give the proof here. 


Semipositive Line Bundles. We consider an n-dimensional compact 
complex manifold X with a holomorphic line bundle F on X. 


Definition. The bundle F is called seminegative if there is a tube 
T around the zero cross section such that T = {(z,w) : |w| < o(z)} in 
local coordinates and — In(g) is everywhere plurisubharmonic and strictly 
plurisubharmonic at at least one point of X. The bundle F is called 
semipositive if the dual bundle F” is seminegative. 


We give an example of a seminegative bundle F with dim H!(T, ©) = oo. 
The boundary function — In(g) can be chosen to be strictly plurisubharmonic 
outside a nowhere dense analytic set in X. 


Here is the construction. We take a compact Riemann surface R of genus 
g > land a negative line bundle L on R with H+ (R, L') 4 0. The complex 
dual L’ is positive, and the cross sections in L~™, m > 0, are holomorphic 


AACE B EE 
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functions on L that are homogeneous polynomials of order m on the fibers 
on L. 


We add a point at infinity to each fiber of L and obtain a compact algebraic 
surface X . We denote by D the divisor of all points at infinity, and by F (m) 
the line bundle over X , associated to the divisor mD. Then all cross sections 
in L~™ are sections in F(m) over X that vanish on the zero section Z = 
ZŁ CLC X of order m. These sections are holomorphic functions on the 
dual bundle F(-— m):=F(m)’ over X (associated to the divisor —mD) that 
are linear on the fibers of F(- m),but vanish over Z. Let be the set of 
all these functions. The function f(z) = lon X is also a cross section in 
F(m) that vanishes on D to mth order, but it does not vanish on Z. It gives 
a holomorphic function on F(—- m )that is linear on the fibers, vanishes over 
D, but does not vanish over Z. We denote it by A and add it to the system 
F. Now, Misa set of holomorphic functions on F(-— m )that are linear on 
the fibers and whose joint zero set is the zero cross section of F(- m). 


Forming the sum of several products ff, f € Bwe construct a plurisubhar- 
monic function ~ on F(—m) with the following properties: 


1. The zero set of w is the zero cross section in F(- m). 

2. a is quadratic on the fibers. 

3. u(z) tends to œ as z approaches OF. 

4. 4) is strictly plurisubharmonic outside of F(—m){z, but plurisubharmonic 
everywhere. 


So our tube T= {(w,2) :0(w, 2) < 1} is pseudoconvex, and strongly pseu- 
doconvex outside of F (— mlz. 


The restriction F(- m)z is trivial. Therefore, the holomorphic functions on 
(F(-m)|z) NT consist of certain convergent power series >>, ai(x)w", where 
w is a coordinate on the fibers. All powers i appear. The first cohomology of 
Z with coefficients in these power series is infinite-dimensional, since it con- 
tains the direct sum of the cohomology with coefficients in those holomorphic 
functions that are polynomials on the fibers with fixed degree i. We can ex- 
tend these polynomials to F(- m )by replacing w by h. If we restrict to these 
polynomials, we get an injection of the cohomology of Z with coefficients in 
the polynomials on the fibers into H1(T, ©). So the cohomology H! (T, ©) is 
likewise infinite-dimensional. 


Moishezon Manifolds. We previously mentioned Moishezon manifolds 
(see Section VI.3). An n-dimensional compact complex manifold is called a 
Moishezon manifold if it has n analytically independent meromorphic func- 
tions. Without proof we state here a result that was originally called the 
Grauert—Riemenschneider conjecture (cf. [GrRie70}). 


7.6 Theorem. If a compact complex manifold X has a semipositive line 
bundle, then it is a Moishezon manifold. 
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The conjecture was proved by Y.T. Siu (see [Siu84] and the summary in 
(GrPeRe94], VII.6). 


To obtain a result in the other direction we have to blow up along a d- 
codimensional submanifold Y C X with d > 2 (cf. Section IV.7, “Monoidal 
Transformations”). This leads to a proper modification X of X , where Y is 
replaced by a 1-codimensional submanifold Y and the map Y — F is a fiber 
bundle with typical fiber P¢~?. 


7.7 Theorem. If X is a Moishezon manifold, there is a finite sequence of 
monoidal transformations with d-codimensional centers with various d that 
lead to a proper modification X of X such that X is a projective algebraic 
variety. 


This statement is proved in [Moi67]. We know that X carries a negative line 
bundle. By blowing down to X we get a “meromorphic” negative line bundle 
on X. Now over certain points of X there is a family of lines instead of one 
line. 


In the case that X is a surface every Moishezon manifold is projective alge- 
braic (see,e.g., [ChoKo52]). But already in dimension three there are Moishe- 
zon manifolds that are not projective algebraic. The first example was given 
in Russia (the “Russian counterexample” or “the complex Sputnik,” as it was 
called at Princeton in 1958), but see also [Nag58] or better just the classical 
example of Hironaka ({Hi60]), or [Pe93]. 


For a proof of the following important result see [Moi67] or [Pe86]. 


7.8Theorem, Assume that X is a Moishezon manifold which has a Kahler 
metric. Then X is a projective algebraic manifold. 


Exercises 


1. Prove that the torus T? given by the period matrix 


vG A A) 


has only constant meromorphic functions. 

2. Prove that the Siegel upper halfplane is contractible. 

3. For W € Mn 2n(C) let W := (X). Recall the results of Exercise 5.3 in 
chapter IV and prove that for every n-dimensional torus T there is a 
matrix Z € M,(C) with det Im(Z) > 0 and T S TEn, Z) 

4. Find a compact complex surface X with a seminegative line bundle F 
such that F is not holomorphically convex. 


Chapter VII 


Boundary Behavior 


1. Strongly Pseudoconvex Manifolds 


The Hilbert Space. Assume that X is an n-dimensional complex man- 
ifold that carries a (real analytic) Kahler metric ds? = X gijdzidZ;, where 
the g;; are real analytic functions of the local coordinates 21, ...,2,. We con- 
sider a domain Q CC X whose boundary 02 is @~-smooth and strictly Levi 
convex. In this chapter such a domain is called strongly pseudoconvex. 


If zo € X is a point, we can introduce local coordinates in a neighborhood 
of xo such that G = (g,;(%o)) is the identity matrix. We call them Euclidean 
coordinates in xo. They are determined up to holomorphic coordinate trans- 
formations that at zo are given to first order by a unitary matrix. We have 
a Euclidean volume element dV in zo, and also the complex star operator * 
given by 

pAw=2Pt4 . (Sante dV, 

LJ 

for forms y = So ary dzy Adz and % =} bry dzī Adz, of type (p,q). Using 
the Euclidean coordinates we also have a scalar product at xo that is given 
by 

(ylz) | W(@o)) = 2+ X ars: brs. 


This is invariant by unitary transformations and therefore independent of the 
choice of the Euclidean coordinates. 


Assume now that y and w are continuous on 2. Then we have the inner 
product 


(v0) = f lole) |¥(a)) dV = [ Ary. 


This is a pre-Hilbert space that completes to the Hilbert space Le = ce q(2) 
of (p,q)-forms with square integrable coefficients. It contains the space 
APAQ) of €°-(p, g)-forms over 2. as a dense subspace, and also the space 
A (NQ) of such forms with compact support in R. Every element of Le is 
a square integrable current of degree p +q (or bidegree (p,q)). 


Operators. First, we shall extend the operator 0 : gP (N) > APH (9N) 
to a bigger domain dom(ð) C Lý, For this we use the fact that there is a 


uniquely determined adjoint operator Ý : 9t1(Q) > of?4(Q) such that 
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(Op, Y) = (p, Fy), for all p E APD), Y E APITO). 


The proof for this statement is the same as in the case of compact Kahler 
manifolds. 


Now the existence of the extension follows easily. If y € L is given, we 


define the current dp by (3p, Y) = (y, Pp) for all y € oP 447 (Q). We say 
that y is an element of dom(0) if the current dy is contained in L? a41- The 
(unbounded) operator 0 is now a map from dom(Q) to dom(d), with 08 =0 
(since 0 oV =O). 


Next we shall extend ? to the conjugate operator ð" on a dense subset 


dom(9’) C Batt Assume that 7 € L2 ay E p € (Q), we define 
(y, Y) = (Oy, w) and get a current 0 w of bidegree (p,q) over Q. For y an 
element of dom(@) we require that the current J'y be contained in E q 
But this is not yet enough. We wish to have (4,8%) = (Oy,) for every 
p E€ dom(9). At the moment we have this only for y € 2”7(Q). But a gen- 


eral y € dom(@) can be approximated by a sequence y; € w4(Q). Assume 
now the validity of 


(x) (Øp, p) < ce lell, for all y € dom(d), 


where ||y|| = yv (p,p) and c > 0 is a constant that depends only on y. Then 


we have also that (ðy:, Y) converges to (Ay, y), and (yi, EY) to (y, FY). 
This gives the required statement. 


If, on the other hand, (3y, Y) = (y, Y) is always valid, then (*) follows. So 
we define 


dom(9") := {we L241 : Av € LŽ, and (x) is valid}. 


Next we consider the operator =0°0+00 that maps a form in Le q onto 
a current of bidegree (p,q) over Q. We define 


dom(O) := {yp € L2, : Y € dom(d)ndom(0), Jp € dom(d’), Jy € dom}. 


Then O maps dom(O) to L? a For y, 7% € dom(O) we have the equality 


(Oy, Y) = (Bp, 3Y) + 8p, OY) = (y, Oy). 
The space of harmonic forms is defined to be the space 


HPA :— {9 E€ dom(O) : Ol) =o}. 


We get very simply that 21 is closed in dom(O) and that O(dom(O)) is 
orthogonal to 2P. 
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Boundary Conditions. We now consider forms y € #?:4(Q). In this 
case all derivatives dy, y and also those of higher order are square inte- 
grable. So dom(O) N.#?:4(Q) consists of those forms y for which the equation 
(*) is valid for y and Oy. We assume that in a neigborhood U(6Q) there is 
a smooth real function r such that UN Q = {z € U : r(x) < 0} and that 
dr(x) # 0 for x € U. Then by a computation (partial integration) one has 


the following: 
A form % belongs to dom(@) if and only if Or Ax% = 0 on OQ. This 
holds for arbitrary p, not only for elements in the inverse image of the 
space of smooth differential forms. 


The following is then immediate. 


1.1 Proposition. A form y belongs todom(LD) if and only if the following 
two boundary conditions are satisfied on OQ: 

l. OrAxp =Q. 

2. ðr Axőðp = 0. 


These conditions are called the 0-Neumann boundary conditions. For liter- 
ature see [DL81] and [FoKo72]. The main result of the next section is the 
following: 


Assume that q > 0. Under the hypotheses given above, the harmonic 
forms of type (p,q) ie., elements of IPI) represent the elements of the 
cohomology group H?:4(Q). 


The first proof of this theorem was given in [Ko63}. 


Exercises 


1. Give an explicit description of the operator F. 

2. Prove that the boundary conditions for the operator 0 and €% functions 
are always satisfied. 

3. Prove that the boundary conditions are never satisfied if q = n and the 
form is not identically zero on OQ. 

4. Build a theory of harmonic forms for a "cohomology with compact sup- 
port" Hå (Q, ©). What are the boundary conditions? 


2. Subelliptic Estimates 


Sobolev Spaces. We look for an operator 
N AQ) = APN) 9 dom(D) 
such that Oo N = id. Finding such an operator is the so-called Neumann 


problem. To solve this problem we need Fourier transforms and the so-called 
subelliptic estimates. 
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We begin by introducing the notion of a Sobolev space. We start with the 
vector space Z of rapidly decreasing %"*"-functions f :RN — C with 

|x D? f(x)| 3 0 for ||x|] > œ and for all a, 8 € NN 


Here 


lal 


= a and |S] = Br +--+ Bw. 
aah + Oak 


We have the Fourier transfomation -3 :.Y% > Z given by 


Fifl(x) =f) = TrA fioe dy. 


For every s € R we define the norm ||...||, by 


2> l x|/7)° f(x ? dx 
IIB = aw | (1+ II | Foe f ax 


The Sobolev space of index s is defined as the completion H,(R ) of with 
respect to this norm. 


Now we work in the space R+! with coordinates (x, ) = (21,..-,2N,1), 
and consider the half-space RN** = {(x,r) : r < 0} and © functions 
f(x,r) with compact support in R+. Then for fixed r these functions are 
in © We take the Fourier transforms with respect to x, for fixed r, and 
define 


Wile = fac. nar 


This norm is called the tangential Sobolev norm. 


Now let us return to our strongly pseudoconvex domain 2. CC X. We put 
N = 2n — 1,and take any zo € OQ and a neighborhood U (xo) C X with 
local coordinates 


z1 = 21 Five,...,2n-1 =L2n-3 Firen—2,%n =Lon—1 + ir. 


Here r is the boundary function for OQ as in the preceding section. In the 
following we will work only with respect to these local coordinates. If f € 
ay (UN), then f is %""-smooth and has compact support in RN+?. Hence, 
we can define the norm || Ils. For y € «0 (U N9) we put lell =X IFIS, 
where f runs through the coefficients of vy. 


Definition. The Neumann problem for (p,q)-formsis called subelliptic 
on Q if there is an £ > 0 such that for every zo € OF there is a coordinate 
neighborhood U (xo) and a constant c > 0 such that 
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lol < c- Qly p) 
for all y € PIU ND) Ndom(@’). 


Here Qly, Y) = (y, y) + (Oy, OY) +o, aw) is the so-called energy form 
(or the Dirichlet inner product). 


2.1 Theorem. Ff Q is strongly pseudoconvex, the Neumann problem is 
subelliptic for all (p,q)-forms with q > 0. 


The proof of this theorem is rather difficult, of course. The so-called Kohn- 
Morrey inequality is involved. See [DL81], for instance. 


The Neumann Operator. There is an old theory on elliptic bound- 
ary problems, beginning with Dirichlet's problem (see the old papers of L. 
Bers and L. Nirenberg, for instance). Here the Gdrding inequality plays an 
important role. If it holds for a problem, existence and regularity of solutions 
of the problem can be proved. In our terminology it can be expressed in the 
form 


elt < c- Qly, p). 


If £ < 1, then the inequality for subellipticity is much weaker than the 
Gdrding inequality. But nevertheless, in the papers of Kohn and Nirenberg 
it was proved that there are results on the smoothness of the solution of the 
Neumann problem that are similar to those in the old theory and that follow 
from subellipticity alone. We state a first important result (see [DL81]): 


2.2 Proposition. Assume that Q is strongly pseudoconvex and that the 
Neumann problem is subelliptic for (p,q)-forms on R. Then there is a unique 
operator N Ta > dom(O) with the following properties: 


1. N(3€?1) =0. 


2. Oo N =id. 
3. N(L3, ,) is orthogonal to 3 


This operator N is called the Neumann operator. Under the above conditions 
the following theorem is true: 


2.3 Theorem. 


1. The harmonic space P3 is finite-dimensional. It is contained in #"4(Q), 
and for p E€ HPI we have Or A¥p =0 onan. 

2. The Neumann operator N is compact with respect to the L5’?-norm. 

3. We have £°4(Q) = HPI BON (@P-4(Q)). 

4. If 9 € API), Ap =0, then p is orthogonal to T ON(”1(Q)). 
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For a proof see [KoNi65] and [FoKo72]. Both papers are difficult to read. 


In the case X = C” there is a simpler proof. A domain Q Cc C” with smooth 
boundary is called regular if there exists a finite number of subsets 5; C Q, 
i=0O,...,N, such that 


1.2 =Sw CSn-1 C- CS, C So =O. 

2. If z € S;, but Z Z S;41, then there are a neighborhood U(z) and a 
differentiable submanifold M c U N ðQ with holomorphic dimension 
equal to zero such that GAOU CM. 


If Q is pseudoconvex and regular, then a certain compactness estimate holds 
for the Neumann problem for (p,q)-forms with q > 1 (cf. [Ca84]). Still using a 
result of Kohn/Nirenberg (see [KoNi65]), from the compactness estimate the 
existence and the compactness of the Neumann operator N follow. See also 
[BoStr99] for further discussion. If Q is an arbitrary pseudoconvex domain, 
the Neumann operator exists as a continuous linear map 247 > dom(L). 
This is proved in [Ca83]. 


A strongly pseudoconvex domain 2 C C” is always regular, and therefore the 
above theorem on the Neumann operator holds in this case. But in C” the 
harmonic space #°?> is always equal to zero. 


Real-Analytic Boundaries. We assume again that X is a complex 
manifold, but we consider only a domain Q with real-analytically smooth 
boundary. Here we only assume that 2 is pseudoconvex. Then the following 
holds: 


2.4Proposition. The Neumann problem is subelliptic on R for (p,q)-forms 
with q > lif and only if all germs of local complex-analytic sets A COQ have 
dimension less than q. 


Moreover, we have the following result: 


2.5 Proposition. Assume thatQ CCX =C”. Then there is no germ of 
a local complex-analytic set A COG of positive dimension. 


For a proof see [DiFo78] and [K079]. 


Examples. We will construct two 2-dimensional examples 2 CC X „where 
Q contains just one compact irreducible curve Y. From the existence of Y 
it will follow that the cohomology group H1(Q,©) is different from zero. 
The cohomology classes are given by unique harmonic forms that satisfy the 
boundary conditions. We can study these as if they were functions, which may 
be useful for our investigations. Unfortunately, the forms in #°" are not in 
general d-closed. So there is no connection between #° and the cohomology 
with coefficients in C as in the case of compact Kahler manifolds. We will see 
this more precisely in the examples. 
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Example 1 


We take a compact Riemann surface Y of genus g > 1 and a line bundle 
X on Y with Chern class —1. This line bundle is negative. There is a real- 
analytic metric on the fibers of X such that Q ={ €X : jel < 1} 
is a Strongly pseudoconvex relatively compact subdomain of X with real- 
analytically smooth boundary. We get a uniquely determined Kahler metric 
on X by using the metric of constant curvature on Y and the metric on the 
fibers and requiring that the surfaces {x € X : ||z|| <r} be orthogonal to 
the fibers. 


Over Y we have the vector bundle ©’ of homogeneous polynomials of degree 
i on the fibers of X . If i is sufficiently large, then H' (Y, O*) vanishes. So the 
finite-dimensional cohomology group H1(Q, ©) is generated by finitely many 
of these groups H!(Y, O'). The cohomology classes are given by differential 
forms y € ®t (Y, O°) =T(Y, NY) Q OŻ). They all may be viewed as 
differential forms on 2 whose coefficients are holomorphic polynomials of 
degree i on the fibers. They vanish on Y to order i. We denote the set of these 
forms by Dan Examples for forms of this type are given by the derivatives 
Of, where f is a differentiable function in Q whose restriction to the fibers is 
a holomorphic polynomial of degree 7. We take the orthogonal complement of 
these forms and get #°! =@, 4°", where 9°" c A, This follows by a 
direct computation. Thus we obtain a basis of finite length, and the restriction 
of these forms to ðQ satisfies the boundary conditions of harmonic forms. 


Since g > 2, the space of harmonic forms Hon has positive dimension. We 
can obtain a basis by explicit computation. The elements are harmonic forms 
in Q vanishing on Y C R. If there were an isomorphism onto the cohomology 
with coefficients in C (as in the compact case), they would have to be zero. 


Example 2 


We will construct another 2-dimensional example of a completely different 
type. For this we use compact complex-analytic curves that are no longer reg- 
ular. They are irreducible reduced 1-dimensional complex spaces (i.e., topo- 
logical Hausdorff spaces that locally look like analytic sets in some complex 
n-space). Here we go a bit beyond the scope of this book, but we hope that 
the reader can nevertheless get an idea of the method. 


We take the projective line P+ with the points 0 and oo. We identify these 
two points, obtaining a compact irreducible 1-dimensional complex curve that 
has a “normal crossing” of 1-dimensional domains in a neighborhood of the 
gluing point 0. This point 0 is the only singular point. 


The projective line P! is the so-called normalization of Y : There is a sur- 
jective holomorphic mapping 7 : P! > Y that maps 0 and œ to 0 and 
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is biholomorphic elsewhere. The first cohomology group H ly, ©) of Y has 
dimension 1 (as can be computed). 


We build a 2-dimensional complex manifold X around Y. There is a neigh- 
borhood U =U(0) in Y and a holomorphic embedding 


j:U > Xi ={(w,z)€C? : |w] <1} 


with j(U) = Yı := {(w,z) € X1 : w? — z? = 0}. We choose an e with 
0 <e < land put P :={(w,z) € Xı :|w| <e} and Y/ :=Y; — P. We define 


Yz:=Y -j (YLNP) and Y3 :=} Y1) N Y2 = j 7HY — P) 
The manifold Y, consists of two disk shells 


{(w,z) EC? :e<|w| < landz =w}), 
'({(w,z) E C? : e <|w| < Land z =—w}). 


Yo =I 
Yoo 3J 
On Yı we have the holomorphic function wı := pr,jy,, which can serve as 
local (and even global) coordinate. The set Y> is the complement of the union 
of two neighborhoods of 0 and of oo in P! and therefore isomorphic to a disk 
shell in @* = P! — {0,co}. We have a global coordinate wz on Y2, and a 
holomorphic function w; = f(we) on YZ with 


_ J (f(we2), f(we)) on Yo, 
J (wa) -f (f(we),—f(we)) on Y. 


Now we put X2 = Y> x C and use in X2 the product coordinates (wa, z2}. 
We choose suitable small open neighborhoods Wy = W1 (Y1) C Xı and Wz = 
W2(¥2) C X2, and define the gluing map F :(X1 —P)JNW, > (Xaly;)N W2 
by 
-1 — near z =w 

wz, z2) = F(w,z) = (f~ (w), z —w) ; 

(wa, 22) (w, 2) { (f-1(w),z tw) near z = —w. 
So we obtain by this gluing procedure a complex manifold X around Y.The 
singular curve Y is a hypersurface in X. 


The covariant normal bundle N* = N% (Y) is given by the adjunction formula 
Nx(Y) =[-Ylly, 


where /- Y js the line bundle associated to the divisor —Y in X. The normal 
bundle N = Nx (Y) is trivial over Y2. Therefore, the holomorphic function z2 
can be regarded as a holomorphic function on N that is linear on the fibers. 
This defines a holomorphic cross section in N* over Y2 that is given by 
the holomorphic function s2(w2) = 1 with respect to the local trivialization 
over Yə. It extends to a global meromorphic section s over Y. In the local 
trivialization over Y;, s is given by the meromorphic function 
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1 i/(fztw) onz 
stw) = =f 1/(z-w) onz 


I ll 
1 = 
z 


since the transition function gf, for N* is given by 


Z2 zF w 


oF = = 
127 2 wy? 2 2 


Now we lift everything to P+. The lifted section £ of 7*(N*) has poles of first 
order in 0 and oo, and no other poles and no zeros. So a*(N*) has Chern 
class —2. 


To construct a bundle with positive Chern class, we have to alter X>. For this 
we take a point p € Y-Y; and two small disks D' CC D around p such that 
D is stillin Y-Y C Yz. Let S be the disk shell D—D’. We glue (Y- D'^) xC 
with D x C over S by means of the gluing map H :§ x C3 S x C with 


(ws, 23) = H(we, 22) = (w2, (w2 — wa(p)) - 22). 


We replace our old X2 by a new Xo and get a new manifold X. Now the 
lifting of the covariant normal bundle N%(Y) to Pt has Chern class 3. It 
follows by Riemann—Roch that dime H° (P+, 7* (NE(Y))) = 3 +1=4. By 
the projection P! —> Y the fibers over 0 and oo are identified. This gives an 
additional condition for the existence of global holomorphic cross sections in 
the covariant normal bundle of Y C X. So we have 3 linearly independent 
holomorphic cross sections 51, 82, 83 in N*. 


One can see by computation that s;|y, may be assumed to be given by 
(z —w)(z tw). The function |z? — w?|? is an extension of s15, to X1. Ff we 
add the function |(z — w)?(z tw)?|?, we obtain an extension that is strictly 
plurisubharmonic outside of Yı. We can also extend the other sily, to X1 
and the s;|y, to X2, form the s;5;, sum up, and glue together after a small 
change in a neighborhood U(Y) CC X to obtain an extension h of s151 + 
8282 +5383 in U. The extension vanishes on Y and is positive outside. It is 
strictly plurisubharmonic in a neighborhood U’ of Y. Then for very small 
€ > 0, the tube Q = fh < £} CC U' will have a smooth boundary. It is 
strongly pseudoconvex. 


We have dim H1(Y,O) = 1. The cohomology class can be given by a cocy- 
cle with coefficients in C. It therefore extends to 2. So there is a nonzero 
harmonic form p € #°:1(Q). It satisfies the boundary condition. So in this 
example the cohomology of the curve Y, which has singularities, is given by 
a smooth harmonic form in a tube around the curve. This shows that the 
theory of harmonic forms on manifolds with boundary may be very useful. 
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Exercises 


1. Show that the Sobolev space H_, may be identified with the dual of 
H,. Show that the Sobolev norm |]...||; comes from a scalar product 
(...,...)s, and prove the following generalized Schwarz inequality: If 
f,g € Ho and f € Hs for some s > 0, then (f,g)s < IIflls Ilglls- 

2. It is a consequence of the famous “Rellich lemma" that the following 
holds: If s > f, then for any £ > 0 there is a neighborhood V(0) such 
that ||f|le < el|flls for all f with compact support in V. Use this to prove 
the same estimate for the tangential Sobolev norm. 

3. Assume that the Neumann problem is solvable for (p,q)-forms. Let a 
form ọ € Da with Op = 0 be given that is orthogonal to 4%. Prove 
that p := a Ne is the only solution of the equation Ow = ¢ that is 
orthogonal to every 5-closed form. 

4. Let Q Cc C” be a strongly pseudoconvex domain. Prove that for every 
positive number C there is a smooth plurisubharmonic function o on 2 
with 0 < @< 1such that Lev(o)(z, t) > C||t||? for every z € OM. 

5. Take Example 2 and prove that that the derivative d(y|y) is different 
from 0 and that this form is not harmonic. 

6. Take Example 1 and prove that #1° has infinite dimension. 

7. The following problem requires some knowledge about sheaves and com- 
plex spaces. Take integers r < s such that r, s are free of common divisors. 
Consider at 0 € C the holomorphic functions that are given by conver- 
gent power series in w” and wê. Then replace the ring of holomorphic 
functions in 0 € P, by these holomorphic functions and repeat the pro- 
cedure of Example 2. Since now the "structure sheaf’ O of P! is smaller, 
a new curve Y is obtained. Construct an X around Y such that there is 
a 2-dimensional strongly pseudoconvex tube 2 around Y. Compute the 
first cohomology of Y. 


3. Nebenhullen 


General Domains. Assume that Q c C” is a general domain. We take 
the open kernel of the intersection of all domains of holomorphy Q DN and 
its connected component N(Q) that contains R. (More precisely, we work in 
the category of unbranched domains over C” as in the case of the construction 
of the hull of holomorphy). 


Definition. The domain N(Q) is called the Nebenhülle of 2. 


We can see very easily: 


The Nebenhulle is a domain of holomorphy. 
The Nebenhulle contains the envelope of holomorphy of Q. 
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If Q cc C” is a domain of holomorphy with (smooth) real-analytic boundary, 
then OQ does not contain any germ of an analytic set of positive dimension. 
Moreover, one can show that N(Q) =Q. That implies that one can approxi- 
mate 2 by Stein neighborhoods. See [DiFo77] for details. 

The Hartogs triangle Q := {(w,z) € C? : |w] < |z| < 1) is a domain of 
holomorphy, but N(Q) is the unit polydisk in C?. In this case the envelope 
of holomorphy is 2 and the Nebenhiille is much bigger. We will see that this 


can happen even when Q is a bounded domain with smooth boundary. The 
following example was constructed in [DiFo77]. 


A Domain with Nontrivial Nebenhulle. We define a real-analytic 
function o :C* x C —> R by 


olw, z) = |z texp(i In(wi))|? — 1 


and put 
Q :={(w,z) € C* x C : o(w,z) <0}. 


A computation of the derivatives of ọ gives 


ôe _ 12 Le 
2e L exp(i in(lwl?)) -F exp(—i (lwl), 
Og E , 5 
dz = Z + exp(—i In(|w|*)), 
a0 O Z , 2 z , A 
wow jw]? exp(i In(|w|")) — we oP! In(|w|")), 
do i 670 
Aude = wt kPliIn(\wl?)), and zyz = 1 


3.1 Proposition. OQ is smooth. 


PROOF: F there were a point (wo, 29) € OQ where de = 0, then 


ð 
g- (to, 20) =0. 


This gives zọ = — exp( i In{(|wo|?)) and hence o(wo, 20) = —1. But such a 
point is not on the boundary. E 


3.2 Proposition. The boundary of Q is pseudoconvex. It is not strongly 
pseudoconvex exactly along M = {(w,z): z =O}. 


ProoF: The complex dimension of the complex tangent space at every 
point of N is 1.A vector € =a0/Ow +b0/0z +40/06 +b0/0Z at a point 
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of ðQ lies in the complex tangent space if and only if (a0/0w+b0/0z)[o] =0. 
So the vector space of complex tangents is spanned by the vector 

ðo ð + ðo ð 

Oz ðw ðw Oz 


E= 


The function @ is the potential of a Hermitian form H. The boundary of Q 
is pseudoconvex (strongly pseudoconvex) if and only if H > 0 (respectively 
H > 0) on this vector. By a calculation we get 

|21? 


A(E,€) = jw? | |z texp(i In{|w|?))|? > 0. 


It vanishes only for z = 0. 


We take any neighborhood U of Q that is a domain of holomorphy. Then U 
contains C* x {0}. If wo € @*, zo € C and 0 < |zo + exp(i In(|wo|?))| < 1, 
then QN (@* x {zo}) is the disjoint union of infinitely many disk shells in 
C*. When we move zo on a line to 0 the shells may become larger. So by the 
theorem of continuity it follows that every holomorphic function in U can 
be extended holomorphically to the point (wo, zo). SoU and the Nebenhulle 
N(Q) contain the domain @* x {z :|z] < 2}, and consequently the Nebenhulle 
is much bigger than R. m 


Bounded Domains. The domain 9 of the preceding paragraph lies over 
@* and is not bounded. But one can obtain a pseudoconvex bounded domain 
by making 2 smaller. One takes an r > 37, leaves Q unchanged over the 
line segment [1,r], and deforms the circles Q N (C x {w}) slowly to Ø as 
|w| goes to 0 or to oo. The new domain is bounded and has a much bigger 
Nebenhulle; the boundary is @°°-smooth, but not real-analytic. This is the 
“worm domain” constructed explicitly in [DiFo77]. 


Domains in C?. The domain 2 from above (with real-analytic boundary) 
lies in @* x C. But we also can find such a domain in C?. We have the universal 
covering C? - @* x C by the holomorphic mapping (w,z) = F(w,Z) := 


(exp(w), Z). Then we lift Q to C? and obtain a domain Q that has a smooth 
real-analytic boundary and is not bounded. 


The new domain Q is a “semitube”: The translations in the imaginary w- 
direction act on it. Hence, the Nebenhulle N(Q) is also a semitube. So it can 
be written as the set S(M) = {(@,2) : (Re(@),zZ) € M}, where M is the 
smallest open set in {(U,z) : UER, Z € C} with the following properties: 


1. S(M) o Q. 
2. S(M ) is pseudoconvex. 
3. Rx {0} cM. 
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We have F(S(M) = {(w,z) : (lwl,z) € M}, where M is the image of M 
under the mapping (u, z) + (exp(u), z). The domain S) is pseudoconvex 
if and only if F (S (M )) is pseudoconvex, since F is locally biholomorphic 
with respect to w. So the Nebenhulle N(Q) is the set {@ € C : |Z| < 2}, just 
as N(Q) is {w € @* : |z| < 2}. 


Exercises 


1. Let Q CC C? be a domain of holomorphy. If there is an analytic plane 
E such that Q NE has isolated boundary points, then 2 has a nontrivial 
Nebenhulle. 

2. Consider domains Q C C. When is N(Q) = A(Q) (i.e., the envelope of 
holomorphy)? 

3. A family Q(t) of domains in C” is called continuous at tọ if for every 
compact set K C Q(t ) and every domain Q DN there is an e >0 such 
that K C Q(t) CO for it —to| <€. 

(a) Construct a continuous family of domains Q(t) such that the family 
of the envelopes of holomorphy H(Q(é)) is not continuous. 

(b) Define “upper semicontinuity” for families of domains. Find condi- 
tions such that the upper semicontinuity of H (N(t)) follows from the 
continuity of Q(t). 


4. Boundary Behavior of 
Biholomor phic Maps 


The One-Dimensional Case. Assume that 0,9’ C C are bounded 
domains with @°°-smooth boundary and that f :Q — Q is a biholomorphic 
mapping. The following theorem is well known: 


4.1 Theorem. The map f can be uniquely extended to an invertible EL 
map f: Q> V. 
In particular, if Q, ON’ are real-analytic, then the extension is likewise real- 


analytic. 


The Theory of Henkin and Vormoor. Assume now that 2 is a 
domain in C”. A holomorhic map F :2 — CY is called Holder continuous 
of index £ > 0 if for all points w, z € 2 the estimate 


|F(w) —F(z)|| < M | ||w _ aiff 
holds with a constant M > 0. 


Here we state a special case of a theorem that was independently proved by 
Henkin and by Vormoor (see [He73] and [Vo73]). 
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4.2 Theorem. Assume that Q1, Qo € C” are strongly pseudoconver do- 
mains with @°-smooth boundary and that F : Qy —> Qe is a biholomorphic 
map. Then F has an extension to a Hélder continuous map FE : Mı > Mə 
with inder H, 


The PROOF of this theorem is very technical. The main ideas can be found 
in the book of Diederich/Lieb ([DL81]). An important tool is the notion of a 
pseudodifferential metric. Since these metrics are interesting themselves, we 
give the definition for general complex manifolds: 


Definition. Assume that X is an n-dimensional complex manifold. 
A pseudodifferential metric on X is an upper semicontinuous map Fy : 
T(X) + Rj with the property 


Fy (a - €) = |a| - Fx(€) 


for all vectors € € T(X) and all a € C. 


We do not require that Fy (£) be positive for € Æ 0, and we do not require 
the triangle inequality. 


As an example we consider the Kobayashi metric. It is of great importance, 
not only within the scope of this section. A complex manifold is called hy- 
perbolic if it has a complete Kobayashi metric. The word “complete” here 
means that all metric balls are contained relatively compactly in X. It is 
known that the set of holomorphic mappings into a hyperbolic manifold is 
a normal family in the sense of Montel. A Riemann surface is hyperbolic in 
this sense if and only if it is of hyperbolic type (in the classical sense). On 
any other Riemann surface the Kobayashi metric degenerates to 0. 


But first let us give the definition of the Kobayashi metric. As usual, we 
denote the unit disk by D = {z : |z| < 1} c C. If f : D > X is a holomorphic 
map and f (0) = zo, then we denote by f’ (0) the tangent vector f’(0) := f.(e), 
where fa : To(D) —> Tro (X) is the induced mapping and e the canonical basis 
of (D) = C. 


Definition. The Kobayashi metric is the pseudodifferential metric dx : 
T(X) + Rý defined by 


dx(£) :=inf{|a|~! : 3 f : D + X holomorphic with f(0) = zo, f’(0) = a£}. 


The following statement is a very simple consequence of the definition. 


4.3 Proposition. Assume that F : X => Y is a holomorphic map of com- 
plex manifolds. Then dy (F.(£)) < dx (£). 


So the Kobayashi metric is invariant under biholomorphic mappings. In cer- 
tain cases it is completely degenerate. For example, 


the Kobayashi metric on C” is identically 0. 
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For the Kobayashi metric in the unit disk we obtain 


dE) = Él 


P for z € D and €€T,(D) S C. 
-|z 


For a bounded domain Q cc C” one shows that 


IIE 
do(€) <a. dist(z, OQ) ; 


where € € T,(Q) = C”, z € Q, and a € C is a constant. Moreover, if Q has a 
€°°-smooth strongly pseudoconvex boundary, we even get 


I&II 


> a: —— [7 . 
dn) 2 a Foe ania 


Real-Analytic Boundaries. We consider again the continuation of 
biholomorphic maps F : Q) + Qə to the boundary. But we assume now that 
the boundaries are real-analytically smooth. In this case we can drop the 
assumption of strong pseudoconvexity. 


4.4 Theorem. [fF :Q) > Q2 is a biholomorphic map of pseudoconvex do- 
mains with smooth real-analytic boundaries, then F extends to a (uniformly) 
Holder continuous map F : 9, > Qo. 


This was proved by Diederich and Fornzess (see [DiFo78}). 


Fefferman’s Result. In 1974 Charles Fefferman proved the following 
theorem (see [Fe74]). 


4.5 Theorem. Assume that 2), Q2 CC C” are strongly pseudoconvex do- 
mains with € -smooth boundaries and that F : Qı > Qs isa t biholomorphic 
mapping. Then F extends toa @~ diffeomorphism F : Qı S Oo. 


For his proof Fefferman used the Bergman metric, which is invariant under 
biholomorphic mappings. His proof was very difficult. There were many sim- 
plifying methods written by authors like S.M. Webster, N. Kerzman, S.R. 
Bell, E. Ligogka, L. Nirenberg, P. Yang. Later, an interesting proof that uses 
the Bergman projection was discovered by Catlin (see [Ca84]). 


We wish to indicate some ideas concerning the Bergman kernel function. We 
will define it in the general case of a strongly pseudoconvex domain 9 Cc X 
with smooth boundary, where X is an n-dimensional complex manifold. If F 
is a complex analytic line bundle on X, one can prove as in Chapter V that 
the cohomology H1(Q, F) is finite. Then, following the ideas of Chapter V, 
we can construct many holomorphic cross sections in F over Q. We take for 
F the line bundle of holomorphic n-forms x = h(z1,..., %) dz) A+++ A dn. 
The norm ||x|| is defined by 
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x= f xa. 
Q 


Let # be the space of holomorphic n-forms x on Q that are square inte- 
grable (i.e., with ||x|| < co). The forms x € # with ||x|| < 1 are uniformly 
bounded (with respect to their coefficients in local coordinate systems) on 
every compact set M C Q. If A is a compact analytic subset of 22 of positive 
dimension, all forms y may vanish there. This will lead to difficulties in defin- 
ing the Bergman metric. The space # is a Hilbert space and a subspace of 
the Hilbert space L?(Q) of arbitrary square integrable complex n-forms (with 
the scalar product (y, Y) = fo p AFX Y). 


Next we define the kernel form. We take an orthonormal basis {x; : i € N} 
of #. Then 


X xi(z)Xi(w) = K(z,w)dz, \---Adzn Ad, A---AdWn 
i 


is called the kernel form on Q, and the coefficient K is called the Bergman 
kernel. The theory of K is well known for domains in C”. We extend it 
here to complex manifolds, but we give only an overview and avoid going 
into detail. It is possible to prove that the kernel form is independent of 
the choice of the orthonormal basis. The convergence of the defining series 
is locally uniform, also for all derivatives. The kernel K is real-analytic on 
Q, holomorphic in z, and antiholomorphic in w. As (z,w) approaches 0Q), 
K(z,w) tends to oo to order n + 1 (i.e., its coefficients with respect to local 
coordinates). When we pass over to the conjugate complex form, interchange 
w with z, and multiply by (—1)", we get the kernel form back. Moreover, the 
kernel is invariant under biholomorphic mappings of Q onto itself. In local 
coordinates, but independent of these coordinates, we have 
K(z,2) = sup If(@)|?. 


x=fdeiA:Adzn, ||x||=1 
We have the orthogonal projection P : L?(Q) + # with 
P(a) = $ (0x) xi 
= iP(-1)"-YD/2 dz A -- A din J alw) A K(z, w) dw, A- A dWr. 
It is called the Bergman projection. 
We denote by a” A) the set of @© forms x of type (n, 0) in 2 for which all 


derivatives of any order of the coefficient of x vanish on 0M, and by A” (N) 
the set of E% forms in Q that are holomorphic in Q. 


4.6 Theorem. In the case X = C”, for every regular pseudoconvex (and 
therefore for every strongly pseudoconver) domain Q C C” the Bergman pro- 
jection P maps A ° (M) into A” (N). 
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This was proved by Catlin in [Ca84]. The result is known as “Q satisfies 
condition (R).” The worm domain is an example where condition (R) does 
not hold. 


Mappings. Now we consider another strongly pseudoconvex domain CC 
C” with @° smooth boundary, and a biholomorphic mapping F:Q > Y. 
We can transform any form a of type (n,0) on 9 to a form aoF of the same 
type on Q. We state without complete proof a lemma that is trivial in the 
case of forms with compact support: 


ET Lemma. Fora € aT) the transform ao F is an element of 
o` (82). 


We give a brief idea of the proof. We represent a ^T as a multiple of the kernel 
form with a factor c(x) > 0. The function e vanishes on 09 to arbitrarily 
high order. We just have to prove that co F also has this property in Q. 
To do this we take in Q and in Q the metric 5(z,y) = sup el f(z) — f(y)I. 
Here f runs through the holomorphic functions in Q (respectively Q’) with 
[f(z)| < 1 (this is the so-called Carathéodory distance). If £o is a fixed point 
of Q (respectively Q’), then the balls around zo approach ôN (respectively 
aN’) to first order for r — 00; i.e., the Euclidean distance of the ball to the 
boundary of the domain behaves like exp(—r). If xy € Q and yo = F (zo) € Y, 
then any ball of radius r around zp is mapped onto a ball of the same radius 
around yo. This implies the vanishing of c o F with all derivatives on OQ. 


We need the following ° version of the Cauchy—Kovalevski theorem: 


4.8 Lemma. Assume that h € A*(’). Then there is a form g € (DY) 


such that 0g =0 on AO! and h — Ag € Soro), 


We use the lemma to complete the proof. It follows by partial integration that 
Ag is orthogonal to all elements from A°°((’). We can define an orthonormal 
basis of #°({’) consisting of such functions. So Ag is orthogonal to 2 (Q). 
It follows that 


h oF = (Pp(h— Ag)) oF = Po((h — Ag) oF) € A®(9). 


When we take for h the functions z;|p),..., Znlqr, we get the differentiability 
of F on Q. The proof of Fefferman’s theorem is completed. 


The Bergman Metric. The Bergman metric is interesting in its own 
right. It is a Kahler metric and depends only on the complex structure of the 
manifold under consideration. Using its Riemannian curvature one can prove 
interesting theorems that give a deeper insight into the complex structure. 
The notion is well known for domains in C”. Here we generalize it to complex 
manifolds. 
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We will consider the situation where X is an n-dimensional complex manifold 
and Q CC X a subdomain with strongly pseudoconvex boundary. Then 2? is 
holomorphically convex. We can construct forms x belonging to #. For that 
we use the boundary of Q. We consider the analytic subset E C 2 given by 


E := {re€RQ : all x vanish at x or there is a tangent vector € at z 
such that €(6) = 0 for the coefficient b of every x }. 


It can be proved that E is compact and has positive dimension everywhere. 
So in the classical case of a domain in C” it is empty. This is no longer true in 
complex manifolds. Therefore, we make the following additional assumption: 


(x) The set E is empty. 


Under this assumption we have the Bergman metric in R. In every local 
coordinate system we just define the coefficients 


(a) = PILKE) 
BI) 97 OF; 


and the Bergman metric 


ds? = 5 Jij (z) dzi dz;. 
a,j 


The definition is independent of local coordinates, and we obtain a Kahler 
metric in Q that is invariant by biholomorphic transformations of R. 


If there are no compact analytic subsets of positive dimension in 2, then 2 
is a Stein manifold. In general, Q may contain compact analytic subsets of 
positive dimension. For example, we may take for X a complex analytic line 
bundle on P! with Chern class c < - 3. Then a strongly pseudoconvex tube 
Q around the zero section exists, and there are enough forms x on R. So in 
this case as well we have the Bergman metric. 


Near to the boundary the following estimates hold 


4.9 Proposition. If € is a tangent vector in T,(Q), z € Q, ||&|| is the 
Euclidean norm, and dist(z,0Q) is the Euclidean distance (everything with 
respect to local coordinates), then there are positive constants a,b such that 


S| id 
°F, ane SIS? Gee aay 


The distance (with respect to the Bergman metric) between a fixed point Zo € 
Q and a point z (near to the boundary) is approximately 


Vn + 1- (-In(dist(z, 8N))). 
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Exercises 


1. Prove the properties ofthe Bergman kernel. Compute the Bergman kernel 
for the unit ball. 

2. Assume that Q c C” is a bounded domain. Then Q carries the Carathéo- 
dory metric. This is a positive pseudodifferential metric on Q and is 
defined in the following way: If € is a vector at a point Z € Q, we take 
all holomorphic functions f on Q with |f(z)| < 1in Q and measure the 
Euclidean length of the image f.(£). Then we take the supremum over 
all these f. Prove that the Kobayashi length is at least as big as the 
Carathkodory length. 

3. Consider the bicylinder P"(0,2) = {(w,z) : |w| < 1,|z| < 1) c C? and 
a sequence of complex numbers w; with |w;| < 1 that converges to 1 and 
take two different complex numbers z1, z2 in the open unit disk. Does 
the Kobayashi distance between the points (w:, 21), (wi, 22) tend to œ? 

4. Compute the Bergman metric and the Kobayashi metric for 


Q={zEC:0<ļ|z| <1). 


Are these metrics complete? 
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Index of Notation 


GL (C) 


natural numbers, integers, ete. 
=W u (0) 

={reR:2z>0} 

-C — {0} 


imaginary unit /—1 


real dual space of a real (or complex) vector space 
complex dual space of a complex vector space 
C-valued real linear forms on a complex vector space 


k-valued matrices with p rows and q columns 
k-valued square matrices of order n 

general linear group 

product of matrices 


vector Z = (21,...,2n) and transposed vector 
standard Euclidean scalar product in R™ 
Euclidean norm and distance 

standard Hermitian scalar product 

sup-norm (or maximum-norm) 


open disk (in C) around a with radius r 
unit disk D,(0) 

open ball with radius r around z 

polydisk in C” around z with polyradius r 
polydisk with polyradius r =(r,...,7) 

unit polydisk P? (0) 

natural projection onto absolute value space 
polydisk P”(0,7(z)) 

distinguished boundary (torus) 
distinguished boundary T"(0, 7(z)) 


U lies relatively compact in V 

Cauchy integral of f :T — C atze P" 
holomorphic gradient (fz, (Z), -- -3 fen (Z)) 
antiholomorphic gradient {fz (Z). -3 fan (Z)) 


= (fry (z), r.a Jen (Z)) 
= (fa (2), |.s fun (2)) 


382 Index of Notation 


N( fis fa) 
A (or Reg(A)) 
Sing(A) 

tke (fi, taa Ja) 


(P”, H) 
(P, H) 
bS 


H, (8G) 


higher partial derivative 

total real derivative of f at z 

= fa (zjwi + + fen (Z)Wn 

= fa (2)01 F.. + fz, (2)Wn 

= (f )z + (9f)z 

complex (or holomorphic) Jacobian matrix 
real Jacobian matrix 

space of smooth functions on G 

space of holomorphic functions on G 


tangent vector at z with direction w 
tangent space at z 
tangent vector (a(0), œ (0)) 


common zero set of f,,...,f¢ 
set of regular points of A 

set of singular points of A 
rank of the Jacobian Jy, ,..., f4) 


Euclidean Hartogs figure 
general Hartogs figure 
boundary of an analytic disk S; = y;(D) 


connected component of M containing z 
boundary distance (for a domain G) 


Levi form $ p p fez, (Zw Wy 
complex (or holomorphic) tangent space of 0G 
Hessian Yoa Soya, (Z) W wp 


holomorphically convex hull of K in G 


the Riemann domain G, is contained in Gz 
9-hull of G and envelope of holomorphy 
set of accessible boundary points of G 


ring of formal power series 

— {f € Cfa] : flle < œ} 

ring of convergent power series 

maximal ideal in A, 

set of nonzero element, set of units in an ideal J 
set of monic polynomials with coefficients in 7 
germ of the holomorphic function f at z 


bs 


T” =C” /r 

pr 

St(k, n), Grn 
pl : Gin > py 
O(1), O(-1) 


Q 


Index of Notation 


pseudopolynomial 
algebraic derivative of w 
discriminant and discriminant set of w 


local and global dimension of an analytic set 
Riemann sphere C U {oo} 


tangent space of a manifold 
tangential map 


fiber product of manifolds 
canonical bundle and tangent bundle on X 


space of holomorphic sections in a bundle V 
space of smooth sections in V 


Whitney sum and tensor product of bundles 
complex dual bundle of V, tensor power of F 
pullback and quotient bundle 

normal bundle of Y in X 

trivial bundles X x C and X x @* 


Cech cochains with values in V 

Cech cocycles 

Cech coboundaries 

Cech cohomology group with values in V 
cohomology group with values in V 
singular homology and cohomology of X 


ring of germs of holomorphic functions 
polar set of a meromorphic function 
set of meromorphic functions on X 
divisor of a meromorphic function 

line bundle associated to the divisor Z 
Picard group and set of all divisors 


n-dimensional complex torus 

complex projective space 

Stiefel manifold and Grassmannian 
Plucker embedding 

hyperplane bundle and tautological bundle 


Osgood space P? x ... x P! (m times) 
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384 Index of Notation 


Chern class of a cocycle h (of a line bundle L) 


bundle of r-dimensional differential forms 
bundle of holomorphic p-forms on X 
r-forms 

forms of type (p,q) on U 

wedge product 


total, holomorphic and antiholomorphic differential 
=i(0 — ð) (such that dd° =2iðð ) 


= (1/(27i)) fo O/C ~ 2) dC A de 


Dolbeault group of type (p,q) on X 
rth de Rham group of X 


fundamental form of the Hermitian metric H 
group of projective unitary transformations 


volume element 
Hodge star operator (of (X) + &?"-"(X)) 
inner product fy pA *$, with ¥y = *p 


current associated to a form » 
current associated to a submanifold M 
space of currents of degree 2N — r 


adjoint operators of d, ô, and 0 
= (1/2) Aw, with Kahler form w 
adjoint operator of L 


real Laplacian (dô + ôd) 
complex Laplacian (00 + 30) 
space of harmonic r-forms on X 
space of harmonic (p, q)-forms 
Betti numbers 


zero section of the bundle F 
generalized Siegel upper halfplane 


Hilbert space closure of 2?:4(Q) 
domain of the operator T 
Neumann operator N : L? (9) + dom(Q) 


Index of Notation 


rapidly decreasing functions 
Sobolev space of index s 
tangential Sobolev norm 


Nebenhiille of 2 


pseudo-differential metric on X 
Bergman kernel 

Bergman projection 

= JQ) NON) 
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Index 


1-complete, 267 
1-convex, 267 


Abel’s lemma, 12 

abelian variety, 351 

absolute space, 7 

accessible boundary point, 101 
acyclic covering, 185 

adjoint operator, 330 
adjunction formula, 215 
affine algebraic, 217 

affine algebraic manifold, 224 
affine algebraic set, 224 
affine part, 210 

algebraic derivative, 125 
analytic disk, 47, 102 
analytic polyhedron, 85 
analytic set, 36, 160 
analytic tangent, 275 
analytically dependent, 320 
antiholomorphic form, 303 
antiholomorphic gradient, 28 
Ascoli 

— lemma of, 23 

atlas, 155 

automorphism, 226 


ball, 5 

Banach algebra, 105 
Bergman kernel, 370 
Bergman metric, 372 
Bergman projection, 370 
Bertini 

— theorem of, 225 

Betti number, 190 
biholomorphic, 33, 159 
blowup, 237 

boundary conditions, 357 
boundary distance, 54, 58 
boundary function, 64 
boundary operator, 189 
bracket, 332 

branch locus, 227 

branch point, 128 
branched covering, 128, 227 
branched domain, 229 
bubble method, 283 


canonical bundle, 174 


Carathéodory distance, 371 

Cartan—Thullen 

— theorem of, 77 

Cauchy integral, 17 

Cauchy—Riemann equations, 29 

Cech cohomology, 185 

center 

— of a modification, 236 

chain rule, 32 

Chern class, 256 

Chow 

— theorem of, 217 

closed map, 226 

closure 

— of C”, 245 

— of a manifold, 244 

coboundary, 184, 187 

coboundary operator, 183 

cochain, 183, 187 

cocycle, 183, 187 

codimension, 151 

cohomologous, 174 

cohomology group, 184, 187 

commutator, 332 

compact exhaustion, 163 

compact map, see completely 
continuous 

compactification 

— one-point, 153 

compatibility condition, 173 

compatible coordinate systems, 154 

complete hull, 24 

completely continuous, 285 

completely singular, 49 

complex 1-form, 261 

complex covariant r-tensor, 261 

complex differentiable, 14 

complex gradient, 15 

complex manifold, 155 

complex n-space, 1 

complex structure, 1, 155 

complexification, 2 

cone, 216 

conical set, 216 

conjugation, 2 

connected, 6, 88 

continuity of roots, 134 

continuity principle, 47 

continuity theorem, 43 
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contractible space, 189 
convergence 

— compact, 12 

— domain of, 13 
convergent series 

— of numbers, 10 
convex, 8, 66, 74 

— strictly, 67 

convex hull, 73 

coordinate system, 154 
Cousin-I distribution, 253 
Cousin-I1 distribution, 254 
covariant tangent vector, 261 
critical locus, 227 

cross section, 176 

cuboid, 276 

— distinguished, 276 
current, 328 

— harmonic, 336 


8-Neumann conditions, 357 
de Rham group, 311 

de Rham isomophism, 312 
de Rham sequence, 310 
decomposition theorem 

— of Hodge- Kodaira, 339 
defining function, 64 

degree 

— of a hypersurface, 220 
derivation, 33, 164 
derivative 

— directional, 16 

— of a holomorphic map, 30 
— partial, 15 

— real, 26 

derivatives 

— Wirtinger, 28 

diagonal, 162 

differential, 260, 300 
differential form, 297, 300 
dimension, 161 

—- local, 150 

— of a submanifold, 39 

— ofan analytic set, 142 

— of an irreducible analytic set, 141 
Dirichlet’s principle, 52 
discrete map, 228 
discriminant, 127 
discriminant set, 128 
distinguished boundary, 6 
divisor, 198 

— of a meromorphic function, 198 
— of a meromorphic section, 201 


Dolbeault group, 311 
Dolbeault sequence, 310 
Dolbeault’s lemma, 309 
Dolbeault’s theorem, 312 
domain, 6 

domain of existence, 97 
domain of holomorphy, 49, 99 
— weak, 49 

dual bundle, 178 

duality theorem 

— of Poincaré, 337 

— of Serre— Kodaira, 338 


effective divisor, see positive divisor 

effective group operation, 172 

elementary symmetric polynomial, 126 

elliptic operator, 337 

embedded-analytic 

— irreducible component, 135 

— set, 135 

embedding, 214 

embedding dimension, 152 

embedding theorem, 145, 258 

energy form, 359 

envelope of holomorphy, 87, 97 

equivalence 

— of bundles, 174 

— of systems of transition functions, 
174 

Euclidean coordinates, 322 

Euclidean domain, 125 

Euler sequence, 223 

exact sequence, 223 

exceptional set, 236 

exhaustion function, 58 

exterior algebra, 298 

exterior derivative, 301 


factorial monoid, 125 

faithful, see effective group operation 
Fefferman 

— theorem of, 369 

fiber bundle, 173 

fiber bundle isomorphism, 174 
fiber metric, 341 

fiber product, 171 

filter basis, 100 

finite map, 227 

finite module, 121 

fixed point, 172 

form of type (p, q), 298 

frame, 177, 313 

Fréchet space, 285 

Fréchet topology, 285 


free group operation, 172 
Fubini metric, 319 
fundamental form, 315 


Gauss’s lemma, 117 

general linear group, 172 
genus, 232 

— of a Riemann surface, 340 
geodesic coordinates, 316 
geometric series, 11 

germ, 123, 192 

globally generated, 176 
gluing, 170 

— of fiber bundles, 173 

— of manifolds, 170 
Godeaux surface, 225 

good topological space, 189 
graph, 161 

— of a meromorphic function, 242 
Grassmannian, 212, 225 
greatest common divisor, 117 
Griffiths negative, 341 
Griffiths positive, 342 


harmonic form, 335, 356 
harmonic function, 52 

Hartogs 

— theorem of, 307 

Hartogs convex, 48, 99 

Hartogs figure 

— Euclidean, 25 

— general, 43, 99 

Hartogs triangle, 365 

Hausdorff space, 153 

Hensel’s lemma, 120 

Hermitian form, 3, 261, 321 
Hermitian metric, 314 

Hessian, 67 

Hn, 108 

Hodge manifold, 346 

Hodge metric, 346 

Hodge star operator, 323 
Holder continuous, 367 
holomorphic form, 303 
holomorphic function, 13, 96, 257 
— on a complex manifold, 156 
— on an analytic set, 134 
holomorphic gradient, 28 
holomorphic map, 30, 158 
holomorphically convex, 75, 100, 251 
holomorphically convex hull, 75 
holomorphically separable, 251 
holomorphically spreadable, 251 


Index 


homogeneous, 9 
homogeneous coordinates, 209 
Hopf bundle, 238 

Hopf manifold, 208, 225 
Hopf’s a-process, 237 
hyperbolic manifold, 368 
hyperelliptic involution, 234 
hyperelliptic surface, 232 
hyperplane at infinity, 210 
hyperplane bundle, 220, 221 
hyperquadric, 219 
hypersurface, 127, 220 

— analytic, 160 


ideal, 108 

identity theorem 

— for analytic sets, 142 

— for holomorphic functions, 22 
— for meromorphic functions, 197 
— for power series, 21 

— on manifolds, 156 
immersion, 168 

implicit function theorem, 34 
incidence set, 237 
indeterminacy 

— set of, 243 

inner product 

— Euclidean, 4 

— Hermitian, 3 

integral class, 346 

integral domain, 113 

inverse mapping theorem, 33 
irreducible analytic set, 141 
irreducible component, 131 
irreducible element, 117 
isomorphism 

— of complex manifolds, 159 
— of vector bundles, 177 


Jacobian 
— complex, 30 
— real, 31 


Kahler manifold, 316 

Kahler metric, 316 

kernel form, 370 

Kobayashi metric, 368 

Kodaira’s embedding theorem, 344 
Krull topology, 110 

Kugelsatz, 44, 307 


Laplacian, 334 
Leray covering, see acyclic covering 
Levi condition, 66 
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Levi convex, 66 

— strictly, 66 

Levi form, 57, 263 

Levi’s extension theorem, 197 
Levi’s problem, 51 

Lie group, 171 

lifted bundle, 180 

lifting 

— of a differential form, 304 
limit 

— of a filter, 101 

line bundle, 175 

— associated to a hypersurface, 200 
line element, 314 

linear subspace, 218 
Liouville 

— theorem of, 22 

local @-algebra, 192 

local homeomorphism, 88 
local parametrization, 39, 41 
local potential, 318 

local uniformization, 231 
locally compact, 153 

locally finite covering, 153 
logarithmically convex, 83 


maximal ideal, 108 

maximum principle, 22 

— for plurisubharmonic functions, 264 
— for subharmonic functions, 55 
mean value property, 52 
meromorphic function, 196 

— ona Riemann surface, 158 
meromorphic map, 243 
meromorphic section, 201 
minimal defining function, 194 
modification, 236 

— generalized, 236 

module, 120 

Moishezon manifold, 320, 353 
monic polynomial, 113 

monoidal transformation, 242 
monomial, 9 

Montel 

— theorem of, 23 


Nebenhulle, 364 
negative line bundle, 287 
neighborhood filter, 100 
Neil parabola, 134 
Neumann operator, 359 
Neumann problem, 357 
noetherian, 121 


normal bundle, 182 
normal exhaustion, 78 
normalized polynomial, 113 
normally convergent, 11 
nowhere dense. 37 


Oka 

— theorem of, 100 
Oka’s principle, 253 
open covering, 153 
open map, 88 

orbit space, 205 
order 

— of a power series, 119 
Osgood 

— theorem of, 19 
Osgood space, 243 


paracompact, 153 
parameter system, 151 
partially differentiable, 16 
partition of unity, 163 
pathwise connected, 88 
period matrix, 348 

Picard group, 187 

Plucker embedding, 218 
pluriharmonic function, 318 
plurisubharmonic, 56, 261, 263 
— strictly, 59 

Poincaré map, 301 

point of indeterminacy, 196 
polar set, 196 

pole, 196 

polydisk, 5 

polynomial, 9 

polynomially convex, 87 
positive definite, 261 
positive divisor, 198 
positive form, 303 

positive line bundle, 288 
power series 

— convergent, 108 

— formal, 11,105 

power sum, 134 

prime element, 117 
primitive polynomial, 117 
principal divisor, 254 
principal ideal domain, 117 
projective algebraic 

— manifold, 217 

— set, 217 

projective space, 208 
projective unitary transformations, 318 
proper map, 35, 226 


properly discontinuous, 205 
pseudoconvex, 60, 103 

— strongly, 73 
pseudoconvex manifold, 267 
pseudodifferential metric, 368 
pseudopolynomial, 124 
pullback, see lifted bundle 
pure-dimensional, 143 


quadratic transformation, 239 
quotient bundle, 181 
quotient field, 117 

quotient topology, 203 


rational function, 223 
refinement, 153 

refinement map, 153 

region, 6 

regular closure, 245 

regular domain, 360 

regular function, 224 

regular point, 39, 140, 161 
Reinhardt domain, 7 

— complete, 8, 85 

— over C”, 95 

— proper, 8 

Remmert—Stein 

— extension theorem, 150 
removable boundary point, 102 
removable singularity, 196 
resolution of singularities, 240 
Riemann domain 

— branched, 229 

— with distinguished point, 89 
Riemann extension theorem 
— first, 38 

— second, 151 

Riemann surface 

— abstract, 157 

— concrete, 230 

— of vz, 88 

Ritt’s lemma, 151 

Riickert basis theorem, 122 
Runge domain, 87 


saturated set, 203 

scalar product, 3 

schlicht domain, 90 

Schwartz 

— theorem of, 285 

second axiom of countability, 153 
section, see cross section 

— in a fiber bundle, 186 

Segre map, 225 
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self-intersection number, 241 
seminegative line bundle, 352 
seminorm, 284 

semipositive line bundle, 352 
Serre duality, 233 

Serre problem, 259 

shear, 109 

Siegel upper halfplane, 352 
singular cochain, 189 
singular cohomology group, 189 
singular homology group, 189 
singular locus, 147 

singular point, 39 

singular q-chain, 188 

singular q-simplex, 188 
smooth boundary, 64 
smoothing lemma, 59 
Sobolev norm 

— tangential, 358 

Sobolev space, 358 

standard simplex, 188 

star, 283 

Stein manifold, 251 

Stiefel manifold, 212 

Stokes’s theorem, 305 

strict transform, 240 

strictly pseudoconvex manifold, 267 
strongly pseudoconvex, 267 
structure group, 173 
Stiitzflache, 275 

subbundle, 180 

subelliptic, 358 

subharmonic function, 53 
submanifold, 41, 161 
submersion, 168 

symbol 

— of a differential operator, 336 
symmetric polynomial, 126 


tangent bundle, 176 

— of projective space, 222 
tangent space, 32, 165 
— holomorphic, 66 
tangent vector, 32, 165 
tangential map, 167 
tautological bundle, 238 
tensor power, 178 
tensor product, 179, 261 
Theorem A, 252 
Theorem B, 253 
topological map, 41 
topological quotient, 203 
toric closure, 246 
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Levi convex, 66 

— strictly, 66 

Levi form, 57, 263 
Levi's extension theoren 
Levi’s problem, 51 

Lie group, 171 

lifted bundle, 180 
lifting 

— of a differential form 
limit 

— of a filter, 101 

line bundle, 175 

— associated to a hype 
line element, 314 

linear subspace, 218 
Liouville 

— theorem of, 22 

local C-algebra, 192 
local homeomorphism, ¢ 
local parametrization, 3 
local potential, 318 
local uniformization, 23 
locally compact, 153 
locally finite covering, 1 
logarithmically convex, 


maximal ideal, 108 
maximum principle, 22 
— for plurisubharmoni: 
— for subharmonic fun 
mean value property, 52 
meromorphic function, 
— ona Riemann surfa 
meromorphic map, 243 
meromorphic section, 2! 
minimal defining functi 
modification, 236 

— generalized, 236 
module, 120 
Moishezon manifold, 32 
monic polynomial, 113 
monoidal transformatio 
monomial, 9 

Montel 

— theorem of, 23 


Nebenhulle, 364 
negative line bundle, 2? 
neighborhood filter, 106 
Neil parabola, 134 
Neumann operator, 35! 
Neumann problem, 357 
noetherian, 121 


392 Index 


toric variety, 246 

torsion point, 230 

torus, 207, 225, 348 
transformation group, 172 
transition functions, 173 
transversal, 171 

trivial vector bundle, 177 
trivialization, 173 

— of a vector bundle, 175 
tube, 288 

tube domain, 87 


unbranched point, 133 
uniformization, 88, 162 

union of Riemann domains, 94 
unique factorization domain, 117 


vector bundle, 175 

vector bundle chart, 175 

vector bundle homomorphism, 177 
vector field, 176 


Veronese map, 924 
volume element, 323 


weakly holomorphic, 16 

wedge product, 297 

Weierstrass 

— theorem of, 19 

Weierstrass condition, 113 

Weierstrass division formula, 11 

Weierstrass formula, 110 

Weierstrass function, 226 

Weierstrass polynomial, 114 

Weierstrass preparation theoren 
116 

Whitney sum, 177 

worm domain, 366 


z,-regular, 109 
Zariski tangential space, 152 
Zariski topology, 141 
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